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Abstract. In this paper we introduce a new example of sampling set for
the Bergman space which can be connected to the Blaschke group oper-
ation. Using this set we will generate a multiresolution analysis in the
Bergman space and we present properties of the projection operator on
the resolution levels. The construction is an analogy with the multireso-
lution generated by the discrete affine wavelets in the space of the square
integrable functions on the real line, and in fact is the discretization of the
continuous voice transform generated by a representation of the Blaschke
group over the Bergman space.

1. Introduction

The plan of this paper is as follows. First we present some basic results
connected to the Bergman space, we give the definition of the voice transform
generated by a representation of the Blaschke group on A2. In the second
section we introduce a discrete subset of the Blaschke group and we give a
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sufficient condition from which it follows that this set is a sampling set for the
Bergman space. Using this discrete subset of the Blaschke group we construct
a multiresolution decomposition in A2. First the different resolution spaces will
be defined using a nonorthogonal basis which shows the analogy between the
discrete hyperbolic wavelets in A% and the discrete affine wavelets in L?(R).
Applying the Gram—Schmidt orthogonalization we consider the rational orthog-
onal basis on the n-th multiresolution level V,,. This system is the analogue of
the Mamquist-Takenaka system in the Hardy spaces, possesses similar proper-
ties and is connected to the contractive zero divisors of a finite set in Bergman
space. We prove that the projection operator P, f(z) on the resolution level
V,, is interpolation operator on the set the UZ:O Ay, where Ay is defined by
(2.7), and P, f(z) — f(z) in norm and uniformly on every compact subset of
the unit disc.

1.1. The Bergman space

We will need the following basic results connected to the Bergman spaces.
For more detailed exposition see for example in [6]. Let denote by D =
={z € C :|z] <1} the unit disc and by T = {z € C : |z] = 1 } the
unit circle.

Recall that if 2z = x + iy € D then the normalized area measure is
dA(z) = Ldaxdy. For 0 < p < oo, an analytic function f : D — C belongs

o

to the AP if

(1.1) / |f(2)]P dA(z) < cc.

D

For p = 2 the set A2 is a reproducing kernel Hilbert space, which is called
the Bergman space. The scalar product in A% = A?(DD) is given by

(1.2) (f.g) = / F(2)g(2) dA(2).

The Bergman space A2(DD) is a closed subspace of L?(ID). For each z € D the
point-evaluation map is a bounded linear functional on A?(D). Each function
f € A%(D) has the property

1f () £ 7726(2) 7 fllazy (2 € D),

where §(z) = dist(z,T). From this it follows that the norm convergence in
A?(D) implies the locally uniform convergence on . Therefore, by the Riesz
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Representation Theorem there is a unique element in A%(ID), denoted by K., 2),
such that

fz)=(f.K(,2)), (f € A*(D),2 € D).
The function

K:DxD—C with K(,z)¢€ A*(D)
is called the Bergman kernel for D and it is given by
_
(1-z5)2

The explicit formula for the kernel function shows that we have the following
reproducing formula:

(1.3). K, z2) =

(14) f(2) /f TEpkade (A D), sEeD E= it

Applying this formula in particular for f(z) = (1 —¢z)~2 for fixed z in the disc
we obtain that
1

K(y,.
1K (y, I3 = |1 —52\4d£1d§2 BCEPRE

= K(z,2).

A sequence ' = {z; : k € N} of points in the unit disc is sampling sequence
for AP, where 0 < p < o0, if there exist positive constants A and B such that

(1.5) A[IFIP <D Il —|z®)? < BIFIIP,  f € A,

k=1

For p = 2 this is equivalent to the following inequalities:

(1.6) AllFIP <D I erl? < BIIFIP,  f € A%

where pr(2) = K(z,21)/||K(z, z)|| are the normalized Bergman kernel and
localized in zj, in (1.3). These kernel functions are not mutually orthogonal, so
far no sequence of distinct points zx € D do the normalized kernel functions
form an orthonormal basis. However, this last inequality shows that these
functions will constitute a frame for A% if and only if I' = {2}, : k € N} is
a sampling set for A%2. A main difference between the Hardy space and the
Bergman space is that there is no counterpart of sampling sequences in Hardy
spaces. The Bergman spaces AP do have sampling sequences, but examples
are not so easy to construct. Some explicit examples are due to Seip, Duren,
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Schuster, Horowitz, Luecking (see for ex in [19, 6]). An A? sampling sequence
is never an AP zero-set. A total characterization of sampling sequences is due
to Kristian Seip and can be given with the uniformly discrete property and
lower density of the set (see [20, 6]). But the computation of the lower density
of a set in general is a difficult task. Duren, Schuster and Vukotic in [7] gave
for sampling sufficient conditions based on the pseudohyperbolic metric, that
are relatively easy to verify.

