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Abstract. In the paper, we prove a joint universality theorem of Voronin
type for collections of Dirichlet L-functions and Hurwitz zeta-functions.
From this theorem, we derive the universality for some class of functions
from the above collections. For example, this shows that a product of
Dirichlet L-functions and Hurwitz zeta-functions is universal.

1. Introduction

In 1975, S.M. Voronin discovered [29] a remarkable approximation property
of the Riemann zeta-function ζ(s), s = σ+ it, which now is called universality.
He proved that the shifts ζ(s+ iτ), τ ∈ R, approximate with a given accuracy
any analytic function uniformly on closed discs lying in the right-hand side
of the critical strip. Denote by K the set of compact subsets of the strip
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Universality of zeta-functions has an important generalization, the so called
joint universality, when a collection of analytic functions is simultaneously ap-
proximated by shifts of zeta-functions. The first result in the field also belongs
to Voronin who proved [28] the joint universality for Dirichlet L-functions. We
also state a modern version of the joint Voronin theorem.

Theorem 1.3. Suppose that χ1, . . . , χr are pairwise non-equivalent Dirich-
let characters, and L(s, χ1), . . . , L(s, χr) are the corresponding Dirichlet
L-functions. For j = 1, . . . , r, let Kj ∈ K and fj ∈ H0(Kj). Then, for
every ε > 0.

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

1≤j≤r
sup
s∈Kj

|L(s+ iτ, χj)− fj(s)| < ε} > 0.

Proof of Theroem 1.3 is given in [16].

Some other zeta and L-functions are also jointly universal in the above sense.
Among them are Hurwitz [10], [26], Lerch zeta-functions [14], [17], [19], [22],
[26], zeta-functions of certain cusp forms [20] and their twists [21], periodic [18]
and periodic Hurwirz zeta-functions [4], [8], [9], [11], [12], [15], [23], [24]. It is
clear that, in the case of the joint universality, the involved zeta-functions must
be independent in a certain sense. For Dirichlet L-functions, this independence
is implied by the non-equivalence of Dirichlet characters. In the case of Hurwitz
zeta-functions, the linear independence over the field of rational numbers Q of
some set is required. For j = 1, . . . , r, let 0 < αj ≤ 1, and

L(α1, . . . , αr) = {log (m+ αj) : m ∈ N0 = N ∪ {0}, j = 1, . . . , r}.

Theorem 1.4. [10] Suppose that the set L(α1, . . . , αr) is linearly indepen-
dent over Q. For j = 1, . . . , r, let Kj ∈ K and fj ∈ H(Kj). Then, for every
ε > 0,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

1≤j≤r
sup
s∈Kj

|ζ(s+ iτ, αj)− fj(s)| < ε} > 0.

Theorem 1.4 with a stronger hypothesis that the numbers α1, . . . , αr are
algebraically independent over Q has been proved in [26]. An analogical result
is also true for periodic Hurwitz zeta-functions [24].

H. Mishou in [25] obtained an interesting theorem on the joint universality
of ζ(s) and ζ(s, α).
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D = {s ∈ C : 1
2 < σ < 1} with connected complements, and by H0(K),K ∈ K,

the set of non-vanishing continuous functions on K which are analytic in the
interior of K. Moreover, let meas{A} stand for the Lebesgue measure of a
measurable set A ⊂ R. Then a modern version of the Voronin theorem is of
the form, see, for example, [7].

Theorem 1.1. Suppose that K ∈ K and f ∈ H0(K). Then, for every
ε > 0,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

s∈K
|ζ(s+ iτ)− f(s)| < ε} > 0.

An analogical universality property is also due to the Hurwitz zeta-function
ζ(s, α), 0 < α ≤ 1, which is given, for σ > 1, by the series

ζ(s, α) =

∞
m=0

1

(m+ α)s
,

and by analytic continuation elsewhere, except for a simple pole at s = 1 with
residue 1. Properties of ζ(s, α) also depend on arithmetics of the parameter
α. For the function ζ(s, α), the following analogue of Theorem 1.1 is known.
Denote by H(K),K ∈ K, the class of continuous functions on K which are
analytic in the interior of K.

