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Abstract. The so-called #-summation is well-known in the theory of ap-
proximation. A remarkable result gives a necessary and sufficient condition
for uniformly or L'-norm convergence of 8-means if 6 has compact support.
This condition is nothing else but the integrability of the (trigonometric)
Fourier transform of 6. Later this theorem was improved by Feichtinger
and Weisz showing the same result for ’s belonging to a suitable Wiener
algebra W (C, ¢1). If 6 is compactly supported then § € W (C, ¢1) holds ev-
idently but there are functions § € W(C, ¢1) with unbounded support. In
this work we extend the statement of Feichtinger and Weisz. To this end
a new space S(C,£1) of functions will be constructed for which we prove
the validity of the integrability condition. A simple consideration leads to
the proper inclusion W(C, ¢1) C S(C, ¢1).

1. Introduction

The so-called #-summation, as a general method of summation generated
by a single function 6 is an intensively investigated area of approximation.
(For this see e.g. [1], [5], [8] and references in [2], [6], [7] as illustration.) In
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this paper we consider #-means of trigonometric Fourier series and investigate
the question: for what functions # do we have convergence result. To this end
we summarize briefly the most important concepts, definitions and well-known
facts about #-summation (for historical background see also the references).

Next we denote by L! the set of the functions f : R — R integrable in the
sense of Lebesgue. Furthermore, let ||f|j1 := [|f(z)|dx := _+:oo |f(z)| dzx. If

g € L' then
—+o00

Pg(t) := Z g(t+ 2km) t € ([-m 7))

k=—o0

is the so-called periodization of g. Since

T +OO
/ 3 |g(t+2k;7r)|dt:/|g(t)|dt<+oo,

o k=—00

the series Z',:i’ioo g(t+2km) is absolutely convergent a.e. ¢ € R. It is clear that
ST _|Pg(t)|dt < |lgllx and ["_Pg(t)dt = [ g(t)dt. Moreover, Pg is periodic by
2.

Now let f € L'[—m, x]. We take it as f : R — R periodic by 27 and for
g € L' define f * g as the usual convolution of f and Pg :

T oo
f*g(x) ::f*Pg:/ Z flz—1t)g(t + 2km)dt (r € R).

5 k=—o00

Then fxg € L*[—m 7] and [7_|fxg(z)ldz < [7_|f(2)ldz-|lgls = [[f]l1- llglh-
For example if f(t) :=e;(t) :=e“" (j € Z,t € [-7,7]) then

—+o0
ejxg(z) = e’* / Z e Itg(t + 2km)dt =

g k=—oc0

+o0
= " / S et gt 4 o) dt = e / g(t)e 't (x €R),

5 k=—o0

ie. ejxg(x) = €9%G(—j) (z € R). Here § stands for the (trigonometric)

Fourier transform:
g(x) = /g(t)em”dt (x € R).
We remember to the so-called inversion formula: if g, § € L' then

(@) = 2 j(—2) = % /g(t)emdt (ae. 7 € R),

T or
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(It is well-known that ¢ is continuous, so in this case it can be assumed that g
is also continuous. Hence the above equality holds for all z € R).) Let 6 € L!

be given such that 6 € L' and with a natural number m = 1,2, ... we take

Ou(t) = 2 0(mt)  (t €R).
2w
By means of 6, let us considered the operators
T fi=f %0 (f € L'[—n, 7).

Then for all f € L'[—m, 7] we have

m ~
7273 = 15 %0l < 11 B0l = "B [ fimoar =

_ W e — 18
=% [lécyiae= 52151

In other words the sequence of (obviously linear) operators

T8 . L'[-7, 7] = LY[—=, 7] (0 <meN)
are uniformly bounded with respect to the norm || - ||; of the Banach space

L[—m,7]. Special (see above) Te; = €;0,,(—j) (j € Z), where by the inver-
sion formula

(=) = 5 [ Bmtye e = o [ 60y imie = o(/m) (@ < R).

