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Abstract. Let P be an infinite subset of primes,

(z — o0),

#p<r|peP)=(rtoll)

N be the multiplicative semigroup generated by P. Distribution of the
values of g-additive functions defined on N is investigated.

1. Introduction

1.1. Let N, R, C be the set of natural, real, complex numbers respectively,
No = NU{0}. Let e(x) = > w(n) = number of distinct prime divisors of
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n, (n) = number of prime power divisors of n. If x is a positive real number
then let z; = logx, oy = logzr_1, k = 2,3,.... Let {} = fractional part of

2, [J2]| = min({z},1 — {}). Let &(z) = Zb= [ e™*"/?du.

1.2. Let ¢ > 2 be a fixed integer, E = {0,1,...,¢— 1} be the set of digits.
Then every n € Ny has a unique (g-ary) expansion, defined by

(1.1) n = Zaj(n)qj7 a;j(n) € E.
j=1
The right hand side of (1.1) is clearly a finite sum, since a;(n) = 0 if ¢/ > n.
A function f : Ny — R is said to be g-additive, if f(0) = 0 and
(1.2) fn) =" flaj(n)’)
J=0

holds for every n € Ny. The whole set of g-additive functions will be denoted
by H.

1.3. Let
log x
1.3 N=N, = 7
(13) [logQ]
1 k 2 1 201 k 2
(1.4) me*Zf(bq )s Uk:*Zf(bQ)_mlm
Ey 1 er

N N
(1.5) M(z) =Y my, D*z)=>) o}
k=0 k=0

1.4. Let B = B, be a set of positive integers up to x. The multiple
occurrence of some numbers is allowed. Furthermore, let B(z) be the number
of elements in B. For an arbitrary sequence of integers (0 <) l; < ... <[, and
bi,...,by, € E, let

lh,...,1
(1.6) B(x bi’...’b};>:#{n<x|n68,alj(n):bj,jzl,...,h}.
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1.5. Let
(1.7) vin):= f(n)D(;\f(:c)’
(1.8) Fo(y): = %#{n € B, v(n) <y}.

Definition 1. We say that B = B, is a sequence of g-ary smooth sets of
type a if B(z) > 27, and

ly, ...,
(1.9) sup Blz| V") = B)| < c(h, \)B(x)N
Na<lj<...<lp <N-N& by,...,bp
by,..sbp €E

holds for every fixed A > 0, x > 2.

Theorem 1. Let f € Ay, f(bg?) = O(1) asb € E, j =0,1,... Assume
that lng(f)z

g-ary smooth sequence of type o < 6/2. Then

— 00 as x tends to infinity is satisfied for some § > 0. Let B, be a

lim F,(y) = ®(y)

r—00

holds for every y. Here

y
1
®(y) = Von / e 2 du.
Proof. Let n <=z

faln)=" > flag(n)d’).

Ne<j<N-Ne
Since f(bg?) is bounded,
[fa(n) = f(n)| < cN®

holds. Let

Mo(x)= > m;, Dix)= > ol

Ne<jSN-—N<« Ne<j<N-—N<«
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We have |M(z) — M, (x)| < eN®, |D2(x) — D*(z)| < cN®. Let

fa(n) — Mo (z)
Vo(n) = ————.
( ) l)a(x)
We already defined v(n) in (1.7). From the assumption we obtain that

max [Va(n) —v(n)] — 0

as x — 0o. From the assumption (1.9) we deduce easily that

1 1
B Z Va(n)k—;ZVa(n)kHO as T — 00,

n<ax n<z
neBy -

and so

(1.10) ! Z v(n)k — 1 Z v(n)* -0 as z— oo
B(x)

n<z n<x
neEBy

for each k£ € Ny. One can prove easily that for k € Ny

1 [o©
lim — b= dd.
tim = [
(1.10) implies that
lim L Z v(n)k = / 2k d®
e=oe Blw) =
neB >

holds for every k. Therefore, our theorem directly follows from the Frechet-
Shohat theorem. A more detailed argument can be found in [1].

