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Abstract. Let f;(x,y) € Fylz,y], ¢ = 1,2, be quadratic polynomials.
We obtain nontrivial estimates for exponential sums on the algebraic variety

affl(a:, ) +ﬂf2—1(X~Y) =1, where a, 8 € F,.

1. Introduction

Let Fy, ¢ = p" be a finite field and let f(z,y), fi(z,y), f2(z,y) be quadratic
polynomials over F,. For o, § € F; we define the algebraic variety

V(a,8) = {(z,y,X,Y) €T, | fl(z,y) + f:,()?,y) = 1},

Let x be an additive character of field Fy, r, s € F, with the condition r # 0 or
s # 0. Consider the exponential sum

S(a, B) = Z x(rz + sy +rX +sY).
(z,y,X,Y)€EV(a,B)

Let Fg» be an extension of the field Fy of degree n. For x € Fyg» we put

Tr(x)=z+29+--- +27 Tr(z) € F,.
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We denote by x, an extension of a character x in the field Fgn, i.e. for every
z € Fgn xn(z) = x(T'r(z)).
We define the algebraic variety

Vala,B) = {(z,y,X, Y) € F,

o B
+ =1},
filz,y)  fa(X,Y) }
Sn(a, B) = Z Xn(rz + sy +rX +sY).
(z,9,X,Y)€Vn(c,8)

Consider the function

¢(V(a, 8),t) = exp (Z sn(a, ﬁ)%) )

n=1

From the paper of B. Dwork (1] it follows that {(V (e, f),t) is a rational
h(t

function %, where h(t), g(t) relatively prime polynomials are with complex

coefficients. We denote by wi!,... ,we_l and ;uf__'_ll, e ,wk_l the roots of g(t)

and h(t) (respectively). Moreover, the following equality

Sn(@B) =wp +o b wf —wfy = o wR, n=12

holds. The complex numbers wy,...,wx are called the characteristic roots of
the sum S(a, 3).

The aim of this paper to construct an estimate for S(a, 3).
B. Birch and E. Bombieri [1] obtained the estimate S(a,3) < g2 in
the case fi(z,y) = fa(z,y) = ry. This permitted to obtain the asymptotic

formulae for the summatory function for 73(n) in an arithmetic progression
(see [7], [9]). Gunyavy [8] investigated the distribution of values of the function

Fg (n) = Z 1

n=(u?24+v2)w
in an arithmetic progression using the estimate S(q,3) < g% in the case
fi(z,y) = fao(z,y) = 22 + 92

In the sequel we shall use the following notation:

f(x,y) = cr12® + 2c122y + co2y® + 213 — 2c03y + €33, i € Fy;
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Ci1 Ci2 €13
, A=|ci2 ca ca|.
C13 C23 (€33

C11  C12

2 ~
W = 118% — 201287 + coo1?, b=
Cc12 C22

The polynomials fi(z,y), fo(z,y) are defined similarly, their coefficients de-

noted by a;;. b;; and parameters by wy, 41, A; and wy, d2, Ag, respectively.

We shall suppose that even one of coefficients ¢;11, ¢12 or ¢ao differs from 0.
We define for every c € IF,

K¢(c) == Z x(rz + sy).

T.YyELy
[(x.y)=c

We shall distinguish seven cases:

1. §#0, w#0, A=0;
2.0 #0, w#0, A#0;
300#0, w=0;

4. 6=0, w#0, A=0;
5 0=w=A=0;

6. 5=0, w=0, A#0;
7.6=0, w#0, A#0.

Further if in the variety V (a, 3) the polynomial f;(z,y) belongs to a case
i) and the polynomial f(z,y) belongs to a case j), then we denote this case
by (i,7). Furthermore, (, *) is the union of the cases (3,j5),j=1,...,7.

The following statement is the main result of this paper.