The pseudohyperbolic metric is defined by

p(z,y) = ‘ 1y_yzz’ (y,2 €D).

A sequence I'" = {z;} of points in the unit disc is uniformly discrete if

o) = ;ggp(zj,zk) =4>0.

For 0 < e < 1, asequence I' = {2, : k € N} of points in the unit disc is said
to be e-net if each point z € D has the property p(z, zx) < € for some zj in I'.
An equivalent statement is that

D= J Az, e),
k=1

where A(zy, €) denotes a pseudohyperbolic disc.
In [7] it is shown that for 0 < p < oo, if T is a uniformly discrete e-net with

1
€< ——.
1+/2

Schuster and Varolin [22] improved these sufficient condition. They showed
that every uniformly discrete e-net sequence with

(1.7) e<1/1%

is sampling set for AP. This last sufficient condition will be used in our proof.

then is a sampling set for AP.

1.2. The continuous voice transform on Bergman space

In signal processing and image reconstruction the wavelet and Gébor trans-
forms play an important role. H. Feichtinger and K. Grochening unified the
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Géabor and wavelet transforms into a single theory. The common generaliza-
tion of these transforms is the so-called woice transform (see [8]). The voice
transform on Bergman space is induced by a unitary representation of the
Blaschke group on the Bergman space. Results connected the voice transform
on Bergman space were published in [16].

Let us denote by

(1.8) Ba(z) := elz _Bb (z€C,a=(bye) €B:=D x T,bz # 1)

— 0z

the so called Blaschke functions. If a € B, then B, is an 1-1 map on T and D
respectively. The restrictions of the Blaschke functions on the set D or on T
with the operation (Ba, © Ba,)(2) := Ba, (Ba,(z)) form a group. In the set of
the parameters B := D x T let us define the operation induced by the function
composition in the following way: Ba, © Ba, = Ba,ca,- The group (B, o) is the
Blaschke group. From the definition it follows that this group is isomorphic with
the group ({Ba,a € B},0). If we use the notations a; := (bj,€;), j € {1,2}
and a := (b,€) =: aj o ag, then

€2 + blgg

= _B(_b%l)(blgg)7 €= 6171 n 6261b2 = B(_b152761)(62).

bi€s + by

(1.9) b= 2
1 + b1b2€2

The neutral element of the group (B,o) is e := (0,1) € B and the inverse
element of a = (b,e) € Bis a~! = (—be,e).

The integral of the function f : B — C, with respect to the left invariant
Haar measure m of the group (B, o) can be expressed as

b ezt
(1.10) /f ) dm/(a 27T// (TDE 5 dbydbadt,

where a = (b, e'') = (b + ibg,e?) € D x T.

It can be shown that this integral is invariant with respect to the left trans-
lation a — ag o a and under the inverse transformation a — a~—!, so Blaschke
group is unimodular.

Let consider the following set of functions

(1 —b[*)

(1.11) Falz) = Y

(a=(be) €D,z € B).

These functions induce a unitary representation on the space A2. Namely let
define
Uaf = [Far’fo B! (a€B, feA?),

then this is a representation of Blaschke group on the A2, i.e
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o Upoy =U,0U, (z,y€B),
e B>x — U,f € A% is continuous for all f € A2

In [16] it was proved that U,(a € B) is an unitary, irreducible square inte-
grable representation of the group B on the Hilbert space A?.

The wvoice transform of f € A% generated by the representation U, and by
the parameter g € A? is the (complex-valued) function on B defined by

(1.12) (Vuf)(@):= (f,Uag) (a€B,f,ge A?).

