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Abstract. We prove that if an additive commutative semigroup G (with
identity element 0) and G-valued completely additive functions fo, fi, f2
satisfy the relation fo(n) + fi(2n+ 1) + fo(n +2) =0 for all n € N, then
fo(n) = fi(2n+ 1) = f2(n) = 0 for all n € N. The same result is proved
when the relation fo(n) + fi(2n — 1) + f2(n +2) = 0 holds for all n € N.

1. Introduction

Let G be an additive commutative semigroup with identity element 0. Let
A% denote the set of those functions f : N — G, for which f(nm) = f(n)+ f(m)
holds for all n, m € N. The domain of f € Af can be extended to Q4 (the
multiplicative group of positive rationals) by

F(2) = 1) = 1(m).

m

IThe last two authors have been supported for this project by the European Union and the
European Social Fund under the grant agreement TAMOP-4.2.1/B-09/1/KMR-2010-0003.
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If we define f(—a) := f(a) for a € Q4, then the equation f(af) = f(a) + f(0)
remains valid for arbitrary nonzero rational numbers «, 3. Let P be the set of
primes.

In case G = R, then we simply write A* instead of Ay.

In an old paper written by Kétai I. [6] the following conjecture has been
formulated:

Conjecture 1. If fo, fi, ..., fx € A* and,

(1.1) Lo = fon)+ filn+ 1) +...+ fu(n+ k) =0 (mod 1)
for alln € N, then

(12) fo(n) = fi(n) =... = fun) =0 (mod 1)

are satisfied for alln € N

This conjecture has been proved for k = 2,3 (see [4] and [5]) and in [3] the
case k = 4 assuming the fulfilment of relation (1.1) for every n € Z. Here we
define f;(0) =0 (j =0,---,k). P.D.T.A. Elliott investigated the case when

fj = foand f; = —fy for j =1,--- ,k is arbitrary (see [1] and [2]), and even the
case when f] S {f07 _f07 fla _f1}7 (] :27 ak)

For other results we refer to works [7], [8], [9] and [10]

The following, more general problem seems to be interesting, also. Let
Ao(n), A1(n) ,...,Ax(n) € Q for all n € N and fo, f1, ..., fr € A* for which

fo(Ao(n)) + f1(A1(n)) + ... + fr(Ag(n)) =0 (mod 1)
holds. Under what conditions can we assert that
fon)=filn)=...= fe(n) =0 (mod 1)

are satisfied for all n € N.

In this short paper we investigate the simple non-trivial case
(Ao(n), A1(n), Az(n)) = (n,2n+ 1,0+ 2)

and
(Ap(n), A1(n), Aa(n)) = (n,2n — 1,n + 2).
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2. Formulation of the theorems

We shall prove the following two theorems.

Theorem 2.1. Let G be an additive commutative semigroup with identity
element 0. If fo, f1, fo € AL and

A(n) = foln)+ fi(2n+ 1)+ fa(n+2)=0
holds for all n € N, then
fo(n) = fi(2n+1) = fo(n) =0
hold for all n € N.

Theorem 2.2. Let G be an additive commutative semigroup with identity
element 0. If fo, f1, fo € A% and

B(n) == fo(n) + f1(2n — 1) + fo(n+2) =0
holds for allm € N, then
fo(n) = fi(2n —1) = fa(n) =0
hold for all n € N.

3. Lemmas

Firstly we prove a few lemmas.

Lemma 1. Assume that fo, f1, fo € Af satisfy the condition A(n) = 0 in
Theorem 2.1 for alln € N. Let f1(2) =0. Then

fo(n) = fi(n) = fa(n) =0
holds for all n <'5.

Proof. Let B be the subgroup of Q% generated by the element (1,2,1) and
the sequences

L, = (n o + 1, n+2> (n € N).
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Since A(n) = 0, therefore

fola) + f1(b) + f2(c¢) =0 for all

We use the following notations for a prime p:

ap = (p,1,1), b, =(1,p,1) and ¢, =(1,1,p).

(a,b,c) € B.