Theorem. There exist absolute constants co and c; such that for p > cp
the following estimates

q/q  for the cases (7,1),(7,2),(1,1),(2,2),(7,7);
S(a,8) < $ ¢° for the cases (7,5),(5,1),(5,2);
¢*\/q for the case (5,5)
hold. Moreover,
S(a,B) =0 for the cases (4, %), (6, *);

and for the cases (3, %)
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x(ral + Sag) . (Kfz (0) + Kh (/3))
S(a,B) =

if a= %l
x(ray + saz) (Kf,(()) + K5, (B) + qK (-A—;"’_A;él)) if a# 75?1

2. Some lemmas

Lemma 1. (Deligne [4], [5]) For the characteristic roots w; we have the
equality

w| = g%, m; eNU{0}, j=1,.. k.

Moreover, all conjugates with w; over Q have equal modules (number m; is
called the weight of root wj).

Lemma 2. (Bombieri [2]) Let f(z,y) be an absolutely irreducible polyno-
mial over Fp,. Then

E Xn(TT + sY) < g7
z,YEFgn
S(z,u)=0

Lemma 3. Let f(z,y,2) € Fyz,y, 2] and let V be an algebraic variety,

defined by the polynomial f. Suppose that for a, 8,y € Fp and for all T € F,
ezcept for O(1) values of them, the polynomial

or(z,y) = flz,y, ™yt — vtz - By YY)

is absolutely irreducible over Fp. Then

2mi Tr(ar+3y+y:)

» <q.
(z,y,z)EVan

Proof. We shall follow the scheme of .. Hooley [10].
Let us consider

cTr(poaz+uBy+uyz
e27rz >

Mo, 8,7) = D |S(uer, uBum)* = > >
WEF; HEFY |(z,y,2)EV
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Let N(7) be the number of solutions of the system of the equations

fn Q) =0, a+pBn+y( =71 (1 €Fy).
Put

Then, we have (since Y, x(r) =0)
T€F,

S(ue, uB, pv) = Y N(r)x(ur) = D (N(r) = N)x(ur)-

r€F, r€F,

Hence,

M=M@87) =3 Y (Nn) - NN () - M)e 57 =

[.LEF,“’ T T2

=(@@-1))_(N(r)-N)*+ Z (N(n) =N)(N(r2) - N) > 2milie)

TEF, T1#T2 HeEFy
=g (N =NP= 3 (N(n)-MW(r) - N) =
T€F, T1,72€F, .
=q ) (N()-N)*- (Z (N(r) - W)) =g ) (N(r)-N)*=
T€F, T€R, T€F,

=qY (N -9 -¢*(N-9)*<q Y (N(r) -9

TEFR, TEF,

It is clear that N(7) is the number of solutions of the equation

f&n (r—at =Py ')=0

or
pr(z,y) =0.

Now, using the Weil’s estimate for the number of points on an algebraic curve
over [, defined by an absolutely irreducible polynomial, we obtain

M M=¢ X (0tah)” +40() - 0(s?) = 05",

TEF
@r(z,y) is abs. irreducibility
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Further, by Lemma 1
S(po, pBypy) = Wi+ —Wpyr = — Wiy (B ETFY)

and |w; | does not depend on . Let

p¥ = max wiul, (N 20).

If N < 2 then we have S(o, 8,7) < ¢. Thus we suppose that N > 3. Let ko
be the number of w;, j =1,...,k, for which |w;| = q%. Then we have

N-1
S(ua, uf, py) = erwi , + - + eggwi, , + O (q—2 ) ,
N
2

where |w] | = ¢7, wj, u # Fwj,u for 1 # j2, and ey,. .., ek, are integers,
leo| + - -+ + |ex,| > 0. Hence

N N-1
(2) S(ua, pB, wy) = q7 (e121,4 + -+ - + €ky2kyu) + O (q 2 ) ,

where z;,, are complex numbers, |z; .| =1, z;, 4 # £2j,., for j1 # ja.
Now, from (2) we obtain

T VM(0,8,7) = ¢ Y |S(pe, w8 w)* 2 N D 1S (ne, uB, ) =
weFy ueF;