This transform is in same relation with the Blaschke group and the Bergman
space as the affine wavelet transform with the affine group and the L?(R) (see
[8], [13], [21]). Indeed let consider the affine group (G, o), where

G = {é(a,b) : (a,b) cR* x R},

Liapy(x) = ax 4 b, R* := R\ {0}, €1 0ly(x) = l1(l2(x)) = a1a2x + arby + by.
The representation of the affine group G on L?(R) is given by

Uty (@) = la| 72 fa™ 2 — b) = || V2 F (64 (@),

a7

where a is the dilatation parameter, and b the translation parameter.

The continuous affine wavelet transform is a voice transform generated by
this representation of the affine group:

Wy f(a,b) = lalfl/z/f(t)iﬁ(a*lt*b)dt: (F,Uap),  fi € L*(R).
R

There is a rich bibliography of the affine wavelet theory (see for example [1, 3,
4, 13, 14]). One important question is the construction of the discrete version,
i.e., to find v so that the discrete translates and dilates

Vg =27 227" — k)

form a (orthonormal) basis in L?(R) and generate a multiresolution (see [3,
4, 14]). Roughly speaking the coefficients of a square integrable function with
respect to v, 1, which are the values of the affine wavelet transform on a special
discrete lattice:

(fshn k) = Wy(27™, k).

The discrete lattice in the affine case is determined by the following discrete
subset of the affine group:

Gn,k = {6(2*71,7]@) ne Z, ke Z}
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The discretization of the voice transform in general can be achieved using
the unified approach of the atomic decomposition elaborated by Feichtinger and
Grochenig [8]. This general description can be applied when the integrability
condition of the voice transform is satisfied. In a recent paper [17] it is shown
that, the integrability condition in the Bergman space it is not satisfied. This
motivates to answer the following question.

Question: Find a discrete subset {ar, € B} of the Blascke group and a
function g € A? and generate a multiresolutin in the Bergman space using the
functions U,,,g 7

2. New results

2.1. Special discrete subsets in B and their sampling property

Our goal is to construct a sampling set which is a discrete subset of the
Blaschke group and to generate a multiresolution analysis based on this set in
the Bergman space A%(D).

The one parameter subgroups
(2.1) Bii={(n1):re (-1}, By:={(0.6):ecT}
generate B, i. e.
(2.2) a=(0,e3)0(0,e1)0(r,1)0(0,€1) (a= (rer,e2), r€[0,1),e1,e2 €T).

B is the analogue of the group of dilation, By is the analogue of the group of
translation (see [21]).

The group operation (r,1) = (r1,1) o (r2,1) in By can be expressed using
the tangent hyperbolic and its inverse (ath) in the following way

T1 + )
2.3 = —
( ) " 1+ rirs

= th(ath r1 + ath ’I”Q) (’I"l,’r'g S (—1, 1))
Let denote r = tha,r; = thay, © = 1,2. Then by
(r1,1) 0 (rg,1) = (thay, 1) o (thas, 1) = (th (e + a2), 1),

it follows that (Bi,o) is isomorphic to (R,+). It is known that (Z,+) is a
subgroup of (R, +), then By = {(thk,1), k € Z} is an one parameter subgroup
of (By,0) (see [23)]).
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Let a > 1, denote by

ab —a=*
(24) Eg{(rk,l)i TkW,kEZ}.
It can be proved that (Bs, o) is another subgroup of (B, o), and we have the
following composition rule: (rg,1)o(r,, 1) = (rg+n, 1). The hyperbolic distance
of the points 7y, r, has the following property:

| | aF—a—F W —a—"
Tre —T Efaq—k = anda-"
(2‘5) p(rk7rn) = ‘1 —r Ti| = 1a Zkfa*kaanfaa*n ‘ = |7ﬂk7"|'
El'n ~ @Fta-F anta "
Let N = N(a,k), k > 1 an increasing sequence of natural numbers,

N(a,0) := 1, and consider the following set of points zop := 0,

F27l
N

(26) A:{z;d:rke’ s E:O,l,...,N(a,k‘)—l, k:0,1,2,...}

and for a fixed k € N let the level k be

(2.7) Ap = {zee = e’ 0€{0,1,...,N(a, k) — 1} }.

The radius of the concentric circles are connected to the Blaschke group
operation (rg,1) o (ry,1) = (rg4n, 1), this is the analogue property of the di-
latation in the affine wavelet case.

We can choose a and N = N(a, k) such that A will be a set of sampling in
the Bergman space.

