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László Székelyhidi (Debrecen, Hungary)
Dedicated to Professor Karl-Heinz Indlekofer
on his seventieth anniversary
Communicated by Ferenc Schipp
(Received December 30, 2012; accepted January 24, 2013)

Abstract. Spectral analysis and spectral synthesis deal with the description of translation invariant function spaces on topological Abelian groups.
It turns out that the basic building bricks of these spaces are the exponential monomials, which store information on common eigenfunctions on the
translation operators together with multiplicity. On commutative hypergroups the presence of translation operators makes it possible to formulate
and study the basic problems of spectral analysis and synthesis. However, a
general concept of exponential monomials is necessary to build up a theory
along the lines of the group-case. Here we present some relevant problems
and solutions on the subject.

1.

Introduction

In this paper C denotes the set of complex numbers. By a hypergroup we
always mean a commutative locally compact hypergroup. If K is a hypergroup,
then C(K) denotes the locally convex topological vector space of all continuous
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complex valued functions defined on K, equipped with the pointwise operations
and the topology of uniform convergence on compact sets. For each function f
in C(K) we define fˇ by fˇ(x) = f (x̌), whenever x is in K.
The dual of C(K) will be identified with Mc (K), the space of all compactly
supported complex measures on K. This space is also identified with the set of
all finitely supported complex valued functions on K in the obvious way that
the pairing between C(K) and Mc (K) is given by the formula
Z
hµ, f i = f dµ .

Convolution on Mc (K) is defined by
Z
µ ∗ ν(x) = µ(x ∗ y) dν(y)
for any µ, ν in Mc (K) and x in K. Convolution converts the linear space
Mc (K) into a commutative algebra with unit δe , e being the identity in K.
Convolution of measures in Mc (K) with arbitrary functions in C(K) is
defined by the same formula
Z
µ ∗ f (x) = f (x ∗ y) dµ(y)
for each µ in Mc (K), f in C(K) and x in K. The linear operators f 7→ µ ∗ f
on C(K) are called convolution operators.
Translation with the element y in K is the operator mapping the function
f in C(K) onto its translate τy f defined by τy f (x) = f (x ∗ y) for any x in K.
Clearly, τy is a convolution operator, namely, it is the convolution with the
measure δy . A subset of C(K) is called translation invariant, if it contains all
translates of its elements. A closed linear subspace of C(K) is called a variety
on K, if it is translation invariant. For each function f the smallest variety
containing f is called the variety generated by f and is denoted by τ (f ). It is
the intersection of all varieties containing f .
For basic knowledge on hypergroups the reader is referred to [2], [25].
In the case, when K = G is a locally compact Abelian group in order to
formulate the basic problems of spectral analysis and spectral synthesis one
introduces the concept of exponential polynomials. Exponential polynomials
are the elements of the function algebra generated by all continuous homomorphisms of G into the additive group of complex numbers and into the
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multiplicative group of nonzero complex numbers. If G = R is the set of real
numbers with the Euclidean topology, then the exponential polynomials are
precisely the functions of the form
f (x) = p1 (x)eλ1 x + p2 (x)eλ2 x + · · · + pn (x)eλn x
with polynomials p1 , p2 , . . . , pn and complex numbers λ1 , λ2 , . . . , λn . If the
right hand side is a single term, then f is called an exponential monomial. In
the general group situation the spectral analysis problem for a given variety
is to find conditions, which imply that each nonzero subvariety of the given
variety contains a nonzero exponential monomial, and the spectral synthesis
problem for the variety is to study whether all exponential monomials in each
subvariety of the given variety span a dense subspace in that subvariety. From
this formulation it is clear that spectral synthesis for a nonzero variety implies spectral analysis for it. A pioneer result on spectral synthesis is due to
L. Schwartz in [13] proving spectral synthesis for all varieties on R. Classical
results on spectral analysis and synthesis can be found in [9], [3], [11], [12].
For more recent results the reader is referred to [4], [6], [7], [8], [16], [17], [18],
[19].
Defining the substitutes of continuous homomorphisms of a hypergroup K
into the additive group of complex numbers and into the multiplicative group
of nonzero complex numbers is immediate using their characterizing functional
equations. The continuous function m : K → C is called an exponential, if it is
not identically zero and satisfies
m(x ∗ y) = m(x)m(y)
for each x, y in K. Exponentials are common eigenfunctions of all translation
operators. Clearly, every exponential generates a one dimensional variety, and,
conversely, every one dimensional variety is generated by an exponential.
The continuous function a : K → C is called an additive function, if it
satisfies
a(x ∗ y) = a(x) + a(y)
for each x, y in K. Additive functions form a linear space.
Unfortunately, in contrast to the group-case, exponentials on hypergroups
may take the value 0, and, what is even worse, the product of two exponentials is not necessarily an exponential. Also, products of additive functions,
behaving polynomial-like in the group case, have very different properties on
hypergroups. A consequence of these inconvenient facts is that the function algebra generated by additive functions and exponentials may contain functions,
which have not much to do with translations, hence they will be inappropriate
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for describing varieties. This means that we need to find some different way to
generalize the concept of exponential monomials for hypergroups.
In [21], [24], [22] we made attempts to study spectral analysis and synthesis problems on polynomial and Sturm–Liouville hypergroups. We used the
characteristic property of exponential polynomials on Abelian groups that they
span finite dimensional varieties. Although this seems to be a good idea, but its
disadvantage is that it provides a rather implicit definition, which is difficult
to use on particular hypergroups. Instead, we follow a different way, which
depends on difference operators and modified difference operators.