Theorem 1.2. Suppose that α is transcendental or rational = 1, 1
2 . Let

K ∈ K and f ∈ H(K). Then, for every ε > 0,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

s∈K
|ζ(s+ iτ, α)− f(s)| < ε} > 0.

Since H0(K) ⊂ H(K),K ∈ K, we have that the shifts of ζ(s, α) with tran-
scendental or rational = 1, 1

2 approximate a wider class of analytic functions
than the shifts ζ(s+ iτ). Clearly, ζ(s, 1) = ζ(s),

ζ

s,

1

2


= (2s − 1)ζ(s),

and thus, the functions ζ(s, 1) and ζ(s, 1
2 ) are also universal with approximation

property with respect to the set H0(K).
The universality of ζ(s, α) with algebraic irrational α remains an open prob-

lem.
Theorem 1.2 by different methods was obtained in [3], [1] and [27].
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Theorem 1.7. Suppose that χ1, . . . , χr1 are pairwise non-equivalent Dirich-
let characters, the numbers α1, . . . , αr2 are algebraically independent over Q,
and F : Hr1+r2(D) → H(D) is a continuous function such that, for every poly-
nomial p = p(s), the set (F−1{p})∩ (Sr1 ×Hr2(D)) is non-empty. Let K ∈ K
and f ∈ H(K). Then, for every ε > 0,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

s∈K
|F (L(s+ iτ, χ1), . . . , L(s+ iτ, χr1),

ζ(s+ iτ, α1), . . . , ζ(s+ iτ, αr2))− f(s)| < ε} > 0.

Theorem 1.7 implies the universality for a product of Dirichlet L-functions
and Hurwitz zeta-functions.

Corollary 1.1. Suppose that χ1, . . . , χr1 and α1, . . . , αr2 satisfy the hypoth-
esis of Theorem 1.7. Let {j1, . . . , jr} = ∅ be arbitrary subset of {1, . . . , r1}, and
{l1, . . . , lk} = ∅ be arbitrary subset of {1, . . . , r2}. Let K ∈ K and f ∈ H(K).
Then, for every ε > 0,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

s∈K
|L(s+ iτ, χj1) . . . L(s+ iτ, χjr )×

× ζ(s+ iτ, αl1) . . . ζ(s+ iτ, αlk)− f(s)| < ε} > 0.

In our opinion, the most convenient method for proving universality the-
orems for zeta-functions is that based on probabilistic limit theorems in the
space of analytic functions. Thus, we start with limit theorems.

2. Limit theorems

Denote by γ the unit circle on the complex plane, and define two tori

Ω =

p

γp

and

Ω =
∞

m=0

γm,

where γp = γ for all primes p, and γm = γ for all m ∈ N0. The tori Ω and Ω
with the product topology and pointwise multipication are compact topological
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Theorem 1.5. [25] Suppose that α is a transcendental number, K1,K2 ∈ K
and f1 ∈ H0(K1), f2 ∈ H(K2). Then, for every ε > 0,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

s∈K1

|ζ(s+ iτ)− f1(s)| < ε,

sup
s∈K2

|ζ(s+ iτ, α)− f2(s)| < ε} > 0.

Theorem 1.5 is the first example of so called mixed joint universality when
the functions from the sets H0(K) and H(K) are approximated by shifts ζ(s+
+iτ) and ζ(s+ iτ, α) of zeta-functions having and having no the Euler product
over primes, respectively.