First we will study the following questions: for which choice of a and N (a, k)
1. will be A uniformly discrete,

2. will be A an e-net set for some 0 < € < 1,

3. will be A sampling sequence for Bergman spaces AP?

Theorem 2.1. Let a > 1, and (N(a,k),k > 1) a sequence of increasing

natural numbers and consider the set of points A defined by (2.6). Suppose that
there exists v = limy_, oo N(a, k)a=2".

1. If (N(a,k)a=?*,k > 1) is increasing sequence and « is finite, then A is
uniformly discrete and the separation constant satisfies

1
(5>min{r1, .
- \/1+a2}

2. If (N(a,k)a=2F k > 1) is decreasing and 0 < a < oo, then there exists
€0 € (0,1) for which the set A is eg-net .
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3. If N(a,k)a=2* = a, is a constant for k > 1,0 < a < co and
1,2 5 a7
(a—a )47 ?<2p,

then A is a sampling set for AP.

Proof. 1. For simplicity denote by N = N(a, k). We need to consider two
types of situations. The pair of points lie on different circles, or they may lie on
the same circler of radius r. Suppose first that the points zs, zp,n lie on two
different circles of radius r; and r,,. Then the generalized triangle inequality
for the pseudohyperbolic metric (see [6] pp. 38) implies that

Te —T
p(2kes Zmn) > -

‘ > |rm—n| =71 > 0.

1—rgrm

Next suppose that the pair of points lie on the same circler of radius r;, and
{ # n, then the least pseudohyperbolic distant is attained when £ = n+1, then
-1

27mi

1—riew

2mi
P(Zkes Zkn) > Tk ‘1 —eN

~1/2
= 2r sin % [(1 —r3)? 4 477 sin? %] =

= {1+ [(1 = 2)/@resin(x/N)P} 2.
But sin(n/N) > (2/m)(w/N) = 2/N, so we deduce that

p(zres zkn) = {1+ [(1 = rf)N/(4r1)]? }
‘We observe that

—1/2

N
(a?*F — q—2F)

and p(zre, Zn ) has a positive lower bound if & = limy_,00 N (a, k)a™2* < oo and

p(Zke, 2kn) > \/1_1%7 Combining the two lower bounds we obtain the stated

result for the separation constant.
2. For given z = re € D take k and j € {0,1,--- N(a,k) — 1} such that
ri <1< g, 0 € (2R ALY gy = 221 then

(1= rR)N/(4ry) = = Na **[1/(1 —a™"")],

N
1 - r7)? + 4rrg sin® # B
1= p*(z,215) 1—r2)(1—12)
=1+ (r = rg)? + drrg sin® S5 <14 (r —r4)% + 4rry 2y B
(L=7r2)(1—7r3) - (1—7r2)(1—r2)

. (a _ a_1)2 N (a2k+2 _ a—2k—2)(a2k _ a—Zk) LQ
o 4 4 N2’
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If (N(a,k)a=2F k > 1) is decreasing and a = limy,_,, N(a, k)a=2* € (0,00),
then the last term in the previous inequality is upper bounded by
(a—a™')?  d ,
K=1+-———+—7°.
T T

Then for ¢ = /1 — 1/K, we have p(z, z1;) < €.

3. Using (1.7) we have that, if (a — a™')? + 72a?/a? < 2p, then ¢ <
< +/p/(p+ 2), consequently A is sampling sequence for AP. |

Remark 2.1. From this theorem we obtain that if A is a sampling set for
AP then
(a—a1)? < 2p,

therefore a must be in the interval (1, ‘/%% V2+2) Then we can always choose
N = N(a, k) big enough, such that the the sampling condition will be satisfied.
From the point of view of computations and to have on every circle the less
possible numbers, for p = 2 a convenient choice is a = 2, and N(2,k) = 22F+75
for k > 1 with 8 a fixed integer. Then a = 2%, and the smallest value for
for which the sampling condition is satisfied is 8 = 3, then on the k-th circle
we will have Ny (2, k) = 22F+3 equidistant points corresponding to the roots of
order 2243 of the unity. For a = v/2 for sampling we need Ny(v/2,k) = 2F+2
points.

2.2. Multiresolution analysis in the Bergman space

We start with the general definition of the affine wavelet multiresolution
analysis in L?(R).

