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Abstract. In this paper we give characterizations for uniformly summable
multiplicative functions in additive arithmetical semigroups.

1. Introduction

Let (G, 0) be an additive arithmetical semigroup. By definition G is a free
commutative semigroup with identity element 15, generated by a countable
subset P of primes and admitting an integer valued degree mapping 0 : G —
— N U {0}, which satisfies

(i) (1¢) = 0 and 9(p) > 0 for all p € P,

(ii) d(ab) = A(a) + O(b) for all a,b € G,

(iii) the total number G(n) of elements a € G of degree d(a) = n is
finite for each n > 0.

Key words and phrases: Mean-value theorems, multiplicative functions, arithmetical semi-

groups.
2010 Mathematics Subject Classification: Primary: 11N37, Secondary: 11T55, 30B30



106 A. Barat and K.-H. Indlekofer

Obviously, G(0) = 1 and G is countable.
Let
w(n):=#{p e P:0(p) =n}
denote the total number of primes of degree n in G. We obtain the identity, at
least in the formal sense,

— f: G(n)zn = exp (i A(m) Zm) — ﬁ(l _ zn)—ﬂ-(n)
o .
n=0 m=1 n=1
Z can be considered as the zeta-function associated with the semigroup (G, 9),

the coefficients A(n) are called the von Mangoldt coefficients.
The von Mangoldt coefficients and the coefficients 7(n) are related by

> dn(d) =
d|n

In this paper we assume that A(n) = O(g™), and the generating function of
(G, 9) has the form

5 > H
(1.1) Z(z) = Z G(n)z" = (1_(2)5 and converges for |z| < ¢7*,

where

(1.2) H(z)=0(1) for|z| <q*

; and  lim H(z) exists and is positive,
z—q~
and 6 > 0. By a recent paper of K.-H. Indlekofer (see [6]), the formal power
series H(z) is convergent for z = ¢~ ! and equals lim H (2), and
z2—q~

H(a 1!

(q ) nn5—1

I'(9)

(1.3) G(n) ~

holds.
For each arithmetical function fon G, f:G— C, we associate a power series
F, the generating function F of f, which is defined by

(1.4) =Y f@29 =% | Y @ |,
acG n=0 acG

d(a)=n
and call the function f : Ny — C, given by
(1.5) fn)y="Y" fla)
a€eG
d(a)=n

the summatory function of f.
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Further, we introduce the means

[ Gk, i G £0,
v fy={ 070 LT

and say that the function f possesses an (arithmetical) mean-value M(f), if
the limit

M(f):= lim M(n, f)

n— oo

exists.
For 1 < a < oo, define

[1£lla = (limsup M (n, | f]*))"/*,

n—oo
and let . }
LY :={f:G—=C,||f|la < o0}
denote the linear space of functions on G with bounded seminorm || - ||o. If

0= {f: G - C,sup|f(g)| < o0}
geqG

is the space of bounded functions on G, we introduce the space L*(G) of uni-
formly summable functions on G as the || - ||1-closure of £>°(G).
Obviously, f € L* if and only if

lim sup M(n, |fK|) =0,

K—o00p>1

where ) -
fK(a):{ fa), if [f(a)] = K,

0, otherwise.

We remark that an arithmetical funtion f is uniformly summable if and only if
(1.6) B
Ve>0:3y>0:VneN:VSCG: (M(n,1s) <v= M(n,1s|f]) < &),

which yields that from M(n, f) =< 1 (n > ny) follows M(n,flG\S) = 1 for
n > nq, if € > 0 is small enough, and if S is as in (1.6). It is easy to show that,
ifl<a<oo,

(@) S LS LS Lt

The class of uniformly summable functions has been defined by Indlekofer (see
[3]) for functions defined on N, and he has given a complete characterization
of uniformly summable multiplicative functions (see Indlekofer [4]).
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The aim of this paper is to deal with analogous questions for additive arith-
metical semigroups, and to improve results obtained in the thesis of the first
author ([1]).

Here, as in the classical case, an arithmetical function f : G — R is called
multiplicative if f(ab) = f(a)f(b) whenever a,b € G are coprime, and an arith-
metical function g on G is called additive if g(ab) = g(a) + g(b) for all coprime
a,beq.