A generalization of Theorem 1.5 for a periodic zeta-function with multi-
plicative coefficients and periodic Hurwitz zeta-function is given in [5]. A mixed
joint universality theorem for collections of periodic zeta-functions with multi-
plicative coefficients and of periodic Hurwitz zeta-functions has been obtained
in [13]. In the latter theorem, a rank hypothesis on coefficients of periodic
zeta-functions is used. The aim of this note is to obtain a mixed universality
theorem for collections of Dirichlet L-functions and Hurwitz zeta-functions. In
this case, any rank hypothesis is not needed.

Theorem 1.6. Suppose that χ1, . . . , χr1 are pairwise non-equivalent Dirich-
let characters, and that the numbers α1, . . . , αr2 are algebraically independent
over Q. For j = 1, . . . , r1, let Kj ∈ K and fj ∈ H0(Kj), while, for j = 1, . . . , r2,
let Kj ∈ K and fj ∈ H( K). Then, for every ε > 0,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

j≤j≤r1

sup
s∈Kj

|L(s+ iτ, χj)− fj(s)| < ε,

sup
j≤j≤r2

sup
s∈ Kj

|ζ(s+ iτ, αj)− fj(s)| < ε} > 0.

We see that Theorem 1.6 is a connection of Theorems 1.3 and 1.4. Unfortu-
nately, the linear independence over Q of the set L(α1, . . . , αr2) is not sufficient
for the proof of Theorem 1.6 because we need the linear independence over Q
of the set {{log p : p is prime}, L(α1, . . . , αr2)}, and therefore, we require the
algebraic independence over Q for the numbers α1, . . . , αr2 .

Theorem 1.6 implies a more complicated statement for universality of Dirich-
let L-functions and Hurwitz zeta-functions. Denote by H(D) the space of an-
alytic functions on D equipped with the topology of uniform convergence on
compacta. Let S = {g ∈ H(D) : g(s) = 0 or g(s) ≡ 0}.
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Theorem 2.2. Suppose that the numbers α1, . . . , αr2 are algebraically in-
dependent over Q, and that F : Hκ(D) → H(D) is a continuous function.
Then

PT,F (A)
def
=

1

T
meas{τ ∈ [0;T ] : F (Ξ(s+ iτ)) ∈ A}, A ∈ B(H(D)),

converges weakly to PΞF
−1 as T → ∞.

Proof. We have that PT,F = PTF
−1, where PTF

−1(A) = PT (F
−1A),

A ∈ B(H(D)). Therefore, the theorem is a consequence of Theorem 2.1, The-
orem 5.1 of [2], and of continuity of the function F . 

3. Supports

Let S be a separable metric space, and P be a probability measure on
(S,B(S)). We remind that a minimal closed set SP ∈ B(S) is called the support
of the measure P if P (SP ) = 1. The set SP consists of all elements x such
that, for every open neighbourhood G of x, the inquality P (G) > 0 is satisfied.

Theorem 3.1. Suppose that χ1, . . . , χr1 are pairwise non-equivalent Dirich-
let characters, and the numbers α1, . . . , αr2 are algebraically independent over
Q. Then the support of the measure PΞ is the set Sr1 ×Hr2(D).

The theorem is deduced from two following lemmas. Let χ = (χ1, . . . , χr1),
α = (α1, . . . , αr2), ω = (ω1, . . . , ωr2),

L(s, ω, χ) = (L(s, ω, χ1), . . . , L(s, ω, χr1))

and
ζ(s, α, ω) = (ζ(s, α1, ω1), . . . , ζ(s, αr2 , ωr2)).

Moreover, let PL and Pζ denote the distributions of the random elements
L(s, ω, χ) and ζ(s, α, ω), respectively.

Lemma 3.1. Suppose that χ1, . . . , χr1 are pairwise non-equivalent Dirichlet
characters. Then the support of the measure PL is the set Sr1 .

Proof of the lemma is given in [13].

Lemma 3.2. Suppose that the numbers α1, . . . , αr2 are algebraically inde-
pendent over Q. Then the support of the measure Pζ is the set Hr2(D).