Definition 2.1. Let V}, j € Z be a sequence of subspaces of L?(R). The
collections of spaces {V}, j € Z} is called a multiresolution analysis with scaling
function ¢ if the following conditions hold:

1. (nested) V; C V1

2. (density) UV; = L*(R)

3. (separation) NV; = {0}

4. (basis) The function ¢ belongs to Vy and the set {2"/2¢(2"x—k), k € Z}
is a (orthonormal) bases in V.

We want to construct an analogue multiresolution decomposition in the
Bergman space. In multiresolution analysis, one decomposes a function space
in several resolution levels and the idea is to represent the functions from the
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function space by a low resolution approximation and adding to it the successive
details that lift it to resolution levels of increasing detail.

Wavelet analysis couples the multiresolution idea with a special choice of
bases for the different resolution spaces and for the wavelet spaces that repre-
sent the difference between successive resolution spaces. If V,, are the resolution
spaces Vo C V3 C ... C V, ..., then the wavelet spaces W,, are defined by the
equality W, @V,, = V1.

In the construction of affine wavelet multiresolutions the dilatation is used
to obtain a higher level resolution (f(z) € V;, < f(2z) € V,,11) and applying
the translation we remain on the same level of resolution. This field has also a
rich bibliography (see for example [3, 4, 1, 13, 14]).

Using the subgroup Bjs of the Blaschke group, a discrete subgroup of Bs
and the representation U, we give a similar construction of the affine wavelet
multiresolution in the Bergman space. To show the analogy with the affine
wavelet multiresolution we first represent the levels V,, by nonorthogonal bases
and then we construct an orthonormal bases in V,, and we give also an orthogo-
nal basis in W,, which is orthogonal to V,,. We will show that in the case of this
discretization the analogue of the Malmquist—Takenaka systems for Bergman
space, will span the resolution spaces and the density property will be fulfilled,
ie, Upe; Vi = A% in norm. Similar multiresolutin results, based on another
discrete subset of the Blaschke group, were obtained by the author in [15] for
the Hardy space H?(T) .

Let formulate the analogue of the multiresolution for the Bergman spaces:

Definition 2.2. Let V;, j € N be a sequence of subspaces of A%. The
collections of spaces {V;, j € N} is called a multiresolution if the following
conditions hold:

(nested) V; C Vi,

2. (density) UV; = A?

3. (analogue of dilatation) Uy, 1)-1(V}) C Vi1
4. (

—_

basis) There exist 9, (orthonormal) bases in V;.

Let consider a > 1, denote by r, = %, ke N, N =N, =N(ak)a

ak
sequence of natural numbers such that a = N(a, k)a2" satisfies

a2
0<a<oo, (a—a ') +n°—

— <4,

and let consider zp, = rkeizTﬂ, {=0,1,...,N(a, k) — 1. If these conditions are
satisfied then, due to Theorem 2.1, A given by (2.6) is a sampling set for AZ.
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This implies that the set of normalized kernels

=79
TR k=01, ,0=0,1,- Ny — 1
{out) = s k=0 A
will constitute a frame system for A%. From the frame theory (see for example
n [10]), or from the atomic decomposition results (see Theorem 3 of [26]),
follows that every function f from A2 can be represented

Z Crepri(2

(k,0)

for some {cke} € £, with the series converging in A% norm. The determination
of the coefficients it is related to the construction of the inverse frame operator
(see [10]), which is not an easy task in general. This is the reason why we try to
construct other approximation process for f € A2 such that the determination
of the coefficients follow an exactly defined algorithmic scheme. We note that
Feichtinger and Onchis in the case of the spline-type spaces developed a new
numerical approach for the computation of the dual systems and the coefficients
(see [9]).

Let us consider the function @gp = 1 and let Vj = {¢, ¢ € C}. Let us
consider the nonorthogonal hyperbolic wavelets at the first level

(1-r3)
2.8 = (U, —— (=0,1,--- ,N(a,1) — 1.