2. Some auxiliary results

2.1.
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Lemma 1 (Theorem of Davenport [2]). Let x be a positive integer, 1 <
<Uy<U<z,1<Q<uz (a,Q) =1. Let O1(n,x), Oz(r,x) be arbitrary
functions, each of which is absolutely bounded. Then

> o) Y @2@,”)6(73“)

Up<n<U; 1<r<z/n
1 U, 1 Q
=0 |zlog?ay|—+ 2+ =+2].
(:cog x Uo—l— . +Q+x)
2.2.
Lemma 2. Let 0 < A < i, xo(z) = > cme(maz) be a mod 1 periodic

function such that 0 < xo(z) < 1,
L ifA<{z} <A,
Xo(z) =
0, if 4 +A<{z}<1-A,

cozé, cjq =0 when j = +1,+2,...,

1 1 1
|C’m| <min|-—, —, ——— -
q’ wm| Am2m?2

Let xp(x) = xo(x — S) = ch)e(mx). Then XLZ) = cme(—me), thus |c$,2)| =
= [em]-

This lemma is proved in [3].

2.3.

The Erd6s-Turan inequality for the discrepancy of sequences
mod 1

The discrepancy D), of the real numbers x1,...,x) mod 1 is defined by
1
(2.1) sup M#{n <M |[{zn} €la,B)} — (B—a)

where the supremum is taken for all intervals [, ) C [0, 1].
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Mz

Lemma 3 ([4]). Let 1., := > e(may). We have

e=1

N\i

(2.2) Dy <ec Z wT
<h<K

for any positive integer K. c is an absolute constant.

2.4.
The theorem of E. Wirsing

Lemma 4 ([5]). Let F be a multiplicative function satisfying the following
conditions: F(n) > 0 (n € N); F(p*) < c1¢5, c2 < 2 for every prime p and
a=2,3,.... Assume that

(2.3) > F(p) = (1 +o0(1))

p<z

log x ( = o0)

where 7 > 0 is a constant. Then, for r — oo,

0 Ero () (55

n<z

Here T' is the Euler’s gamma function, and v is the Fuler’s constant.

Analyzing the proof, one can see that the following variant of Wirsing’s
theorem remains true.

Lemma 5. Let F)\ be a family of multiplicative functions, satisfying the
following conditions: Fx(n) > 0 (n € N); Fx(p*) < c1c§, c2 < 2 for every
prime p and o = 2,3, .. ..

Let e(x) — 0 (x — o0). Assume that

X
2.:; E 1 < Ela
( ) p<z >\ logx ( )
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where 0 < c3 < Ty < ¢4, with c3,cy suitable positive constants. Then there
exists a function €1(z) — 0 (v — o0) such that

7) logx D D
(2.6) nsw Pz \
T F F
< e() ||(1+ Ap) A(f)+~-).
log p p
p<z
2.5.

Let P be an infinite sequence of primes, N be the multiplicative semigroup
generated by P. Let

mp(x)=#{p<z|peP}; Nplx)=#{n<z|neN}L

Assume that

(2.7) ()

RN (x — o0)
= —
Tlogx log x

where 0 < 7 < 1. Then, from the theorem of Wirsing we obtain that

(2.8) Np(z) = (;_(:-) + 0(1)> 1on 1:[ - _11/p (z — o).
- o5

(2.9) R, = Z 11)

Then "E

(2.10) R, = (r+o(1)loglogz  (a — o).

Lemma 6. Let P satisfy the condition (2.7). Then, there is a suitable
sequence 0, — 0 (x — o0) such that

1
(2.11) NoR, 2, Ym0 e
N(l‘)Rm \w(n)sz|>j§/’T/RT’
nx,ne



136 L. Germéan and I. Kétai

Proof. Let F,, be a family of multiplicative functions, defined on prime
powers p® as follows:

e, if peP,

F.(p*) = {
0, if pgP.

First we assume that k is a small positive, later that it is a small negative
number. Since

S Felp) = (7 +0(1)

p<z

log x (z = o0)

holds uniformly as x varies in a bounded interval, furthermore

mp=n

PEP,p<VT
by Lemma 5 we obtain that
Z enw(n)w(n) <2 e emu(n) <
LER neR s
e T g er
< 2e” —R 1 =
(2.12) =< [(efr)logz™ * H ( er— 1)
rep
e T g

= T 1 " T bata
T(enr) long exp(e” Ry + by)

where b, is bounded uniformly as 0 < x < 1/10, say. Since

(2.13) Z w(n) < e el Z er @ =Ry (p),

w(n)>(14+6x)Ry n<z
n<xz, neN neN
and
e 7T
(2.14) N(z) = (1+0(1)) T(r) Tog s exp(R; + O(1)) (z — 00),

from (2.12), (2.13) we have that

1
(2.14) B w(n) < cexp((—kdy — Kk + €™ —1)Ry).
N(z)Re W(")>(12+51)Rx

n<z, neN
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¢ may depend on 7. Choose k = x; ', 6§, = 2x. We obtain, that (2.14) tends
to zero.

