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Abstract. In this article, we precise two results of Bagchi, the first one
on the universality of the Riemann zeta function the second on its relation
with the Riemann hypothesis.

1. Introduction

Originating with the discovery by Voronin of a property of universality
for the Riemann Zeta function [8], the field of research on the universality
of Dirichlet series and their distribution in various function spaces has been
considerably developed, with the production of a lot of articles and at least two
books [4] , [7]. Since most of the authors seem to consider that the ultimate
formulation, the ”standard version”, of this property of universality is provided
by the contribution of Bagchi, we shall refer essentially to his work [1].

The purpose of this paper will be to reconsider two of the results obtained in
the case of the Riemann Zeta function by Bagchi [1], taking account of the fact
that as proved in [5] and [6], some functions appearing naturally in the context
of the universality of Dirichlet series are almost-periodical, a property which
has interesting consequences, and so, the present contribution can be situated
in the continuity of the approach initiated by Bohr to study some statistical
properties of the Riemann Zeta function and other Dirichlet series.
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3. A first remark

In the case of the Riemann Zeta function ζ(s), we have the following extension
of the original Voronin Theorem by Bagchi [1], which is some kind of ”standard
formulation”:

Theorem 1. Let K be a compact subset of the strip Re s ∈

1
2 , 1


with

connected complement, and f(s) be any non-vanishing function analytic in
o

K,
the interior of K, and continuous on K. Then for every ε > 0,

lim inf
T→+∞

1

T
meas


t ∈ R, 0 ≤ t ≤ T ; sup

s∈K
|ζ(s+ it)− f(s)| ≤ ε


> 0.

This result clearly implies that the Riemann Zeta function is weakly univer-
sal and the remark is that such a result provides rather few, if no, information
on the set 

t ∈ R, 0 ≤ t ; sup
s∈K

|ζ(s+ it)− f(s)| ≤ ε



and it can be clarified and ameliorated quite a lot using the simple fact that
the function

t → sup
s∈K

|ζ(s+ it)− f(s)|

is almost periodic (in the Besicovitch sense) for the exponent 2 (B2.A.P.).

In fact, the following statement holds, which implies a more precise formu-
lation of the weak universality of the Riemann zeta function :

Theorem 2. Let K be a compact subset of the strip Re s ∈

1
2 , 1


with

connected complement, and f(s) be any non-vanishing function analytic in
o

K,
the interior of K, and continuous on K. Then, apart for an atmost countable
set S of ε,

lim
T→+∞

1

T
meas


t ∈ R, 0 ≤ t ≤ T ; sup

s∈K
|ζ(s+ it)− f(s)| ≤ ε



exists and is positive.

Proof. We have the following proposition:
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2. Notations and definitions

2.1. The space V

The context is as follows: we have some series Σn≥0Ane
−λns, λn+1 > λn ≥ 0,

which is absolutely convergent for Re s = σ > α, defines a function f(s) mero-
morphic in a wider half-plane Re s = σ > α1, α1 ≤ α, with eventually a finite
set Z of poles and it satisfies the following conditions:

(i) sup(1/T )
 +T

−T
|f(σ + it)|2 dt = Kσ is finite for all σ > α1, σ /∈ ReZ,

(ii) there exist a positive integer m and positive constants D and U0 such
that

|f(σ + it)| < D


t

2


m− 1

2

for

α1 < σ, |t| > U0.

The set of the functions satisfying such requirements will be denoted by V.
We remark that Z can be empty.

2.2. Universality in V

Given f(s) in V, we shall say that f(s) has the STRONG universality property
(in the Bagchi sense [1]) in the strip

S = S(β1,β2) = {s ∈ C | β1 < Re s < β2, α1 ≤ β1 < β2 }

if it is holomorphic in this open strip S(β1,β2) and for any ε > 0, any compact set
K contained in S(β1,β2) with connected complement, and any given complex-
valued continuous function h(s) supported on K, analytic in the interior of K,
the relation

lim inf
T→+∞

1

T
meas


t ∈ R, 0 ≤ t ≤ T ; sup

s∈K
|f(s+ it)− h(s)| ≤ ε


> 0

holds, meas denoting the Lebesgue measure on R.
If the function h(s) is assumed to be non-zero in the strip S(β1,β2), we shall

say that f(s) has the WEAK universality property in this strip.
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Corollary 4. Given any compact subset K of the strip Re s ∈

1
2 , 1


with

connected complement, any non-vanishing function f(s) analytic in
o

K, the
interior of K, and continuous on K, apart for an atmost countable S of ε > 0,

lim
T→+∞

1

T
meas


t ∈ R, 0 ≤ t ≤ T ; sup

s∈K
|ζ(s+ it)− f(s)| ≤ ε



exists and is positive.