The proof of the lemma can be found in [10].
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Abelian groups. Let
Ωκ = Ω× Ω1 × . . .× Ωr2 ,

where Ωj = Ω for j = 1, . . . , r2, and κ = 1 + r2. Then again Ωκ is a compact
topological Abelian group. Therefore, denoting by B(S) the σ- field of Borel
sets of the space S, we have that, on (Ωκ,B(Ωκ)), the probability Haar mea-
sure mκ

H can be defined. This gives the probability space (Ωκ,B(Ωκ),mκ
H).

We note that the measure mκ
H is the product of the Haar measures mH and

m1H , . . . ,mr2H on (Ω,B(Ω)) and (Ω1,B(Ω1)), . . . , (Ωr2 ,B(Ωr2)), respectively.
For elements of Ωκ, we use the notation ω = (ω, ω1, . . . , ωr2), where ω ∈ Ω and
ωj ∈ Ωj , j = 1, . . . , r2. Moreover, let ω(p) be the projection of ω ∈ Ω to γp,
and let ωj(m) denote the projection of ωj ∈ Ωj to γm. For brevity, we put
r = r1 + r2. Now, on the probability space (Ωκ,B(Ωκ),mκ

H), define the Hr(D)
- valued random element Ξ(s, ω) by the formula

Ξ(s, ω) = (L(s, ω, χ1), . . . , L(s, ω, χr1), ζ(s, α1, ω1), . . . , ζ(s, αr2 , ωr2)),

where

L(s, ω, χj) =

p

(1− χj(p)ω(p)
ps

)−1, j = 1, . . . , r1,

and

ζ(s, αj , ωj) =

∞
m=0

ωj(m)

(m+ αj)s
, j = 1, . . . , r2.

Let PΞ be the distribution of the random element Ξ(s, ω), i.e.,

PΞ(A) = mκ
H(ω ∈ Ωκ : Ξ(s, ω) ∈ A), A ∈ B(Hr(D)).

Moreover, we will use the notation

Ξ(s) = (L(s, χ1), . . . , L(s, χr1), ζ(s, α1), . . . , ζ(s, αr2)).

Let, for A ∈ B(Hr(D)),

PT (A)
def
=

1

T
meas{τ ∈ [0;T ] : Ξ(s+ iτ) ∈ A}.

Then we have the following limit theorem.

Theorem 2.1. Suppose that the numbers α1, . . . , αr2 are algebraically in-
dependent over Q. Then PT converges weakly to PΞ as T → ∞.

The theorem is contained in Theorem 2 of [13].
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and

(4.2) sup
1≤j≤r2

sup
s∈ Kj

| fj(s)− pj(s)| < ε

2
.

Define

G = {g1, . . . , gr1 , g1, . . . , gr2) ∈ Hr1+r2(D) : sup
1≤j≤r1

sup
s∈Kj

|gj(s)− epj(s)| < ε
2 ,

sup
1≤j≤r2

sup
s∈ Kj

|gj(s)− pj(s)| < ε
2}.

Then G is an open set in Hr1+r2(D). Moreover, by Theorem 3.1, the collection

(ep1(s), . . . , epr1 (s), p1(s), . . . , pr2(s)) ∈ Hr1+r2(D)

is an element of the support of the measure PΞ. Therefore, PΞ(G) > 0. From
this and Theorem 8, using the equivalent of weak convergence of probability
measures in terms of open sets (Theorem 2.1 of [2]), we find that

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : Ξ(s+ iτ) ∈ G} ≥ PΞ(G) > 0,

or, by the definition of the set G,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

1≤j≤r1

sup
s∈Kj

|L(s+ iτ, χj)− epj(s)| < ε
2 ,

(4.3)
sup

1≤j≤r2

sup
s∈ Kj

|ζ(s+ iτ, αj)− pj(s)| < ε
2} > 0.