If f is a multiplicative function on G, then Y. f(a) = 1 (# 0), and we
acG
9(a)=0

assume that its generating function F converges in some neighborhood of z = 0
and satisfies

(1.7) Fz)=Y"| > fla)|z"=

n=0 aceG
d(a)=n

11+ 3000 -
p k=1
=: exp (Z AfTELm) zm> .

m=1

Our modus procedendi is double tracked. On the one hand we want to weaken
the conditions imposed on the generating function of G. At the same time we
endeavor to deal with the greatest possible class of multiplicative functions.

Wehmeier [8] and Barét [1] considered multiplicative functions f € L* which

possess a mean-value M (f) different from zero, whereas Zhang could only deal
with multiplicative functions f (M(f) # 0) from L (o« > 1). The assumptions
about G are (see [8])

G(n) = A¢" +r(n) with some specific r(n) = o(q")

and (see [9])
Gn)=q™" ZAjnp-7_1 +0(¢"n™"), 4, >0,
j=1

withy>p+1>2 and0<p; <...< p, =p. Then

2(z)=H(=)(1—-q2)" (p=1),
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where

H(z)=A, —|—ZA (1 —g2)P7P + (1 —q2)* Z

j=1

Barét [1] assumed that, in addition to the conditions (1.1) and (1.2), the coef-
ficients of the generating function satisfy

(1.8) G(n) = n®1g" (6 >0).

In this paper we weaken the assumptions about G by omitting the requirement
(1.8), and characterize multiplicative function f € L* the means of which
satisfy M(n, f) <1 for n > ny.

In the next section we introduce our results.
2. Results

Theorem 2.1. Let (G,0) be an additive arithmetical semigroup satisfying
A(n) = O(¢™), (1.1), and (1.2) with § > 0. Let f be a multiplicative func-
tion, and o > 1. If f € L* N L%, and if M(n,f) = 1 for n > ny, then the
following assertions hold:

(2.1) > %@)_1 =0(1), > f(qa)(L)_ L_on),

pEP,O(p)<n pEP,A(p)<n
IF(p)I<3 IF(mI<3
FoN 12
(2.2) Z V(];)?@' converges,
pEP
|f(p)I<3/2
f ()
(2.3) PZ>2 (@) converges,
pepP;n
Flo)[A
(2.4) Z |f(81(2)| converges for1 < A < a,
q
peEP

IIF(p)|-1]>1/2
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and for each prime p

(2.5) iﬂpn) +140.

In the converse direction we deal with two cases: 1 < Jand 0 < d < 1. In
the first case we prove the following.

Theorem 2.2. Let (G,0) be an additive arithmetical semigroup satisfying the
conditions of Theorem 2.1 with § > 1. Let f be a multiplicative function, and
let « > 1. Assume that the conditions (2.1)—(2.5) hold. Then

0o ump- ] <1—qm< IWIEI )+o<1>,
| )

pEP,O(p)<n

and fe L*N L%, and

27) M@l = 1] (1—qa(p))<1+2|f(pk)*qk8<p>>+o(1)

PEP,O(p)<n

for1 <A <a.

_ For 0 <4 <1 we need a further assumption on the multiplicative function
f in order to prove our assertion.

Theorem 2.3. Let an additive arithmetical semigroup (G, 0) fulfill the condi-
tions of Theorem 2.1, where 0 < § < 1. Let o > 1, and let f be a multiplicative
function satisfying the following condition

(2.8) Ve>0:3K >0:VneN:
S={aeG:3p"a,pe Pi|f(")* > K} = M(n,15|f|*) < ¢

Assume that (2.1) holds, and the series (2.2)—(2.4) converge. Then

(29)  Mmnf)= ] @-¢" <1+Zf g o >+0(1)7
pEP,A(p)<n

and f e L*N LY, and

2100 M |f) = [[ (1" (1 n Z )P ) +o(1)
pEP,A(p)<n

for1 <A <a.
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3. Proof of Theorem 2.1

Since M(n,f) =<1 (n > ny) and f € L* N L* with o > 1, we obtain, if
€ > 0 is small enough, and with suitable K > 0,

1
>oo1x1
G(n) aEGJS(a)zn
e<|f(a)|<K

Define an additive function g by

") = { log |F(p")l, if Fp*) #0,

1, otherwise.

(3.1) G(ln) > 1=1,

a€G,0(a)=n
log e<g(a)<log K

and ¢ is finitely distributed. This implies, by Lemma 2.17 in [1],

(3.2) gla) = cd(a) + h(a),

. h(p)?
where the series > qalw and > qg’(’;) converge.
P P

|h(p)|>1 |a(p)|<1
Further, by (1.13), ¢ = 0 (for details see [1]).