= Z \elz;,u oot ekuzl:u,nl + O(pl-%)'
uGF;
Applying the Bombieri-Davenport lemma [3], we obtain

Z Z lelz{’#+-~-+ek(,z,2m“| —O(l)+0<

* <2R
MEF r—;(mod 2)

=°|S

)

and, hence,

. . ; 2
(p—l)(ef+-~~+e£0) = Z lim lelzf‘”+-'-+ekoz£0,u| =
MGF; r is odd

2
Ty 3 e, bttt = 00).
uGlF‘ r<2R

r is odd
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But the equality (p — 1)(e} + --- + ef ) = O(1) means that p = O(1). Hence,
there exist ¢g > 0 such that for p > ¢g a greatest module of characteristic roots
lw;] < p. Consequently,

S(a, 3,7) < q.

Suppose that r,s,¢c € Fy, f(z,y) € Fylz,y], deg f(x,y) = 2, and that x is
a character of the field F;. We define

Kg(c) = K¢(r,s:¢) :== Z x(rz + sy).

¥, y€Fq
f(z,y)=c

Lemma 4. If (r,5) € F\{0,0}, then we have
< /q in the cases 1),2) or 7);
<q in the case 5);

Ks(e)=140 in the cases 4),6);
g—1 inthecased #0,w=0,c=

’

-1 in the case 6 # 0, w =0, ¢ #

\

| B[ B

Proof. We can suppose that s # 0. Then

Ki(@=3Y Y  x(m=> Nmx),

T€F, f(m, Tr )=c T€F,

s

where N (1) is the number of solutions of the equation f (;1:, L'sﬂ) = 0 over Fg:

f(”‘T_sm>=

1
.~ [wzz + 2(7(a128 — agor) + s(a13s — az3r))T + (ag27? + 2a93sT + a3332)] =

®3) =c
For the discriminant D of the equation (3) we have

SiD
- = 2 [(a12s — azr)? — wazs] + 275 [(a128 — agr)(a138 — azsr) — wags] +
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+5% [(a138 — a237)? — wasz| +wes®.
If the curve f(z,y) = 0 has center (a,b) then
K¢(c) = x(ra + sb) Z x(rz + sy).
f(z4a,y+b)=c

Denote
F(z,y) = f(z +a,y+b) = a112® + 2a122y + any’® + ahs, ajs = f(a,b).

Then we have
Ky(c) = x(ra+sb) > Ni(r)x(7),

TEF,

where N;(7) is the number of solutions of the equation

—7rT 1
(4 F (m, T - ) =3 [wz? + 27(a125 — azor)T + (a227? + afys?)] =c.

If w # 0, for a discriminant D of the quadratic equation (4) we have

2
s’D = w(c — aj3) - 672,
4
and hence,
(5) N(t) =1+4n(D) = 1+ n(w(c - a33) — 67°).

Now we consider various cases:
1.6 #0,w#0, A=0.
In this case

1 1 ) A
a= 3(‘113022 —a12023), b= g(auazs —a13012), a3 = f(a,b) = 5= 0.
Thus by (1), (5)

Ks(c) = x(ra+sb) Y _ nlwe — 7%)x(r) =
T€F,

= n(—8)x(ra + sb) Z X (:r + %y) < +/q.

TYy=c

2. 5640, w#0, A#£0.
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From (1), (5) we obtain

K¢(c) =x(ar +bs) Y 7 (w (c - %) - 6r2) x(r) =

TEF,

=n(-9)x(ar + bs) Z X ("c + %y) < +/4.

Ty=c—%

3.8#0,w=0.

In this case the equation (4) has form

T—7rX
s$*F (z, S ) = 27(a125 — agar) + (a227? + aj3s°%) = cs?.

Hence,
1 if 7#0,
Ni(r) = g if T=0,c=

a
g’
0 if T=0c#~

g—1, if ¢=
K¢(c) = x(ra + sb) -

4. 6=0,w#0,A=0.