Instead of proving that

1
(2.15) L w(n) =0 (z— o)
N(z)R, w<n,)<uz—sz>Rz

neN, n<z

we shall show that

1
W#{n§x|w(n)<(1—§x)RI7 neN}t—0 (z— o0).

To prove this we choose F_ instead of F;, and argue as earlier. We have
(2.16)

n) = e rwn) — 76_’YT67N 0 x ¢’ .
Y Fon)=> (F(Ten) + (1)) e I1 (1+ )

n<z n<z p<z p
neN neN peEP

Since e~ #(@(M=(1=0)R2) > 1 if w(n) < (1 — &) Ry, therefore

Z 1 < e(179:)Rere Z F_.(n).

n<z n<z
neN neN
w(n)<(1—62 )Ry

Arguing as earlier, by using (2.16) we can get the relation (2.15).
2.6.

Lemma 7. Let P, N be as in Section 2.5. For every K let p; < ... < pr
be a finite sequence of primes from P. Let Px = {p1,...,pr}, and let

T

wpK(n): Z 1, AK:ZL.’ Ag > K.

pln j=1 pj
PEPK

Then

(2.17) limsupﬁ Z lwp, (n) — Ak | < V/Axk.

—
—00 e

neN

Proof. Since

N(i)z#{ngxhzej\f, pln}
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and from the theorem of E. Wirsing (Lemma 4) one can get easily that

N (2) = IN@ o) (@ o0)

we obtain that

Y wpie(n) = AxN(x) +o(N(z)) (z — o0),

n<z
neN
1
Zw%K(n)z A%+ A — Z — | N(z) +o(N(x)) (z — 00).
e vePi

Thus

1
> (wpi(n) = Ax)? = | A + Ak — > — —24% + A% | N(x)+

n<x P
neN PePK

+o(N(z)) (z— o0),

whence

1 1 2
N ; |lwpy () — Ak| S\/W ; |lwpy () — Ak|

neN neN

<Ak +o(1) (z— o0),

IN

and so our assertion holds.
2.7.
Let N be as in 2.5. From the theorem of Wirsing (see Lemma 4) we obtain
that
N (ac) < cN(zx)
) Y
holds for 1 < y < y/z. Let

(2.18) wn)= Y 1

p|n
PEP
p<exp((logz)¢z)
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where €, — 0 as £ — o0o. Hence we obtain that

Z wi(n) < cez Ry N ().

n<x

neN

For some n € N consider all possible representations n = pm, where p € P.

Let
wa(n) = Z 1.
m<acs
Then )
x cTw
< — ) < — <
; wa(n) < 72; P (m) ~ logx ;T m —
neN r:nTETN ) WJGTN
< cTX H 1 < cTX exp Z 1
> > X -
logz 2% 1—-1/p ~ logx el
pEP pPEP
Hence we have that
(2.19) S () =0 (a— o0)
. —_— wa(n) — T — 00).
N(z) e
neN

3. Formulation and proof of Theorem 2

3.1.

Theorem 2. Let N be as in 2.5. Assume that f € A,, f(bg?) =
=01) (beE, j=0,1,...). Assume furthermore that there is a constant

A > 0 for which D(x)/log® z — oo (z — o). Let

Fu(y) = ﬁ#{y(n) <y neN, n<az)

Then

3.2.
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Proof of Theorem 2

Let y € R be fixed. Let n; < ... < ng (< ) be the set all of the integers
in A up to z, for which v(n) <y. Thus F,(y) = s/N(x). Let

H, =H=#{{m,p}, pe P, me N, m >z, p > ellog®)™ mp < x}.

Let Z be the number of those {m, p} € H for which v(mp) < y. It is clear that

Z<wm)+-Fwng <(1+6)Res+ Y. w(n).

n<w

neN
w(n)>(1+62) Ra

From Lemma 6 we obtain that

Z
JoR <(1+40dz)s+o(N(z)) (x— ).
Similarly
Z > (1—=6,)Rys — > wn) - -5,

w(n)<(1—84)Ry

where in ¥; we sum over those {m, p} for which m < z¢, m € N/, p € P and
in ¥y over those for which p < e°8®) 5 € P and m € N. As we have seen
in 2.7.