Therefore the series

(5(p))? 1
(3:3) 2 g ™Y o
peP peP
[g(p)|<1 [g(p)|>1
Converge.

If || f(p)| — 1| < 1, then the series expansion of the logarithm yields

log | f(p)| = log(1 + (|f(p)] = 1)) = [ (0)] = 1+ O((If (0)] = 1)*),

so that, for n; = 1/2,

1/ (0)] = 1] < 2[log | f ()]l = 213 (p)
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and
l9()| <2l f(p)] -1 < 1.
Obviously,
(1 ()| —1)° 1
2, w2 pw <™
pEP peP
If(p)I<1/2 13(p)|>|1log(1/2)|

and

Z <|f( 0(1) << Z 5(17)

p~€P peP
1/2<|f(p)|<3/2 la(p)I<1

Thus the series ~

Z (If(p)| — 1)
a(p)

~ ZJGP q 8

[f(p)|<3/2

converges. Furthermore

(3-4) 1F(p) =17 = (IF ()| = D +2(1f ()] = 1) — 2(Re (f(p)) — 1)

We define i
P i={peP;e"P <1}

and i
Py:={peP;e"?P > 14}

with 0 <y < 3/4.
Let, for some parameters ko and ng,

S1:={a€G;Ipe PLUP,:pla,d(p) >np},

Sy :={a € G;Ip € P:p°la,d(p) > no},
and
S3:={a€G;Ipe P:p*a,d(p) < no}.
Put
S =5, USyUSs.

Let € be an arbitrary fixed positive number. Choose K > 0 large enough, and
let ko, ng be parameters, such that M(n,1g) < (cf. (1.6)) holds.
Concerning the second term on the right hand side of (3.4), we show that the
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sum Y F 2 is bounded. Let the multiplicative function f* be defined
om<n  ©
lf(p)ISK

as
(3.5) = flas.

Then the function f is bounded on the set of the prime powers. Since
M(n,f) <1 (n>nq) and f € L*, there exists a natural number n}, nj > ng
and n} > nq, such that

(3.6) |M(n, f*)] <1 foralln > n/, and uniformly for large kq.

Then, with Theorem 6 of [5], we obtain

(3.7) >y /) 8(|p)_1_0(1).

n<N p,d(p)=n
If(p)I<K

Further (see Theorem 7, [5]), we conclude

Re(f -1
> oy = -on.

n<N peP,0(p)=n
1f(p)|<3/2

and this together with (3.7) shows that (2.1) holds.
Therefore the finite sums over the terms on the right hand side of (3.4), for
which d(p) < N and |f(p)| < K, are bounded, and this implies the convergence

of the series
Z |f(p) —1]?
qa(P) ’

~ PEP
|F(p)|<3/2

i.e the convergence of (2.2).

Next we prove the convergence of the series (2.4). Let
Sy :={a € G;3pe P:pla;|If(p)| — 1| > 1/2,0(p) > no}.
Thus, if ng is large enough, we obtain

(3.8) M(n,|flle\s,) <1 foralln > nf.
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Now choose 1 < A < a, and 8 € R with % + % = 1. Then Holder’s inequality
yields

U e L ot | G
1< G 26; |f(a)] < ) (%; [f(@)]* | G(n)
d(a)=n d(a)=n

>

= am 2 @M =M@ fM <1,

since f € L. Hence
M(n,|f|*) <1 foralln>nj.
Similarly
M(n, |JE|)‘1G\S4) =1 foralln>n].
For 0 < r = |z| < 1/q we obtain
(3.9)

Zm x| X If@P |
n=0 \ aeG\S4 Joe) -1
d(a)=n ~
1= = H <1+Zf(pk)>\7,k3(m> )
~ o0 - p?P,a(p)an k=1
Zr) X | X @ [ w12

n=0 a€G
d(a)=n

The last product in (3.9) has the form [] (1 + b,,), where b, > 0. Therefore
n=1
there exists a real constant ¢; such that, for all r < %,

Y @MY < <.
pillf(p)|—11>1/2

Thus, for r — 1/g,

pillf(p)|—1>1/2
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which yields the convergence of the series (2.4) for all 1 < A < a.

Next, we prove the convergence of the series (2.3). Choose
Sy :={a € G;Ip € P:p*la;0(p) > no}.