2 - o
Then ©2 = w(c - aj3), i.e. D is independent on 7. Hence,

Ks(c) = x(ra+ sb) 3 (1+n(D))x(r) = 0.
T€F,

5. 0=w=A=0.
The equation (3) has the form
1 2 2
—SE((ZQQT + 2a923sT + aszs®) = c.

Hence,
q if apa7? 4 2a035T + aj3s% = cs?,
Ny(r) =

0 else.
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Ks(c)=q > x(7) = ax (-%33) > x(n<q

r€fq Te¥y
(l2272-‘-2023574—“:’5352:(:52 a22r2=52((:—q:',3)

2
(here a3y = azs — 322).

Now we consider the cases, when the curve f(z,y) = 0 is a noncentrical
curve.

6. 6=0,w=0,A#0.
The equation (3) accepts the form

1
2 [23(0.133 — agar)x + (a27? + 240357 + a'3332)] =c.

Then N;(7) = 1. Hence,

Ky(c) = Z x(t) =90 for any c € F,.
TEF,

7.6=0,w#0,A#0.
Denote

1
o= (@125 — a227)(a138 — a23T) — wans). b= (a138 — az37)? — wass.

Then for a discriminant D of the equation (3) we have

s2D

T =2ra+ b+ we.
From 6 = 0, A = 0 we easily infer that a # 0. Thus

Ki(c)= Y _ (1+n(D)x(r) = Y n(2ra+b+we)x(r) =

TEF, T€F,

—n(2ax (~2522) 3 atrin(s) < va

TEF,
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3. Auxiliary sum

We consider the auxiliary sum

ZK;(C)Kf(uc), u € Fy
ceF,

(here @ is the complex conjugate of a). We have

Z K¢(c) = Z x(rz + sy) = 0.

ceF, z.y€F,

Let § # 0, w # 0, i.e. the conditions 1) or 2) from the Section 2 are carried

out. We have

Y Ki(©K (ou) =

ceF,

- Z Z (cw_—A—éTI)n<qu—%é—5Tz2) x(m)x(m2) =

ceF, 11,72€F,

—n-w) Y x(Tl+Tz)Zn(c— (%H—;—?))n(% (3+%2

w
T1,72€F, ceF,

=n(-u) Y, x(rn+7m)3 o o (mn)

T1,72€F, %(‘%_‘_
=n(-u) D> x(n+7)+a(u) > X(ry +72) =
T1,72€F, T1,72€Fqg

5273 +uA=u(62+'rl2 +wA)

= qn(u) > x(T1 + 72).
T1.T2€%q

622 +wa=u(s2+r2+un)
Hence, we make use the relations
Ja(n.n) = 31(n,m) = —n(-1), if a € Fy,
Jo(mm) =n(=1)- (g - 1),

where Jq(n,7) is the Jacobi sum

Ja(mm) = > n@n(y).

z,y€¥Fq
r+y=a

)-)
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Let Na(7) be the number of solutions of the system
T+ T2 =T, 8912 + wA = u(8%72 + wA).

Then
> K(e)Kp(uc) = qn(u) Y, Na(r)x(7).

ceF, cEK

If put 72 = 7—71, then we obtain that Na(7) equals the number of the solutions
of the equation

(6) 8%(u = 1)7f +26°7m + wA(u — 1) - 7% = 0.
If u = 1, we have
1 if r € Fy,
NQ(T) = {
g ifr=0.

Hence, for u = 1 we obtain

3 K (0K f(uc) = q(q - 1).

ceF,

If u # 1, we have for a discriminant of quadratic equation (6)

Dy

57 1% — wA(u — 1)2.