Therefore TS e; = 0(j/m)e; (j € Z).
Further we assume that the function 6 is also continuous and satisfies the

condition

+oo
Cp = Z |0(k/m)| < 400 (0 <m eN).

k=—oc0

Under these assumptions we consider the mappings 0%, (0 < m € N) as follows:

+oo
ot = Y O/mec(fex  (f € L'[-m,m),
k=—o00
where ¢ (f) = (2m)7' [T f(t)e"**dt is the usual k-th Fourier coefficient
of f. Since |ex(f)] < |Iflh/@m) (k € Z), te. 3022 [0(k/m)er(f)ex| <

k=—o00
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< Cpllfll1/(27), thus the series in question converges uniformly and for ev-
ery f € L'[—m, 7] we get

+oo
lop. flle <Y [8Ck/m)l-lew(f)]- llerlls < Cnllf 1
k=—o0

This means that for all m = 1,2, ... the (linear) operator ¢ : L'[—7, 7] —
— L'[—m, 7] is also bounded. Furthermore,

L (k=7

cr(ej) = O = { , (k,j € Z),

0 (k#J)

which involves (see above) o%e; = 0(j/m)e; = TSe; (j € Z,0 < m € N).

From this it follows immediately the analogous equality for all trigonometric
polynomials. They form a dense set in L'[—7, 7] with respect to || -||1, therefore

ol f=T0f (f € L*~m,7], 0 <m € N).

A simple calculation shows that
ohf@) = [ FOKL@-0d (e -m ),

where the (27 periodic) kernel K is defined as follows:

o0

1
0 ._
Kj = oo k; O(k/m)er (0 <meN).
The assumption C,, < 4oo guaranties that K% is continuous. On the other
hand

o flle = max ]Ifffif(w)\ = |Tnflleo <

re|—m,

1 .

S Moo 10mlls = 1011l flloe (€ Cl=m, 7))
This leads by standard argument to the inequality || KZ |1 < ||0]|l1/(27) (m =
=1,2,..)), ie.

1 .
0
sup ||K. |1 < —10]]1-
O<m€NH mllt < ol0]

A remarkable result in the theory of approximation (see e.g. [8]) says that
in the above estimation we can write equality:

1 A
0
sup ||[K, |1 = —10|]1-
s KD = 500
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Moreover, the ”reverse” implication was also investigated. Namely (see e.g.
(3], [4], [8]), if a continuous and integrable function # : R — R has compact
support, then the next implication is true:

(%) sup |K2 |, < +00 = e L.
0<me

Here the assumption on the compactness of the support of 6 can be weakened.
To this end let for a function f: R — R

o

Iflw =D sup |f(k+2)

ke — oo TE[0,1)

and denote W(C, ¢1) the Wiener algebra of all continuous functions f : R — R
for which || f|lw < +oo. Then the following statement holds (Feichtinger and
Weisz [2]): the assumption § € W(C, ¢1) is enough to the implication (x). It is
clear that every continuous function f: R — R with compact support belongs
to W(C, ¢1). Furthermore, a simple example can be constructed to show that
there are functions in W(C, ¢;) with unbounded supports.

2. The space (S(C,%1),] - lls)

Next we prove that the just mentioned result of Feichtinger and Weisz can
be improved. In other words the space W(C,¢1) can be so enlarged that the
implication (x) remains true. For this purpose we introduce for a continuous
function f : R — R a new norm ||f||s as follows:

—+oo

wm:Ejgp Zv +1/m)]

j=—o00

and the space

S(C ) ={feC:|flls <+oo}.