Remark 1. This result is related to a general property of functions belong-
ing to V since with our notations, for any f belonging to V, any complex-valued
function h(s) continuous on K, the function t → fK,h,k(t) defined by

fK,h,k(t) = sup
s∈K

|h(s)− f(s+ it)| if |t| ≥ 2(k + 1),

= ρ, where ρ is any complex number elsewhere,

(where k is defined by k = max (U0, (|Im z| , z ∈ K ∪ Z))), is B2.A.P. (see [5],
Theorem 6, p. 112).

Consequently, defining

If,h,K,ε,(t) = 1 if sup
s∈K

|h(s)− f(s+ it)| ≤ ε, = 0 if not,

we get as above that apart for an almost countable set S, If,h,K,ε, has a mean-
value.

So, the universality theorem as usually formulated and its various avatars
allow essentially to assert the positivity of all these mean-values in the special
cases where it applies, but not at all their existences which are consequences
of the almost periodicity. This is a general fact and it applies in the case of
discrete, joint, etc. cases of universality.

4. Second remark

It can be proved that the Riemann Zeta function is not strongly universal
(see [7], chap.8, p.156 et seq.), as for many other similar series, and this is
presented as a consequence of the distribution of their zeroes in the critical
strip. As written in [7], p.156, ”the location of the complex zeroes of Riemann’s
Zeta function is closely connected with the universality property”. Moreover, a
feature which seems to have attracted the attention of some authors is that if in
the formulation of the ”standard version” of the universality theorem one can
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Proposition 3. Let K be a compact subset of the strip Re s ∈ ]1/2, 1[, and
h(s) be a function continuous on K. Then, apart for an almost countable set
S of ε, the function

Iζ,h,K,ε,(t) = 1 if sup
s∈K

|h(s)− ζ(s+ it)| ≤ ε, = 0 if not,

is B-almost-periodic.

This is a consequence of Corollary 5.2 p.185–186 of [6] which gives imme-
diately that

t → sup
s∈K

|ζ(s+ it)− h(s)| .

is B2 − almost − periodic (B2.A.P ) , only the continuity of h(s) on K being
required, and so, it has an asymptotic distribution. A consequence is that,
apart for an atmost countable set S of ε, the function Iζ,h,K,ε,(t) is B.A.P. (see
[3], p.78).

Now, for ε not in S, since

T

0

Iζ,h,K,ε,(t)dt = meas {t ∈ R, 0 ≤ t ≤ T ; Iζ,h,K,ε,(t) = 1} =

= meas


t ∈ R, 0 ≤ t ≤ T ; sup

s∈K
|ζ(s+ it)− h(s)| ≤ ε



we get that

lim
T→+∞

1

T
meas


t ∈ R, 0 ≤ t ≤ T ; sup

s∈K
|ζ(s+ it)− h(s)| ≤ ε


=

= lim
T→+∞

1

T

T

0

Iζ,h,K,ε,(t)dt,

which exists since Iζ,h,K,ε,(t) is B.A.P .

So, in the formula appearing in Theorem 1, we have replaced the lim inf by
a lim. The positivity of the limit is provided by the ”standard version” due to
Bagchi of the Voronin Theorem quoted above.

The proof is now complete. 

As a corollary, we can formulate the application of this result to the Bagchi
theorem in the following way:
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Remark 3. A consequence of this result is that no element of the class V
satisfying the hypothesis of the above theorem can be strongly universal, i.e.
the Linnik–Ibragimov conjecture is not exact for this set of Dirichlet series.
The only possibility for Dirichlet series of this class is the weak universality.

Proof. Due to Theorem 8.1 of [6], we have the following:

Proposition 6. Assume that K is a compact set contained in the open
strip

S = {s ∈ C | 1/2 < Re s < 1} ,
and h(s) is a complex-valued continuous function defined on K.

If for any positive ε, we have

lim sup
T→+∞

1

2T
meas


t ∈ R, |t| ≤ T ; sup

s∈K
|Z(s+ it)− h(s)| ≤ ε


> 0,

then, for any sequence {El}l∈N of subsets of N such that

{n ∈ N; 1 ≤ n ≤ l} ⊆ El,

and 
n∈El

|α(n)|
nσK

< +∞

where 1
2 < σK = min {Re s, s ∈ K}, the condition

lim inf
l→+∞

inf
t∈R

sup
s∈K



n∈El

α(n)

n(s+it)
− h(s)

 = 0

holds.

Now, due to Theorem 9.1 of [6], we have the following:

Proposition 7. If the condition

lim inf
y→+∞

inf
t∈R

sup
s∈K

Zy−(s+ it)− h(s)
 = 0,

is fulfilled, where K is a compact subset contained in the open strip

S = {s ∈ C | 1/2 < Re s < 1} ,

h(s) is a function continuous on K and Zy−(s) is defined on S by

Zy−(s) =

p≤y

p prime

+∞
r=0

α(pr)

prs
,
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approximate ζ by itself, then, the Riemann hypothesis is true. More precisely,
as stated by Bagchi,

if for any given compact subset K of the strip Re s ∈

1
2 , 1


with connected

complement and for any ε > 0, the relation

lim inf
T→+∞

1

T
meas


t ∈ R, 0 ≤ t ≤ T ; sup

s∈K
|ζ(s+ it)− ζ(s)| ≤ ε


> 0

holds, then the Riemann hypothesis is true.