Hence,
Na(r) = 1+ n(ud®r? — wA(u - 1)?),

> Kp(o)Ks(ue) = qn(u) > n(ud®r? — wA(u — 1)?)x(7).

c€eF, TEF,
Thus we infer
q(g—1) ifu=1,
ZKf(c)Kf(cu) ={ —q ifu#zl, A=0,

c€Fy . )
gK(u) < q% ifu#1, A#0,

where K(u) = n(u) ¥ n(ué?r? — wA(u — 1)2)x(r).
T€F,
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Let § = w = A =0 (i.e. the conditions of (5) are carried out). As in the
previous case we obtain

(g—-1) ifu=1,
Z Ki(c)Kf(cu) = { —n(u)g® ifu#1,as; =0,
ceF, ~
¢K(u) ifu#1,ay; #0,
where
2
a3

a33 = azz — ot K(u) = Z n(uadym? — s%azals(u — 1)?)x(1) < /4.
TEF,

At last, let § =0, w # 0, A # 0. Then

b+ wc

Kg(c) = n(2a)x (— 5 ) G(n,x),

where

a#0, b= (a135—axr)’ —wass, G(n,x)= Y n(r)x(r)
T€EF,

is the Gauss sum. Hence,

¢ ifu=1,
(7) > Kp(e)Ky(uc) =
oeF, 0 ifu#l

4. Proof of Theorem

Let a, 8 € Fy. Define the algebraic variety

Ve, B) = {(w,y,X,Y)GlFé

a B _
fww T REY) 1}’
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where fi(z,y), fo(z,y) € Fylz,y], degfi = 2, i = 1,2. Let x be an additive
character of the field Fy, (r,s) € F2\{(0,0)}. Define

S(a,3) = Z x(re +sy+rX +sY).

z.y, X, Y€V (a,8)

Let
Li()=Kp(e)= Y x(rz+sy) (j=12).
f;(:l(;)i
Then
(8) S(af)= 3. Ll(ﬁ) 1,2( d )
’ u 1—u
u€F;\{1}

In order to prove the Theorem we consider the various pairs (¢, 5),4,5 = 1....,7,

which correspond the various sets of the polynomials fi(z,y) and f2(z,y). Let,
for example, fi(z,y) belong to the case 3), i.e. 9; # 0, w = 0. Let (a;,az2) be
the center of the curve f;(x,y) =0. Then

A
x(ra; +saz)(g—1) ifc=—,
Li(e) =
—x(ra1 + saz) if c £ —.

Hence, in view of (8)

A

T

,ﬂ) — x(ray + sa2)(L2(0) + L (B)),

and for a # %
1

(10)  S(a,B) = x(ra; + sa2) (LQ(O) + Ly(B) +qLa (_Alﬁf;& )) ‘

Hence, in this case an estimate of the sum S(«,3) depends from an estimate
of Ly(c), c€ K.

Further, for the cases 4) and 6) we have L(c) = 0, ¢ € Fg, and, hence, in
view of (8) we infer S(a, 3) = 0 for the pairs (4, *) and (6, *).

We now shall consider the combinations of the cases 1), 2), 5) and 7).
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Case (7,7). Let a,b € F;. We have
> x(x(12) = T ¥
w/ " \1-u ’
u€Fy\{1} T€F,
where N(7) is the number of the solutions of the equation

b
1—u

a
— +
u
But we have

b
24___:1 & rul+(b—a—-TJu+a=0.
u l—-u

"The last equation has the discriminant D = (b —a — 7)% — 4ar.

a) a =b. Then N(0) =0, N(1) =1 —n(7% — 4ar) for T # 0. Hence,

(11) Z X (%) X (1—5—2‘) =-14 Z n(r* - dar)x(7).

ueF;\{1} reF,

b) @ #b. Then N(0) =1, N(7) = 1 + n((b — a — 7)% — 4ar) for 7 # 0, and
then

(12) Z x(%)x(—]—f—a) =-1+ zn((b—a—r)z—élar)x('r).

u€F;\{1} TEF,

The sums on the right hand side of the relations (11), (12) are the
Kloosterman sums and, hence,

S(e, B) < q/q.