2.

Exponential polynomials on hypergroups

Similarly to the group case, using translation one introduces difference operators ∆y = τy − τe and higher order difference operators ∆y1 ,y2 ,...,yn = Πni=1 ∆yi
for each y, y1 , y2 . . . , yn in K. Obviously, ∆y1 ,y2 ,...,yn is a convolution operator,
namely
∆y1 ,y2 ,...,yn f = Πni=1 (δyi − δe ) ∗ f ,
where Π denotes convolution product.
A continuous function f : K → C is called a generalized polynomial, if there
is a natural number n such that
(2.1)

∆y1 ,y2 ,...,yn+1 f = 0

holds for each y1 , y2 , . . . , yn+1 in K. In this case we say that f is of degree at
most n and the degree of f is the smallest natural number n for which f is of
degree at most n.
We realize immediately that every nonzero additive function is a generalized
polynomial of degree 1. We note that applying this definition in the group-case
it follows that the product of two nonzero additive functions is a generalized
polynomial of degree 2, but this is definitely not the case on hypergroups, in
general.
Modified difference operators defined as follows: given an exponential m, a
function f on K and an element y in K we let
∆m;y f (x) = f (x ∗ y) − m(y) f (x)
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for each x in K. The iterates are defined for any positive integer n and for each
y1 , y2 , . . . , yn in K by
∆m;y1 ,y2 ,...,yn = Πni=1 ∆m;yi .
Obviously, these operators are also convolution operators, namely
∆m;y1 ,y2 ,...,yn f = Πni=1 (δyi − m(yi ) δe ) ∗ f
holds. In particular, for m = 1 we have ∆1;y1 ,y2 ,...,yn = ∆y1 ,y2 ,...,yn .
The continuous function f : K → C is called a generalized exponential
monomial, if there exists an exponential m and a natural number n such that
(2.2)

∆m;y1 ,y2 ,...,yn+1 f (x) = 0

holds for each y1 , y2 , . . . , yn+1 in K. We say that f is related to the exponential
m. At this moment we cannot claim that a generalized exponential monomial
is related to a unique exponential. Clearly, every additive function and every
exponential is a generalized exponential monomial.
A generalized polynomial is called a polynomial, if it generates a finite dimensional variety. Similarly, a generalized exponential polynomial is called an
exponential polynomial, if it generates a finite dimensional variety. Accordingly,
additive functions are polynomials and exponentials are exponential monomials.
Now we show that these definitions are compatible with the ones in the
group-case. Formally, the concepts of exponential, additive function, generalized polynomial and polynomial are the same as in the group-case. The
following theorem proves the same for generalized exponential monomials and
exponential monomials.
Theorem 2.1. Let K be a hypergroup, which is a locally compact Abelian
group. Then a continuous function f : K → C is a generalized exponential
monomial if and only if it can be written in the form f = p m, where p is a
generalized polynomial and m is an exponential. In particular, f is an exponential monomial if and only if in this form p is a polynomial.
Proof. It is easy to check that if K is a group, then
∆m;y1 ,y2 ,...,yn+1 f (x) = m(x + y1 + y2 + · · · + yn+1 ) ∆y1 ,y2 ,...,yn+1 (f · m̌)(x)
holds for each function f : K → C, exponential m and elements x, y1 , . . . , yn+1
in K. As m is never zero, the condition
∆m;y1 ,y2 ,...,yn+1 f (x) = 0
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is equivalent to
∆y1 ,y2 ,...,yn+1 (f · m̌)(x) = 0 ,
which is equivalent to the fact that f · m̌ is a generalized polynomial, implying
our statement. The last statement follows from the well-known characterization
of exponential monomials on Abelian groups: they are exactly those generalized
exponential monomials, which generate a finite dimensional variety (see e.g. [1],
[5], [10], [14], [15], [26]).