Now, using the approach developed in [6] , this statement turns to be a
simple consequence of a well-known theorem of Hurwitz. In fact, we have the
following general result:

Theorem 5. Let Z(s) = Σn∈Nα(n)n
−s defined for Re s = σ > 1 by the

absolutely convergent product

Z(s) =


p prime

+∞
r=0

α(pr)

prs
,

Z(s) not identical to zero and belonging to the class V as defined above, with
α = 1, α1 = 1/2.

Assume that for some complex-valued continuous function h(s) supported

on K, a compact set contained in S(1/2,1), h(s) is analytic in
, o

K, the interior
of K, and for any ε > 0, the inequality

lim sup
T→+∞

1

T
meas


t ∈ R, 0 ≤ t ≤ T ; sup

s∈K
|Z(s+ it)− h(s)| ≤ ε


> 0

holds, and moreover, that for all p prime,

min
s∈S(1/2,1)


+∞
r=0

α(pr)

prs

 > 0.

Then, h is identically 0 in
o

K or h has no zero in
o

K.

Remark 2. If we assume that we can have Z(s) = h(s), this will imply

immediately that Z(s) has no zero in
o

K. And if Z(s) has a zero in
o

K, we
cannot have such an hypothesis satisfied, and this result holds independently
of the distribution of the zeroes of Z(s) in the strip S(1/2,1).
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So, as a consequence of the Hurwitz theorem, either h(s) = 0 for all s in
o

K, or

h(s) = 0 for all s in
o

K.

This ends the proof of the theorem. 

If the hypothesis h(s) = Z(s) can be fulfilled, this applies independently of
the distribution of the zeroes of Z(s) in the critical strip.

Consequence: if we can have h(s) = Z(s),we get that Z(s) has no zero in
o

K.
And applying this result in the cas Z(s) = ζ(s), we get immediately the result
of Bagchi quoted above.
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then, given any ε > 0, the set

t ∈ R ; sup

s∈K
|Z(s+ it)− h(s)| ≤ ε



has a positive lower density.

As a consequence of these two statements, we have

Lemma 8.

lim inf
y→+∞

inf
t∈R

sup
s∈K

Zy−(s+ it)− h(s)
 = 0

and

lim sup
T→+∞

1

2T
meas


t ∈ R, |t| ≤ T ; sup

s∈K
|Z(s+ it)− h(s)| ≤ ε


> 0

are equivalent.

Now, to use this lemma, we remark that

lim inf
y→+∞

inf
t∈R

sup
s∈K

Zy−(s+ it)− h(s)
 = 0

means that there exists a sequence ty of real numbers such that for some sub-
sequence tϕ(y)

lim
y→+∞

sup
s∈K

Zϕ(y)−(s+ itϕ(y))− h(s)
 = 0.

So, the sequence s → Zϕ(y)−(s+itϕ(y)) of analytic functions onK converges
uniformly to h(s).

Now, remark that Zϕ(y)−(s+ itϕ(y)) is never equal to zero for some s in K
since for any given y, we have

Zϕ(y)−(s+ itϕ(y))
 =




p≤ϕ(y)

p prime

+∞
r=0

α(pr)

pr(s+itϕ(y))


≥ min

s∈K




p≤ϕ(y)

p prime

+∞
r=0

α(pr)

pr(s+itϕ(y))


≥

≥


p≤ϕ(y)

p prime

min
s∈K


+∞
r=0

α(pr)

pr(s+itϕ(y))

 ≥

≥


p≤ϕ(y)

p prime

min
s∈S(1/2,1)


+∞
r=0

α(pr)

prs

 > 0.
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Abstract. Let b be a positive integer. We prove that every real number

can be written as sum of an integer and at most � b+1

2
� continued fractions

to the nearest integer each of which having partial quotients at least b.

1. Introduction and statement of the main results

In 1947, Hall [7] proved that every real number can be written as a sum of
an integer and two regular continued fractions each of which having partial quo-
tients less than or equal to four. Denoting by F(b) the set of those real numbers
x having a regular continued fraction expansion x = [a0, a1, a2, . . . , an, . . .] with
arbitrary a0 ∈ Z and partial quotients an ≤ b for n ∈ N (with N := {1, 2, . . .}),
where b is a positive integer, Hall’s theorem can be stated as F(4) + F(4) = R;
here the sumset A + B is defined as the set of all pairwise sums a + b with
a ∈ A and b ∈ B (also called Minkowski sum in some literature). There have
been several generalizations of Hall’s remarkable result. For example, Cusick

Key words and phrases: Continued fraction to the nearest integer, Hall’s theorem.
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