( ) QOLZ(Z) ( (z1¢,1)~ 1p0)( ) (1—2152)2 ((l )

They can be obtained from ;¢ using the analogue of translation operator
which in the unit disc is a multiplication by a unimodular complex number,
and from g o using first the representation operator Uy, 1)-1 followed by the

translation operator:

(29)  pre(2) = prolze” FED)) = (U, 1y-1000) (z¢” FED)),
Let us define the first resolution level as follows
1 N(ak)—
(2.10) Vi=¢f:D=C, f(z Z Z CkePk,e, Che € C
k=0  £=0
Let us consider the nonorthogonal wavelets on the n-th level
2.11) na() = Wiy ap0)(5) = 22T 001 N(am) — 1,
(1 —Zn02)?

which can be obtained from ¢,, ¢ using the translation operator, and from ¢ o
using the representation U, | 1)o(r,,1))-1, and the translations

_j_2nt
(2.12) ©ne(2) = (U((rp_1 1)o(ry,1))-1P0) (2€ NGam)),
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Let us define the n-th resolution level by

n N(a,k)—1

(2.13) Vo=Xf:D—=C, f(z Z Z Ch ¥kt Che €C
k=0 =

The closed subset V,, is spanned by
(2.14) {¢ke, £=0,1,...,N(a,k)—1, k=0,...,n}.

Continuing this procedure we obtain a sequence of closed, nested subspaces of
A2 for ze D

(2.15) VocVicVocC....V,C....A%

Due to Theorem 2.1 the normalized kernels

(1—r%)
(]. — kaz)

{@kl() :0717"'afZOal?"'N(a7k)_1}

form a frame system for A2 which implies that this is a complete and a closed
set in norm, i.e.,

(2.16) U v =42
neN

consequently the density property it is satisfied.

For a = 2 and N(2,n) = 2?"*3 if a function f € V,,, then U, 1)-1f € V1.
This is the analogue of the dilation. For this it is sufficient to show that

—i 27l
(2.17) U1y~ (91,0 (2) = Upry 1)-1 [(Ugry 1y-100)] (z€” 125553 )) =

= [(U(Tkﬂ)l)—lpo)](ze_iﬂ(’zﬁlg”) €EVpyr, k=1,.,n, £=1,...2%+3 1,
From now on for simplicity we will deal with this case.

Since the set A is a sampling set it follows that is a set of uniqueness for
A2, which means that every function f € A? is uniquely determined by the
values {f(zx¢)}. In the paper of Kehe Zhu [27] described in general how can be
recaptured a function from a Hilbert space when the values of the function on a
set of uniqueness are known and developed in details this process in the Hardy
space. At the beginning we will follow the steps of the recapturation process
but we will combine this with the multiresolutin analysis. The elements of the
set

1
2.18 —  /=0,1,....2% 1 k=0,1,....n.
( ) {(1—%@2)2) b} ) b b ] 7n
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are linearly independent and constitute a nonorthogonal basis in V,,.

Using Gram—Schmidt orthogonalization process they can be orthogonal-
ized. Denote by ¢ the resulting functions. They can be seen as the ana-
logue of the Malmquist—Takenaka system in the Hardy space. This functions
can be obtained using the following two methods. The first arises from the
orthogonalization procedure. To describe this let reindex the points of the

set A as follows a; = 200, a2 = 210, a3 = 211, @4 = 212, ..., A33 = 21,31,
34 = 220y «+ oy A = 2kt -,k =0,1,...,0=0,1,...,22k%3 — 1 and denote
by K(z, zxe) = T = K(z,a.,), then the resulted orthonormal system is
K(z,a1)
QSOO(Z) = QZS(Cll,Z) = T/ ¢k€(2) = QS(Cll,ClQ, s a ,Z) =
K (a1l "
m—1
(K(.yam),d(ar, a2, ... a;.))
=K(z,a,;m) — olar,ag,...,a;,2
( ) m) P ( 1, w2, y U,y ) ||¢(CL1,CL2,...,CE,‘,.)H2

Thus the normalized functions

_ Ore(2)
| drell”

became an orthonormal system. Applying similar construction in Hardy space
we get in this way the Malmquist-Takenaka system. They can be written in a
nice closed form using the Blaschke products. Unfortunately in our situation
this is not the case and the properties of the system can be not seen from the
previous construction.