Since m~' ", YfG+1/m)| (f € S(C,1),0 <m eN,j e Z) is a Riemann
sum of the 1ntegral fjJH | f(t)] dt thus

Jj+1

$&*ZUHWM—/M|ﬁ
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Therefore
1 m—1 J+1
sup — fj+lm2/ftdt
WS 2 G m 2 [0
J
and we get
+o00 J+1
/‘f(i)|dt: Z /|f(t)|dt§
j=—o00 i
+o0 1 m—1
jzz_:oo0<meNm ; |f(‘7 / )| ”f”S
Hence S(C,¢;) C L'. Furthermore, if f € S(C,¢;) and m = 1,2, ... then
+o0o Too ) 1
k < m- = -y . |
k;ooU( frfsm j;oom ; [fG+1/m)l <m-|[flls < +oo

Next we list some basic properties of (S(C, 1), ] - |ls)-

1° First of all, a simple consideration shows that (S(C, ¢1), ||-||s) is a normed
space. Indeed, ||0||s = 0 is trivial. If f € S(C,¢;1) and || f||s = 0 then for every
jE€Z,0<meNwehave f(j+1I/m)=0 (=0,..m—1). Let z € R,
€ > 0. By the continuity of f thereare j € Z, 0 <meN, [ =0,...,m—1
such that with y := j + [/m the inequality |f(z) — f(y)| = |f(z)| < & holds.
Hence f(z) = 0, i.e. f = 0. Furthermore, the equality ||Af|ls = |\ || flls
(f € S(C,61),A € R) and the inequality [|f + glls < [Iflls + lglls (f.g €
€ S(C,£y)) are obvious.

2° Now, we take a sequence f, € S(C,¢;) (n € N) of functions which is
convergent in S(C, £1). In other words there exists f € S(C,£1) such that

[fn=Fls =0 (n—o0).

This means that

“+o00 m—1
ST sup = S Sl HYm) — fGHYm)| 50 ().
j=—oo 0<meN M =0

If 0 # r € R is a rational number then with suitable jo € Z,0 < my € N,
lo=0,...,mg — 1 the equality r = jo + lo/mo holds. It is clear that

mo—1

()= £ < D [ falio+1/mo) = f(o+1/mo) <moll fa—flls  (n€N),

=0

ie. f(T) = lim, 0 fn(r)
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3° The space (S(C,41),] - |ls) does not form a Banach space. Indeed, if
n=1,2,...and

sin(m/z) (1/n<z<1)
fn(z) =
0 (z € R\ (1/n,1)),

then f,, € C' and
1m—l
falls = sup — fa(l/m)| <1
Ifuls = sup, 57 1fultfm)

implies f,, € S(C,¢1). Furthermore, if n,k,m = 1,2, ... and k > n, then

m—1 m—1
Fl/m) = fut/m)l = > falt/m) = fill/m)| =
1=0 1=0,1/k<l/m<1/n
e m m
= l_o,m/%m/n [frt/m)] < — =
From this it follows that
=
fn = frlls = S Z: |fu(l/m) = fr(l/m)| <
S%—%%O (n,k — 00).
Hence the sequence (f,,) is a Cauchy sequence with respect to || - ||s. Assume

the existence f € S(C,¢;) such that || f, — flls = 0 (n — o0). Then it would
be true by 2° for all rational r € (0,1) that

f(r) = lim f,(r) =sin(xw/r).

n— oo

However, such a continuous function f: R — R does not exist.
4° Let f € C[0,1] and

,_.

m—

|f(1/m)| (m=1,2,...).
1=0

1
m

If
fmp = max{|f(t)] : I/m <t < (I+1)/m} (1=0,....,m—1)
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and

,_.

m—

fml (m:1,27...)7
=0

1
m
then

s(f) :=supsm(f) < S(f) := sup S (f).
Now let n = 1,2,... be given and let us consider the function f, € C[0,1] in
the following way: f,(0) := f,(t) :=0 (1/n <t <1), fr(1/(2n)) := 1 and
the graph of f, over [0,1/n] is a triangle. Then Si(f,) = 1 which implies
S(fn) > 1. On the other hand for m =1, ...,n it follows s,,(f,,) = 0 but

[ [
1 1
SM(fn):E ; fn(l/m) < E ; 1<

Therefore s(f,) < 1/n (0 < n € N), i.e. it does not exist constant ¢ > 0 such
that S(f) < ¢-s(f) (f € C[0,1]).
5° Define for f € S(C,¢;) the symbol || f||sw as follows:

(m=n+1n+2,...).