3.

Spectral analysis and spectral synthesis on commutative
hypergroups

Having defined exponential monomials we are ready to define spectral analysis and spectral synthesis on commutative hypergroups exactly in the same
way as in the group-case. Let K be a commutative hypergroup. We say that
spectral analysis holds for a variety on K, if every nonzero subvariety of it contains a nonzero exponential monomial. We say that spectral synthesis holds for
a variety on K, if in every subvariety of it the exponential monomials span a
dense subspace. We say that spectral analysis, resp. spectral synthesis holds on
K, if spectral analysis, resp. spectral synthesis holds for every nonzero variety
on K.
In [21] and in [24] we proved that spectral synthesis holds on polynomial
hypergroups. However, in those papers we used a formally different concept of
exponential monomials. Now we show that the terminology we used there is
compatible with our new definition.
Theorem 3.1. Let K be a polynomial hypergroup in d variables generated
by the family of polynomials (Qx )x∈K . For each polynomial P : Cd → C the
function x 7→ P (∂)Qx is an exponential monomial.
Proof. Although we have not defined the degree of exponential monomials,
but in this proof we shall use this terminology in the following sense: we say
that the exponential monomial f is of degree at most n, if it satisfies
∆m,y1 ,y2 ,...,yn+1 f (x) = 0
for each y1 , y2 , . . . , yn+1 in K. Using this terminology we will show that if the
polynomial P is of degree N , then the function x 7→ P (∂)Qx is an exponential
monomial of degree at most N .
Obviously it is enough to prove the statement for polynomials of the form
P (ξ) = ξ α , where α is a multi-index in Nn and ξ α = ξ1α1 ξ2α2 · · · · · ξnαn . We
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prove by induction on |α| and the statement is obviously true for |α| = 0. Let
mλ (x) = Qx (λ), then m : K → C is an exponential and we have

P (∂λ )mλ (x) = ∂1α1 ∂2α2 · · · · · ∂nαn mλ (x) · mλ (y) =
X α  β
=
∂ Qx (λ)∂λα−β Qy (λ) =
β λ
(3.1)
β≤α
X α  β
∂ Qx (λ)∂λα−β Qy (λ) + P (∂λ )Qy (λ) .
β λ
β<α

With the notation l = |α| it follows, by (3.1)

∆m,y1 ,y2 ,...,yl+1 ∂λα Qx (λ) = ∆m,y1 ,y2 ,...,yl ∆m;yl+1 ∂λα Qx (λ) =
= ∆m,y1 ,y2 ,...,yl ∂λα mλ (x ∗ yl+1 ) − ∂λα mλ (yl+1 )mλ (x) =

= ∆m,y1 ,y2 ,...,yl P (∂λ )mλ (x ∗ yl+1 ) − P (∂λ )mλ (yl+1 ) =
X α  β

= ∆m,y1 ,y2 ,...,yl
∂ Qx (λ)∂λα−β Qyl+1 (λ) =
β λ
β<α
X α 
=
[∆m,y1 ,y2 ,...,yl ∂λβ Qx (λ)]∂λα−β Qyl+1 (λ) = 0 ,
β
β<α

as the function x 7→ ∂λβ Qx (λ) is an exponential monomial of degree at most
|α| − 1 < l. This means that the function x 7→ P (∂λ )Qx (λ) is a generalized
exponential monomial of degree at most l and equation (3.1) implies that it
generates a finite dimensional variety, hence it is actually an exponential monomial.
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[21] Székelyhidi, L., Spectral Analysis and Spectral Synthesis on Polynomial
Hypergroups, Monatsh. Math., 141(1) (2004), 33–43.
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