{W(z) k—1,2,...,8—0,1,...22’”3}

Another approach is given by Zhu in [27]. He proved that the result of
the Gram—Schmidt process are connected to some reproducing kernels and the
contractive divisors on Bergman spaces. Let denote A4,, = {a1,as2,...an} a
set of distinct points in the unit disc. Let H,4, the subspace of A? consisting
of all functions in A? which vanish on A,,. Ha, is a closed subspace of A2
and denote by K 4, the reproducing kernel of Hy4, . These reproducing kernels
satisfies the following recursion formula

Ka, (2, ams1)Ka,, (@Gmi1, w)
KAm (am+17 am—i—l)

1
(1 —wz)2’

The result of the Gram—Schmidt process can be expressed as

m >0

) )

(2.19) Ka,  , (z,w)=Ka, (z,w) —

m+1

Ky, = K(z,w) =

K(Zval) KAl(Zan) KAm—l(Z7am)
VEK(a1,a1) /EKa, (az,a2) " VEa, (s, am)
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Then
KAm71 (Zv am)

KAm,l (a’ma am)

(2.20) Yre(z) =

and is the solution of the following problem

sup{Ref(anm): f € Ha,,_,,[Ifll <1}

This extremal functions in the context of the Bergman spaces have been studied
extensively in recent years by Hedenmalm [11]. The main result in [11] is that
the function

Ka,, , (Z’ am)

KA,,,L,1 (am7 am)

is a contractive divisor on the Bergman space, vanishes on A,, 1, and if A is
not a zero set for A2, as is in our case, the functions converge to 0 as m — oo.
In Hardy space the partial products of a Blaschke product corresponding to a
nonzero set own all these nice properties.

From the Gram—-Schmidt orthogonalization process it follows that
(2.21) Vi = span{tpe, £=0,1,...,22*3 1k =0,n}.

The wavelet space W), is the orthogonal complement of V,, in V,,1. We will
prove that

(2.22) W, = span{tn110, £=0,1,...,2""> —1}.

22k+3

If f €V, onehas f(z) = > s> 1Ck7(g0k’g C A?, then using (1.4)
we obtain that

n 22k+3 1

wn+1]7f Z Z Ck. ¢n+1,]7§0k€>

n 223 _1
Z C;%g(l — Ti)¢n+1,g(2k5) =0,7=0,1,... 92n+5 _ 1,
k=0 =0
We have proved that for f € V,
(2.23) (fithn41,3) =0

which is equivalent with

(2.24) Yni1j LV, (5=0,1,...,22"T5 1),
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From
(2.25) Vor1 = Vo @ span{pnirj, j=0,1,...,2°"° — 1}
it follows that W,, is an 22"*5 dimensional space and

(2.26) W, = span{t 10, £=0,1,...,22"T5 —1}.

2.3. The projection operator corresponding to the n-th
resolution level

Let us consider the orthogonal projection operator of an arbitrary function
f € A? on the subspace V,, given by

n 22k+t3_1
(2.27) Puf(z) =3 Y {(f teo)veu(2).
k=0 (=0

This operator is called the projection of f at scale or resolution level n and
P, f(z) is a rational function.

Theorem 2.2. For f € A% the projection operator P, f is an interpolation
;27
operator in the points zyy = e’ 22543 (£ =0,....,22F3 — 1 k=0,...,n),
is norm convergent in A% to f, i.e.

If = Pufll =0, n— oo,

uniformly convergent inside the unit disc on every compact subset, and is the
solution of a minimal norm interpolation problem.

Proof. Let consider N = 1+2° 4+ ... 42273 and the corresponding kernel
function of the projection operator

n 22k+3_1

Kn(z8) =Y > Wue@vne(z) =
k=0 ¢=0

N
KAm,l(Zaam) KAmfl(guam)
2.28 = E =
( ) m=1 \/KAm,l (Clm, am) (\/KAml (a'rm a’m))

B i K, (z,am)Ka,_,(am,€)
m—1 KA,,,L,l (am7 am)
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From the recursion relation (2.19) it follows that

N

(229) Kn(2.8) =Y (Ka, (28— Ka,(2.8) = K(2,) — Kay (2,9
m=1

From this relation it follows that the values of the kernel-function in the
points zxe, (£ =0,....,22*3 — 1 k=0,...,n) are equal to
(2:30) K (240, €) !

. 250,€) = ———=-

(1 — 2z06)?

Using again formula (1.4) we have

f(w)
2.31 P, = dA — i
( ) f(ZW) D/ (1— W«ij)2 (w) f<z J)
for ( =0,....,22m%3 -1, m =0,...,n). We obtain that P, f is interpolation

operator for every f € A? on the set U? _oAn.