Then, analogous to what we have seen above, we can prove that there exists a
real constant ¢y such that for all r € R

S FOHPAP < ¢ < .

pEP,k>2
d(p)=no

Thus, for r — 1/q,

s Ueor

T kd(p)
pepkz2 4 ®)
holds, and therefore the series (2.3) converges for all 1 < A < a.
Next, we show the validity of (2.5) for every p € P. We know (see [5]), that

Mz

(310)  M(n, f) = ] (1_q—a(p>)<

9(p)<n

_ka(p)> + 0(1)_

k=1

Suppose now that, for some p; with d(p1) < ng, we have

145 f(p*)g 2w = o
k=1

Since

Y PR =14 ) (i) e,
k=1

k=ko
we achieve a contradiction to (3.6).
This ends the proof of Theorem 2.1. |

4. Proof of Theorem 2.2

First we prove that M (n, f) < 1 (n > n;). By the convergence of (2.4) and
the condition (2.5), there exists some number mg sufficiently large such that
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|f(p)g=2@| < 1 and

oo

1+ Y Fh) (g e®)How)

k=1

1
> =

(4.1) :

holds for all p with d(p) > myg, and all real © with |©] < 7. We write

o= ] (Hzﬂpww@) I <1+Zf<p’“>zk8<P>>x
p,0(p)<mo k=1 p@(p)zmo k=1
() <K

X H (1 + i f(pk)zka(p)> =:

p,(?(p)zmo k=1
[f(p)|=K
=: 111 (2)IT2(2)13(2),

where the first product I (2) is absolutely convergent for |2| < ¢~!, since each

factor of the finite product II;(z) is convergent by (2.4). The third product
II3(2) is also absolutely convergent for |z| < ¢~!. We now estimate the second
product IIa(z):

Loz = ]I <1+§:f(p’“)zka<p>>w:

p1?(p)2m0
If(p)I<K

= I a-Ffe="")"x

p,0(p)=mo
If(p)I<K

< 11 (1 + 3 Fo () - f<pk1>>zka<p>> _
p,0(p) =mo k=2
|F(p)|<K

=:114(2)1I5(2).

By the convergence of the series (2.4) the second product II5(z) of the last
line is absolutely convergent for |z| < ¢=!. We apply Theorem 4 of [5] to
the product IT4(2), that is a generating function of a completely multiplicative
function f1, where fi(p) = f(p) for O(p) > mo, and |f(p)| < K, and fi(p) =0
otherwise. We obtain

Y. A =J[a-d"")A -~ fp)a ") G(n) + o(G(n)).

a€G,0(a)=n peEP
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Thus we can write
(4.2) F(z) = T (2) (T (2)15(2)T3(2)) =: Ta(2) A(2),

where A(z) is absolutely convergent for |2| = ¢~!. Applying Lemma 2.21 of [1]
it follows

M(f) = A(g " )M(n, f1) + o(1),
and therefore

Mn,fy=J[ @-¢" <1+Zf q ko >+0(1).

pEP,0(p)<n

If a > 1and ||f(p)| — 1] < 1/2, then

IF@)I* =1 =a(f ()| = 1) + O ()| - 1)?)

and
(If > =1)* =0((1f ()| — 1) = O f(p) — 1)

Therefore, in the same way as above, we deduce that

M@ lfN= I -4 <1+Z| E) g )>+O(1)

pEP,0(p)<n

forlSASozandeLa.

Next, we prove that~f € L*. Using the equation (4.2) we can write the
multiplicative function f as the convolution

(4.3) f=Ff*fo

where fl is the completely multiplicative function defined above, and fg is a
multiplicative function, such that its generating function A(z) is absolutely
convergent for |z| < ¢~!. Thus

(4.4) o Y 1R®IgY <o

meNbeG,a(b)=m

Hence, for an arbitrary e, there exists a natural number mq such that

XX IR0 < =

m2>mo beG,0(b)=
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Using our assumptions (2.1)-(2.4) we deduce by Theorem 6 of [5] that
M(n,|f1]) < 1 and M(n,|f1]?) <1 (n > nq).
Let € > 0 be arbitrary and fixed. We prove that there exists K such that

S k(0 < Gn)

a€G,0(a)=n

holds for all n € N. Consider

> k(@) = > |f1(a)][f2(D)] =
a€G,0(a)=n B a,lzeG
[f1(a)[] f2(b)|> Ko
d(a)+0(b)=n
= > | (@] f2(0)|+
a,beG