3=

“+o0 1 m—1
Ifllsw = D sup — > | Xp41/m g ir1) milloo-
. 0<meN T =
j=—00 =0
It is not hard to see that || - ||sw is norm and || - ||s < || - ||[sw. However, the
functions f,, (n=1,2,...) from 4° show that |- ||s, || -||sw are not equivalent.
6° It is clear that for all continuous functions 6§ : R — R
1 m—1
*Z 0(j +1/m)| < sup [0(j+2)] (J€Z),
1—0 0<z<1

which means that W(C,¢1) C S(C,¢1). A simple example proves that this
inclusion is proper, i.e. W(C,¢1) # S(C,¢1). Indeed, let § : R — R be a
continuous function such that [|0x; j+1/5)llcc = 1/5 (j =1,2,...) and §(t) = 0
(t e R\ A), where A := U;’;l(j,j +1/7) (see also Feichtinger and Weisz [2]).
Then 6 € L' and for all m = 1,2, ... and j € Z

o 0 (< 0)
1=0 m~! Z 1/ <572 (j>0).
Hence 6 € S(C, {1). However,
+o0 Iy
sup |0(j +2)| = - = +o00,
j;w0§m<1| ( )‘ j—;']

in other words 6 ¢ (W, ¢).
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3. Main result

Now, we prove the main result of this work.

Theorem 3.1. For all functions 6 € S(C,¢1) the implication (%) is true.

Proof. Let m, M, N be positive natural numbers and assume M < mm.
Then ||K? ||, can be considered as follows (the basic idea in the first steps is
due to [8]):

mT

T 4oo oo
1
on|| K2 ||, = / g 0(k/m)e™*t| dt = / ~ § Ok /m)e™*t/™| dt >
Zx lk=—00 o k= —o0

M
1
> 0 k 1kt/m
[ 155 otgme
—-M

dt >

k=—o00

Tl oy raE!
> - tkt/m o - tkt/m
7/ — > 0(k/m)e dt / —~ > 0(k/m)e dt >
M k=—mN M |k|>mN
M mN
> O(k/m)et/m - 2M > lo(k/m)].
k=—mN m |k|>mN

Here the sum m~' 7 6(k/m)e**/™ (=M <t < M) is nothing else but
a Rieman sum of the continuous function [—~N, N] 3 z + 0(x)e"*. Therefore

mN N

: 1 kt/m _ itx
n%gnooa Z 0(k/m)e = /9(30)6 dx (—M <t < M).
k=—mN N
However, if —M <t < M then
1 mN
— > 0(k/m)e*t/™| < (2N +1) max 10(x)],
k=—mN

i.e. by the Lebesgue’s dominated convergence theorem

://9 etz g dt.

M

lim
m—00
M

Z 0 k/m 1kt/m

k
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Furthermore,

m—

%z 0(0e/m) %zz jHimls 3

=0 lil=N

where

v t= sup *Zw +1/n)).

0<neN T
We remark that 8 € S(C, ¢1) implies Zjﬁm Vi = l0lls < 4o0,ie. YosnY —
-0 (N — o0).
Summarizing the above facts we get

M
2m|| Kyl >

dt —2M > v,

l7|=N

mN
Z O(k/m)e*t/m

k=—mN

from which it follows that

M mN
27 bup Kol > hm 1 O(k/m)e*t/™| dt — 2M Z v; =
O<me ST Ly Y iI>N
M| N
_ / /a(x)emdx dt—2M 3
-M BN l7l=N

Taking into account ‘fiVN G(m)emgda:‘ < |16]l1 (Jt| < M) the above mentioned

theorem of Lebesgue guaranties that

M| N M N
lim /Q(x)ezmdx dt = / lim /H(x)emdx dt =
N—o0 N—oo

M N M N

O(x)e" “dx| dt =

9(2&)’ dt.