However, in virtue of (4.1) and (4.2),

{τ ∈ [0;T ] : sup
1≤j≤r1

sup
s∈Kj

|L(s+ iτ, χj)− epj(s)| < ε

2
,

sup
1≤j≤r2

sup
s∈ Kj

|ζ(s+ iτ, αj)− pj(s)| < ε
2} ⊂

⊂ {τ ∈ [0;T ] : sup
1≤j≤r1

sup
s∈Kj

|L(s+ iτ, χj)− fj(s)| < ε,

sup
1≤j≤r2

sup
s∈ Kj

|ζ(s+ iτ, αj)− fj(s)| < ε}
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Proof of Theorem 3.1. Let A1 ∈ B(Hr1(D)) and A2 ∈ B(Hr2(D)), and
A = A1 ×A2. Since the spaces Hr1(D) and Hr2(D) are separable, we have [2]
that

B(Hr1+r2(D)) = B(Hr1(D))× B(Hr2(D)).

Let mH be the Haar measure on (Ω1× . . .×Ωr2 ,B(Ω1× . . .×Ωr2)). Then mκ
H

is the product of the measures mH and mH . Therefore, by the above remark,

PΞ(A) =mκ
H(ω ∈ Ωκ : Ξ(s, ω) ∈ A) =

= mH(ω ∈ Ω : L(s, ω, χ) ∈ A1)mH(ω ∈ Ωr2 : ζ(s, α, ω ∈ A2).

From this, and Lemmas 3.1 and 3.2 the theorem follows. 

Theorem 3.2. Suppose that F : Hr1+r2(D) → H(D) is a continuous func-
tion such that, for every polynomial p = p(s), the set (F−1{p})


(Sr1×Hr2(D))

is non-empty. Then the support of the measure PΞF
−1 is the whole of H(D).

Proof. Let g be an arbitrary element of H(D), and G be any open neigh-
bourhood of g. It was noted in [6] that the approximation on H(D) reduces to
that on compact subsets K ⊂ D with connected complements. Moreover, by
the Mergelyan theorem on the approximation of analytic functions by polyno-
mials, for every ε > 0, there exists a polynomial p = p(s) such that

sup
s∈K

|g(s)− p(s)| < ε.

If ε is small enough, we have that the polynomial p(s) belongs to G. Thus, by a
hypothesis of the theorem, the set F−1G is open, and, in view of Theorem 3.1,
is a neighbourhood of an element of the support of the measure PΞ. Therefore,

PΞ(F
−1G) > 0.

Hence,
PΞF

−1(G) = PΞ(F
−1G) > 0.

Since g and G are arbitrary, this proves the theorem. 

4. Proof of Theorems 1.6 and 1.7

Proof of Theorem 1.6. By the Mergelyan theorem, there exist polyno-
mials p1(s), . . . , pr1(s) and p1(s), . . . , pr2(s) such that

(4.1) sup
1≤j≤r1

sup
s∈Kj

|fj(s)− epj(s)| < ε

2
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and

(4.2) sup
1≤j≤r2

sup
s∈ Kj

| fj(s)− pj(s)| < ε

2
.

Define

G = {g1, . . . , gr1 , g1, . . . , gr2) ∈ Hr1+r2(D) : sup
1≤j≤r1

sup
s∈Kj

|gj(s)− epj(s)| < ε
2 ,

sup
1≤j≤r2

sup
s∈ Kj

|gj(s)− pj(s)| < ε
2}.

Then G is an open set in Hr1+r2(D). Moreover, by Theorem 3.1, the collection

(ep1(s), . . . , epr1 (s), p1(s), . . . , pr2(s)) ∈ Hr1+r2(D)

is an element of the support of the measure PΞ. Therefore, PΞ(G) > 0. From
this and Theorem 8, using the equivalent of weak convergence of probability
measures in terms of open sets (Theorem 2.1 of [2]), we find that

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : Ξ(s+ iτ) ∈ G} ≥ PΞ(G) > 0,

or, by the definition of the set G,

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

1≤j≤r1

sup
s∈Kj

|L(s+ iτ, χj)− epj(s)| < ε
2 ,

(4.3)
sup

1≤j≤r2

sup
s∈ Kj

|ζ(s+ iτ, αj)− pj(s)| < ε
2} > 0.