We show that ap,b,, and c, are elements of B for all primes p < 19. This

assertion proves Lemma 1.

Using a simple Maple program and the relation A(n) = 0 for n = 4, 25, 38, 40

and n = 42, we will get the following 5 equations.

L
(3.1) By =22 = a2bses € B,
Ly

_ LsLyaLigLes a3

3.2 By = -
(3.2) 2 I 2LsLsLiy b3 ©
L?L6L12L38 a3b3(3§
(3.3) By =317 0=
2434164419 (l2
LieLao
(3.4) E, = L, = albic3 € B,
and
L3LoLogL b2cd
(3.5) By o= Ao 050 g

This system has solutions in as, as, b3, c2, which are given in terms of Ey, - - -

L%Lng as

Thus as, as, bs, co are elements of B.

The solutions of the above equations (3.1)-(3.5) are:

~ EBESEL

98 1124 1,732 558 17136 ;1181
_ECEY B o BB By
- 16 237 - 90 211
E3°Ey E3TE]
5 1l 27 1763
ESE4 B3 EY

and ¢ = ———2—.
167 753 740
E{S"ERPES
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Finally, we express as, bs, c3 and c¢5 in the terms of as, as, bz, co and L,,. We
have

a5 = L%L%L{;G,%azg = L2
L12L16bgc% ’ (1203
and 5o .
Ll L1L2L3L5G,2
cg = — and 5= ———"
°7 b " LigLisLiebs

are elements of B. This completes the proof of Lemma 1.

Lemma 2. Assume that fo, fi, fo € A satisfy the condition B(n) = 0 in
Theorem 2.2 for allm € N. Let f1(2) =0. Then

fo(n) = fi(n) = fa(n) =0
holds for alln < 7.

Proof. The proof is similar to the proof of Lemma 1. Let D be the subgroup
of Qi generated by the element (1,2,1) and the sequences

Dy = (n, 2n—1, n+2) (neN).
From our assumption B(n) = 0 for all n € N, we have
fola) + f1(b) + fa(c) =0 forall (a,b,c) € D.
We shall use the following notations (p is prime):

Ay,:=(p,1,1)eD, By:=(1,p,1)eD and C,:=(1,1,p) € D.

By using a simple Maple program and the relation B(n) = 0 for n =
=8, 18, 26, 28 and n = 63, we obtain the following 5 equations in Ay, A3, By, Cs:

Dg A%
3.6 P — D
(3.6) L= DDy AsC, ©
DlDlg A3Cg
(3.7) 2T DDy A,

D3D3D14DsgDos  AsCo
(3.8) B = 8D D DoDys ~ AsB, - D
5D5D7Dg D13 3Bs
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D3D A3
(3.9) Fy: 228 _ 2

[ S D
D1D3DgDyy A3 €5

_ D3D3D¢D3yDes _ A3B5C3

3.10 Fy = - D.
(310) 5= TD2D1. D2, Dy Az c

This system has solutions in As, A3, By, Co, which are given in terms of
Fi,---,F5. Thus As, A3, Bs,Cs are elements of D.

The solutions of the above equations (3.6)-(3.10) are:

FIOFG
Ay =FF, Az= 2>
2 1472, 3 F13F34F5 )
FIF2F3 FAFRSFA
By = 237510 4 oy = D350
FITEP FSFp

Now, we express As, A7, Bs, By,C3,C5 and C7 in the terms of Ay, Az, By, Cs
and L,,. We have

Li%LlOAg L14A5022
o — Halwdd o, LudsCy
L1 L4gA3B5Co L3
Lo L4
By = —— Br=———
STACY T T LARG
e L LyL5L,8A5B5C2
Ca=L1., C5=—3_ _ L1lsLagA3Bs5C5
] ’ AsBs T L3L3L10Az

are elements of D. This completes the proof of Lemma 2.