Because of 2.16 and 2.21 {¢x ¢, k = 0,--+ 00, £ = 0,1,...,2%*+3 _ 1} is
a closed set in the Hilbert space A2, we have that that ||f — P,f| — 0 as
n — oo. Since convergence in A2 norm implies uniform convergence on every
compact subset inside the unit disc, we conclude that P, f(z) — f(z) uniformly
on every compact subset of the unit disc. From Theorem 5.3.1 of [18] there
exists a unique fn € V,, with minimal norm such that

(2.32) FaCmi) = F(Zmj)y  (G=0,...,22" 1 m=0,...,n),

fn is uniquely determined by the interpolation conditions and is equal to the
orthogonal projection of f on V,,, thus f,(2) = P, f(2). |

2.4. Reconstruction algorithm

In what follows we propose a computational scheme for the best approxi-
mant in the wavelet base {15, £ =0,1,...,22¥%3 —1 Lk =0,...,n}.

The projection of f € A% onto V,,;1 can be written in the following way:

where
92n+5_ 1
(234) an(z) = <fv 1/Jn+1,e>?l)n+1,e(2)~

~
Il
o
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This operator has the following properties
(2.35) Qnflzre) =0, k=1,...,n, £=0,1,...,2"" — 1.

Consequently P, contains information on low resolution, i.e., until the level
A, and @, is the high resolution part. After n steps

(2.36) Poprf =Pif+) Qnf.
k=1

Thus

(2.37) Vo1 =Vo W Wi P ... w..

The set of coefficients of the best approximant P, f
(2.38) {bre = (fybr i), £=0.1,...22%"3 1 k=0,1,...,n}

is the (discrete) hyperbolic wavelet transform of the function f € A2. Thus it is
important to have an efficient algorithm for the computation of the coefficients.

The coefficients of the projection operator P, f can be computed if we know
the values of the functions on |J;_,Ax. For this reason we express first the

function ¢y, ¢ using the bases {@g ¢ £/ =0,1,...22 3 1 k' =0,...,k}, ie.
we write the partial fraction decomposition of 1y, :

k—1 22K +3_1
(3:39) wk[i,z Z A= Zee)? 1_ZM’ +chj 1—Zk§)
Using the orthogonality of the functions
(o 0 =0,1,...22K 3 1 kK =0,... k}
and the formula (1.4) we obtain that

§kn5£m = an, 7/1k15> =

k-1 22k 431

(240) = Z Z Ck! Z’wnm 2K +ch jd)nm ij
(m:O, L. 28 1,n:0,...,k).

If we order these equalities so that we write first the relations (2.40) for n = k
and m = ¢, 0 — ,0 respectively, then for n = k — 1 and m = 22(:—D+3 _ 1,
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22(k=1)+3 _ 9 0, etc., this is equivalent to
(2.41)
1
0 1/1&@(2:}@7@) 0 0 0 Ck,0
0 Yro—1(2k,0)  Vrye—1(2r,0-1) 0 0 Chii—1
| Yre—2(zre)  Yrp—2(2re—1 0 0 Chi—2
(') Yoo (2k,e) oo (zk,e—1)  Yoo(Zk,e—2) ... too(z00) Coo

Because on the main diagonal the elements of the matrix are different from
zero this system has a unique solution (¢4, .¢—1,Ch.t—2;---,C00) . If we de-
termine this vector, then we can compute the exact value of (f, ¢y ¢) knowing
the values of f on the set (Jj_, Ap.

Indeed, using again the partial fraction decomposition of vy , and the re-
construction formula formula we get that

k—1 22 1 1
fl/}ké Z Z Ck’/’< (1—Zk’2’§)2>+

k'=0 ¢/'=
1 —
2. -3 (56 i)
E—1 2% 1 ¢
=3 N @aflawe) + > af ()
k'=0 ¢'=0 =0

Conclusion We have introduced a new sampling set for AP which is con-
nected to the Blaschke group operation. We have generated a multiresolution
in A2 and we have constructed a rational orthogonal wavelet system which
generates the levels of the multiresolution. Measuring the values of the func-
tion f in the points of the set A = |J;_,Ax C D we can write the operator
(P,f, n € N) which is convergent in A% norm to f, is the minimal norm in-
terpolation operator on the set the | J;_, Ax and P, f(z) — f(z) uniformly on
every compact subset of the unit disc. We described a computational algorithm
for the determination of the wavelet coefficients.
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