1+ 3% =0(R;N(z)) (x— o)

and Lemma 6 implies that

w(n) =o(R;N(x)) (z — o0).

w(n)<(1—6z)Ra
n<xz

neN

Thus we have

. >38(1—08;)+0(N(x)) (z— 00).

Let H(z) =#H,. Let 1<) 1 <... <l <N, by,...,b, € Eand

ool .
H(m’ bi bZ) = #{{m,p} € He, &1,(mp) =0y, j=1,...,h}.

We can prove that for every fixed h, and every a > 0

(3.1) max ¢"H (z b dn — H(x)
bi,...,bp

NO<ly<...<lp <N-N&
b1,....bp EE

<c(h,\)H(z)N~*
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holds for every fixed A.
The proof is very similar to that of the theorem in [1]. Let

a—-11b b
U:=[1-A1JU U {—A, —&-A}U[O,AL
b=1|q q

E; ;_#{{m,p}GHx, {qTfl} GU},

further
F(Ila e axh) = ¢b1 (xl) e ¢bh (Ih)a

Let

M the whole set of vectors

M= [mla amh]
with integer entries. Let
A
VM =22 (Ay, Hy) =1
Hyr

It is clear that

where |Tas| = |¢my |-+ |Cm T[O,...,O}:%.
We have
l,.... 0, 1
'H<x bl,...,bh>qhH(I)

A
<> Imml| Y e(HZmp) + B, o+ By,

M#0 {m,p}eH

<

(3.2)

If M is such a vector for which ¢|m; for some j, then Thy = 0. Let M =
= [m1,...,mp], gfmp. Then

HM(mh + qlh_lhflmhil 4+ o4 mlqlh—h) — AMqlh+1.
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Let ¢ = pi' -+ - p% be the prime decomposition of g. Since gfmy,, there exists
a p; for which pf*fmy. Thus there exists an 7 > 0 depending only on ¢ such
that Hy > g™ > ¢"™". On the other hand Hy; < ¢t < caqg N".

By using the Davenport theorem (Lemma 4) we obtain that

A
Z e (Mmp> < H(z)log Pz
Hay

{m,p}eH,

holds for every fixed B. The constant implied by < on the right hand side
does not depend on M. One can observe also that (see [1])

1 h
< — .
> Tul| < <2+210gA)

Finally we can estimate E; by using the Erdés-Turdn inequality (Lemma 3) for
the discrepancy. Let

Then

|Ej| < (2qA)H(z) + Y == +

where ¢ is an absolute constant, T is arbitrary. Let K be an arbitrary large

constant,

T =[log¥z], A= %

By the theorem of Davenport we obtain that max || < H(z)log™™ x say.

Hence we obtain (3.2). Our sequence H, is g-ary smooth of type « for every
a > 0, therefore Theorem 1 can be applied for every a. The proof of Theorem
2 is complete.

4. A remark to a theorem of H. Daboussi

4.1.
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The famous theorem of H. Daboussi [7, 8] asserts that if « is an irrational
number, M be the set of complex valued multiplicative functions f satisfying
the condition |f(n)| <1 (n € N), then

1
sup — f(n)e(na)] = 0 as x — oo.
s 1>

n<x

There are a lot of generalizations of this theorem, see e.g. [9, 11].

Theorem 3. Let P,N be as in 2.5. Let a be an irrational number for
which
logB T

min _ |ka|| >
1<k<log® =

holds for every B and x > zo(B). Then

(4.1) sup —0 asz— 0.

1
feM N(I‘)

> f(n)e(na)

n<x

neN

4.2.
Proof of Theorem 3

We shall prove only that

1
(4.2) lim g e(ank) =0
r— 00 N(x) new )
neN

for every k € N, k # 0. The deduction of (4.1) from (4.2) can be done in the
same way as which was used in [10].

Let 7 = 5. Then there is an integer @ such that @ < 7, and Qo] < L.

Due to the the condition of the theorem Q > log?? z, consequently for a suitable
integer A,

A‘<1< 1
QT ~ zlogBa’
(A,Q) =1 and so

> clank) = e () +0 (i“;;”z) |

n<x n<xz

neN neEN
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To prove (4.2) we shall estimate

Akn
5= (")
neN
By using Lemma 6, it is enough to prove that

n<x

neN

and by repeating the argument used in 2.7 that

1 Akmp
(4.3) > e( >—>o (z — 00).
#Ha {m.,p}eH, Q

(4.3) follows from the theorem of Davenport.

We note that Lemma 7 is a tool to deduce the theorem from (4.3).
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