However, in virtue of (4.1) and (4.2),

{τ ∈ [0;T ] : sup
1≤j≤r1

sup
s∈Kj

|L(s+ iτ, χj)− epj(s)| < ε

2
,

sup
1≤j≤r2

sup
s∈ Kj

|ζ(s+ iτ, αj)− pj(s)| < ε
2} ⊂

⊂ {τ ∈ [0;T ] : sup
1≤j≤r1

sup
s∈Kj

|L(s+ iτ, χj)− fj(s)| < ε,

sup
1≤j≤r2

sup
s∈ Kj

|ζ(s+ iτ, αj)− fj(s)| < ε}
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Therefore, taking into account (4.3), we obtain that

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

1≤j≤r1

sup
s∈Kj

|L(s+ iτ, χj)− fj(s)| < ε,

sup
1≤j≤r2

sup
s∈ Kj

|ζ(s+ iτ, αj)− fj(s)| < ε} > 0.



Proof of Theorem 1.7. We apply similar arguments as in the proof of
Theorem 1.6. The Mergelyan theorem implies the existence of a polynomial
p(s) such that

(4.4) sup
s∈K

|f(s)− p(s)| < ε

2
.

Define
G = {g ∈ H(D) : sup

s∈K
|f(s)− p(s)| < ε

2
}.

Since the set G is open, and, by Theorem 3.2, the polynomial p(s) is an element
of the support of the measure PΞF

−1, we have that

PΞF
−1(G) > 0.

This and Theorem 2.2 show that

lim inf
T→∞

1

T
meas{τ ∈ [0;T ] : sup

s∈K
|F (Ξ(s+ iτ))− p(s)| < ε

2
} > 0.

Combining this with (4.4) proves the theorem. 

Proof of Corollary 1.1. We take a function F : Hr1+r2(D) → H(D)
given by

F (g1, . . . , gr1 ; g1, . . . , gr2) = gj1 . . . gjrgl1 . . . glk .
Then the function F is continuous. Moreover, for every polynomial p = p(s),
we have that

F (1, . . . , 1; 1, . . . , 1, gl1 , 1, . . . , 1) = p

and
(1, . . . , 1; 1, . . . , 1, gl1 , 1, . . . , 1) ∈ Sr1 ×Hr2(D)

with gl1 = p. Thus, the hypotheses of Theorem 1.7 are satisfied, and we have
the assertion of the corollary. 
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Abstract. This paper derives – considering a Gaussian setting – closed
form solutions of the statistics that have been suggested as measures of
systemic risk to be attached to individual banks. The statistics equal the
product of statistic specific regression coefficients with the mean corrected
Value at Risk. Hence, in a Gaussian setting the measures of systemic risks
are closely related to well known concepts of financial statistics. A further
benefit of the analysis is that it is revealed how the concepts are related to
each other.

1. Introduction

Value at Risk (VaR) is an established measure of the riskiness of e.g. finan-
cial institutions. However, this statistic measures the riskiness of an institution
in “isolation”. The financial crisis taught everybody that it is not a good idea
to measure the riskiness of financial institutions as if these institutions could
be analyzed in isolation.

This paper is based on two influential recent contributions: Adrian and
Brunnermeier [3], [4] and Acharya et al. [1], [2]. Adrian and Brunnermeier –
like many others – argue very convincingly that incentives of banks would be
distorted if regulation were based on Value at Risk not taking into account the
systemic risk linked to a bank. They have stressed the need to analyze systemic

Key words and phrases: Systemic Risk, Value at Risk, Conditional Value at Risk.
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