@)l f2(8)[ > Ko
[f2(b)|>K1,0(a)+0(b)=n

+ > | f1(a)[| f2(b)] =
B a,leG
_ 1@l f2(0)[= Ko
[f2(b)|<K1,0(a)+0(b)=n

::21 + 223

where the parameter K is chosen such that d(b) > my if | f2(b)| > K. Let us
now estimate ;. By our assumptions on the arithmetical semigroup, G(n) ~
~ ¢"n®1 (1 < §) holds, (see [6]) and we obtain

=), RO Y A<

beG acG
[f2(b)[> Ky d(a)=n—08(b)
a(b)<n
< Y 1RO DY A< S 1RMIe?P6(Mm) <
beG aceG beG
mo<d(b)<n d(a)=n—0(b) mo<0(b)<n
<5Gn),

whereby we have used the following
G(n=0(b)) ~ ¢" P (n-0(b))’~" = ¢"n’ "' (1-0(b)/n)’ ¢~ <« "V G(n).

Afterwards, we estimate Yp. We use (4.4) and G(n) ~ ¢"n°~! to obtain the
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following

Yo = > [ f1(a)]|f2(b)] =
_a,beG
B _ 1f2(0)|<Ky
[f1(a)]|f2(b)|>Ko,0(a)+(b)=n

- ¥ T | -(a)\2 -
bEG,|fa (b)| <K acG | f1(a)]

| f1()|1f2(b)|> Ko
O(a)=n—09(b)

D SENTACIEC < SR TG

bEG,| f2(b)| <Ky B(a)iicia(b)
K ~ €
<= Y1 0)|Gn—ab) < SG(n),
Ky 2
beG
since M (n, |f1|?) =< 1.
Therefore f € L*. This ends the proof of Theorem 2.2. [ ]

5. Proof of Theorem 2.3

Let € > 0 be arbitrary and fixed. Then, by (2.8), there exists K > 0 with
S={a€G:3pa,p e P|f(P")| > K},

such that

M(n,|f\ls) <e.

Let such a K be fixed. It yields
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By Theorems 4, 6, 7, and Corollary 5 from [5] we obtain

M(n,1e\sf) = ( > fla
a€G\S
d(a)=n

= 11 (1—q 2w ( Zf q row >+0(1).

peP
If (") <K, 0(p)<n

Write the product on the right side in the form

11 (1—q 2w <1+Zf W(P)

pEP,0(p)<n

B |f(p)|<K2
|F(p*)|<K,k=2,3,...

S | p>< £ 0 "““))—Hmunm(m

peEP,O(p)<n k=1
K>|f(P)|>K2
IF (") 1<K

with some K > 0. The product Il x (n) is absolutely convergent for |z| < ¢7!,

and

nl;n;oégnwﬂz x(n) = H (1- (1 +Zf g ko >

B pEP
[f(p)|> K2

because of (2.3) and (2.4). We derive, where my is large enough,

M= [ =g (”iﬁ@’“)qw(m)x
k=1

pEP,d(p)<mo
|f(p)| <K
If(p*)I<K

< I =)+ fp)g?P)x

C I o (145 ) -

pGP{no<8(p)§n
|F(p)|<K>
|F(p")I<K

::H37K(n)H4(n)H57K(n).
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Since II3 i (n) and 15 g (n) are absolutely convergent for K — oo and n — oo,
we arrive at

M(n,1a\sf) = (1+9e) [] (1-q7") (1 + f(Pk)qka(p)> +o(1)
p,9(p)<n k=1
with |[9] < 1, and (1.16) is proven.

Assertion (1.1~7) follows in the same way, since the corresponding series
(1.8)—(1.11) for |f|* are convergent, and thus f € L®

Finally, we prove that f € L*. For a real number K, K > 0 it yields

(5.1) Y @l= Y f@l+ > Ifl

_a€eqG a€G\S _a€es
[f(a)|>K |f(a)|>K [f(a)|>K
o(a)=n d(a)=n o(a)=n

where the second sum on the right hand side is < G(n)e/2. Put f3 = flg\s.

Then f3 is a multiplicative function with | f3(p*)| < K, and the mentioned
results from [5] give M(n, |f3|?) = O(1). Therefore

> @i Y 7l -

a€G\S a€G\S
|f(a)|>K [f(a)|>K
d(a)=n d(a)=n

-2 X 1k

_aeG
[fa(a)|>K
d(a)=n

2 < G(n)e/2,

if K is large enough. By (5.1) it follows that f € L*.
This ends the proof of Theorem 2.3. ]
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