4. Proof of Theorem 2.1

Let G be an additive commutative semigroup with identity element 0. If

fo, f1, f2€ Af and
A(n) := fo(n) + f1i(2n+ 1) + fo(n+2) =0

holds for all n € N. By using Lemma 1, we have fo(p) = fi(q) = f2(p) = 0 for
primes p < 5 and ¢ = 3, 5.
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Assume indirectly that the theorem is not true. Let ng be the smallest positive
integer for which f;(ng) # 0. Then ng = P € P, P > 5 and either fo(P) # 0 or

fa(P) #0.

Case L fo(P) = € (#0).

If P=1 (mod 3), then 3|P+2,3|2P +1, thus f1(P+2) =0, f2(2P+1) =0,
consequently A(P) = 0 implies that fo(P) = 0.

It remains to consider the case P = —1 (mod 3). Let 4P + 1 = 3Q. Then
it follows from the fact P > 5 that % < % < P, consequently A(%) =0
implies that

0= n(40) + @+ n(42) = n@.
thus we infer from A(2P) = 0 that
0= fo(2P) + £13Q) + /o (475
and so fo(P)=0.
Case II.  f3(P) =v (#0).
From A(n)=0 | we obtain that and that
M| AP-2)=0 2P-3€P | L(2P-3)=—v
(2) | A2P—-2)=0 4P -3 € P f1(dP —=3) = —v
(3) [ A6P—-2)=0 4P—1€P | idP-1)=—v
(@) | ABP—5)=0 35 p (i) =v
(5) P =2 (mod 3)
6) | A(4P—-2)=0 8P—3€eP | (8P —=3)=—v
(7) P =3 (mod 5)
The assertions (1) and (2) are clear.
In order to show (3), let @ := 3E=L. Then we have
Q=1 (mod 3),3|Q+ 2, %z% <P and 2Q+1=3P,

which with A(Q) = 0 shows that

fo(Q) + f1(2Q + 1) + f2(Q +2) = fo(Q) + f1(P) = 0.

It is clear from A(L5L) = 0 that f1(P) = 0, consequently f5(Q) = fo(3P — 1) =
= fo(6P —2) =0, thus A(6P — 2) = 0 implies

0= fo(6P — 2) + [1(12P — 3) + fa(6P) = [i(4P — 1) + ful(P).
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which proves (3).
From A(3P —5) = 0 we have

3P -5
2

0= fo(BP = 5)+ [1(6P = 9) + fo(3P = 3) = fo(*5— ) + f1(2P = 3),
from (1) we obtain (4).
Since P € P, the assertion (5) follows from (3).

From (5), we have 3]2P — 1 and 25-1 < P, consequently fo(4P — 2) =
= fo(2P — 1) = 0. Thus we obtain from A(4P — 2) = 0 that

0=fo(4P =2) + f1(8P = 3) + f2(4P) = f1(8P = 3) + fa(P),
which proves (6). Since P € P, the assertion (7) follows from (1), (2) and (6).

Let T := 355 Then we infer from (4) and (7) that

(4.1) TeP, foT)=v
and
(4.2) =—-1 (mod3), T=2 (mod?5).

From (4.2) we have 52T + 1, 2L = ?’PT_‘L < P, consequently we obtain from
A(T) = 0 that

AT) = fo(T) + 2T + 1) + f2(T +2) = fo(T) + f2(T +2) = 0.
This with (4.1) implies

(4.3) fo(T+2)=—v.
From (4.2), we have 5|37 +4, 3T5+4 = % < Pand fo(3T+4) = fo(ﬂ7+4> =0.

Thus we obtain from A(3T 4 4) = 0 that
0= fo(3T +4) + f1(6T +9) + f2(3T +6) = f1(2T + 3) + fo(T + 2),
which with (4.3) implies
(4.4) AT +3) =
Finally, A(T + 1) = 0 implies that
fo(T+1)+ f1(2T 4+ 3) + fo(T +3) = 0.

Since % = 3% < P, % = 3134—“ < P, we deduce that f1(2T + 3) = 0. This

contradicts to (4.4).