8\§
‘E\s

Thus

M
sup ||K I > 11 / o(x ztwd;[; dt—2M hm Z Y= /’é
o<me

—-M

|\>N

2\2
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from which

1], = hm /‘9 dt<27r Sup | K2 | < 4o,

ie., 6 € L' follows.
4. Remarks

1° Tt is clear that for compactly supported 6 the proof can be simplified (see
e.g. [8]). Namely, in this case suppé C [N, N| can be supposed in the above
proof. Then 37, 1,y 0(k/m)e*t/m =0 (|t| < M) holds trivially, hence

M

1 mN
9 0 - 1kt/m )
wlal = [ S ometm) ai
M k=—mN
Therefore
o2 sup ||KZ | > O(k/m)e*/™| dt =
0<meN k_—mN
M| N M
:/ /G(x)ezmdx dt:/ é(m)’dt
—-M N —-M

and the proof can be finished as above.

2° If § € S(C, 1) then

m—1

“+o0
1
sup O(k/m)| < sup — 0(j+1/m)| =|0|ls < +oo.
O<memz| < 3 316G + )] = 1o

So the next estimation holds:

() sup Z |0(k/m)| < +o0.

m
0<meN k= —o0
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On the other hand a continuous function 6 : R — R can be constructed such
that

—

0G +1/m)l ~ |77 (0 <m, |j| €N).
1=
For this 6 it follows that °,7°° __|0(k/m)| ~ m. This means that (+*) holds but
6 does not belong to S(C,¢1)). Indeed, then ~v; ~ 1/(|j|In |j]) (1 < |j] € N),
ie. ||0]ls = +oo.

3° The following question remains open: is the assumption (**) on a con-
tinuous and integrable function 6 : R — R enough to the implication (x)?

4° Let 0 € S(C, ¢1) and (X, ||.||«) be defined as follows:
(Cl=m, 7, [ ll)
(X, - l) = qor
(LH=m, ] - ) -

It is well-known that the norm of the operator o9, : X — X is nothing else but
K21 (m=1,2,..). Assume that the function € satisfies also 6(0) = 1. Then
a simple calculation shows that [|0% e; —e;|l« — 0 (m — oco), from which the
same convergence follows for all trigonometric polynomials. Since the set of the
trigonometric polynomials is dense in X, the theorem of Banach and Steinhaus
(taking into account also our theorem) implies the following corollary:

lim 6% f—fll.=0 (feX) < 6HelL'

5° We remark that (see Feichtinger and Weisz [2]) if 6 € W(C, ¢1),60(0) = 1,
then
im log, f—fll2=0  (f € L*[~m,x)).
However, let 6 : R — R be continuous such that [|0x(;j+1/2)llec = V7 (1 =
=1,2,...)and 6(t) =0 (t € R\ B), where B := J;2,(j,j + 1/5°) and
0(j +1/(25%)) = v/J (0 < j € N). For this function the relation § € S(C,¢;)
follows with j=3/2 instead of ;=2 (0 < j € N) analogously as above in

similar situation (see our example for the illustration of W(C, ¢1) # S(C, ¢4)).
Furthermore for m :=2j2 k:=jm+1 (0 < j € N) we get

E_

hence |0(k/m)| = +/j. This implies

sup sup|f(k/m)| = +o0.
0<meN k€eZ
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The norm of the operator 0¥, : L2[—m, 7] — L?*[—m, 7] (0 <m e N)is [lof | =
= supyez [0(k/m)| (see [2]). Hence supy.,men lo% || = +oo and the theorem of
Banach and Steinhaus gives f € L? such that the sequence (o2 f) diverges in
I ||2 norm. In other words the last mentioned Feichtinger and Weisz’s theorem

on L2-convergence cannot be extended to the space S(C,¢1).
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