The proof of Theorem 1 is complete.
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5. Proof of Theorem 2.2

Let G be an additive commutative semigroup with identity element 0. If

fos f1, f2 € Af and
B(n):= fo(n)+ fi(2n+1) + fa(n +2) =0

holds for all n € N. By using Lemma 2, we have fo(p) = f1(q) = f2(p) = 0 for
primes p < 5 and ¢ = 3, 5.

Assume indirectly that the theorem is not true. Let ng be the smallest positive
integer for which f;(ng) # 0. Then ng = P € P, P > 7 and either fy(P) # 0 or

fa(P) #0.

Case I. fo(P)=v (#0).
We infer from B(P —2) = 0 that f;(2P—5) = —v,2P—-5€ P andso P = —1
(mod 3). We have

B(2P —2) = fo(2P — 2) 4 f1(4P — 5) + f2(2P) = 0.

Since fo(2P — 2) = 0, therefore f1(4P —5) = —1v,Q = 4P37_5 € P and

B(%) :fO(QQH) +f1(Q)+f2(Q2+5) =0.

Since P > 5, we have < = 2P=1 < P and Qs — 2EE5 < P, consequently
4P -5
3

f1(Q)=f1( ):f1(4P—5):0.

This cannot occur.

Case II.  fo(P) =& (#£0).

Since 42P + 2 and 2242 = ZEL < P we infer from B(2P) = 0 that
0= B(2P) = fo(2P) + f1(4P — 1) + f» (2P + 2) — ¢4 fi(4P — 1).

Thus f1(4P — 1) = —¢ and either 4P — 1 € P or £ € P.

IfQ;:‘U’,T—l € P, thenP>7sh0WS‘chaut%ZQPKTJrl < P and Q;E) =
_ 2P47

= =55 < P, consequently

Q+5
2

0=B(%)=f0(Q;_1>+fl(Q)+f2( )Zfl(Q)-
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This cannot occur. Thus we have proved that 4P — 1 € P, and so
(5.1) P=-1 (mod 3).

From (5.1) we have 3|2P —1, consequently B(P) = 0 implies that fo(P+2) =
— ¢, P+2eP.

Since
0=B(2P) = fo(2P) + fL(4P — 1) + f» <2P + 2)

and fo (2P + 2) =0, we have

0=B(2P) = fo(2P) + f1(4P — 1) + f» (2P+ 2) =&+ f1(4P - 1),

consequently fi(4P —1)=-¢ 4P —-1€P.
On the other hand, we have

B(2P +2) = fo(2P +2) + fi(4P + 3) +f2(2P+4) —0,

which implies that f,(4P+3) = €, 4P+3 € P. Since P, P+2,4P—1,4P+3 € P,
therefore P =1 (mod 5) or P =2 (mod 5).

Case IL.a. P =2 (mod 5).
Since 15|8P — 1,5|2P + 1, therefore

B(4P) = f0(4P)+f1(8Pl; 1) +f2<2p5+ 1) =0,

therefore fo(P) = 0.

Case IL.Lb. P =1 (mod 5).

InthiscaseGP—1:5Q,%:¥<Pand%:3%ﬂ<P. Thus

B(%) = fo<Q;_1) + f1(Q) +f2(Q;—5> = f1(Q).

Hence

(5.2) [1(Q) = f1(6P —1) =0.

Since 5|3P + 2, f2(3P + 2) = 0, therefore B(3P) = 0 with (5.2) implies that
fo(P) =0.
The proof of Theorem 2 is complete.
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6. Final remarks

Theorem 6.1. Let ag = [y = (1,2,1) and o, = (n,2n+ 1,n+2), G, =
= (n,2n—1,n+2). Let B be the subgroup of Q3 generated by o, (n =0,1,2,- )
and D be the subgroup of (@i generated by B, (n=0,1,2,---). Then

Bz@i and D:Qi.

It means that for every (r1,r2,73) € (@i there exist ny,no, -+ ,ni € Ny, €1,€9,+-+ , € €
{-1,1} and my,ma,--- ,my; € Ng, 61,02, - ,6; € {—1,1} such that

k
€;
(rla T2, T3) = H ania
i=1
and that
l
8
(r1,re,r3) = Hanibi.
i=1
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