Case (7,5). We have

> IS(@,B)f =

a€lF,

-2 = on@u(l) £ nb)u(h)-

a€Fq ueF;\{1} veF;\{1}
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(13)

= 2 L2(]_V>L2(1[_3V>lel(%>r(%j=[inviewof(8)]=

wveF;\{1} a€F,

-0 3 (75)
u#0,1

iy

2
= [by (7)] =¢* [¢*(g — 1) — [L2(0)]* — |L2(8)?] <

=

<q¢°-q".

Hence, |S(a, B)| < ¢%.
For the case 5)

Lo(c) = gx (—%Z—ES> Yoo x(n),

TeTy

"2272=-*2("—"§3)
moreover,
E x(1) € R.
TEty
bagT2=52(c=bl,)
Hence, L2(c) = eLa(c), where € is a fixed number for any ¢ € K, |¢|] = 1,

x(—a) = x(a). Thus, from the representation of L;(c) (for the case 7)) and the
relation (8) we infer

(14) S(—a,B) =€'S(e, B), €'l = 1.

Suppose that there exists a® € F, such that S(a®, 3) has a characteristic root of
weight 5. Then from Lemma 2 and the relation {13) it follows that for a # a°
the sum S(a, 8) has characteristic roots of weight < 5. But from (14) the sum

S(—a®, ) has such a root. Hence, for any a € F, the sum S(a,3) has some
characteristic roots of weight < 4. Thus for any «, 8 € F

S(a, B) < g%

Cases (7,1) and (7,2). For the cases 1) and 2) (i.e. dw # 0) we have

1O =xtra+s) ¥ n(w (e~ §) =572 ) xo

TEF,
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;qn (w (c - %) - 67'2> x(t) €R.

Hence, Ly(c) = €Ly (c), where ¢ is a fixed number for any ¢ € Fy, e| = 1. Thus,
using 6) and 8) we similarly have

S(a,8) < gy/qg forany a,8€Fy.

Cases (1,1) and (2,2). The algebraic variety from the paper Birch,
Bombieri [1] belongs to this case. Moreover, repeating the proof in [1] almost
word for word, we obtain

S(a.8) < qv/4.

Case (5,5). In this case we can take the polynomials f1(z,y) and f2(z,y)
in the form

fiz,y) =(re+sy)?+a,  falz,y) = (rz+sy)® +b

Then we have

S(a,B) = Z x(rz + sy +1X +sY) =¢* Z x(z+y) =
(z,y)€V(e,3) x,y€Fq

= ¢’ > x@+y)—a® Y x@ Y xw)=
a(y?+b)+B8(z?+a)=(a2+a)(y?+b) 2?+a=0 y+b=0
= q2 (21 - 22) )
say. By Lemma 3 we have }_, <« ,/q. The second sum is O(1). Thus S(a, 8) <
< q2ﬁ.
Cases (1,5) and (2,5). In this case we can take
fi(z,y) = f(z,y) = a112? + 24122y + az2y® + a,

where § = aj1a2e — a?; # 0, w = a1152 — 2a;287 + ager? # 0. Moreover, in the
case (1,5) a = 0, and in the case (2,5) a # 0, fa(z,y) = (rz + sy)> + b. Then

S(a,B) = Z x(re+sy+rX+sY)=gq Z x(rz + sy + 2),
V(a,8) Tt =t



300 O. Gunyavy and P. Varbanets

where g(z) = 2% + b. Hence,

(15) S(a,B) =¢ Z x(re + sy + z) — L1(0)L2(0).
f(z,y)g9(z)—ag(z)-Bf(z,y)=0

The last summand is 4¢,/q. The first summand can be estimated by Lemma
3 with f(z,y,2) = f(z,9)9(z) — ag(z) — 8f(z.y). In this case for any 7 € T,
the polynomial f,(z,y)f(z,y, T — re — sy) is absolutely irreducibie over Fp,. In
view of the relation (13) and Lemma 3 we conclude

S(a, B) < ¢* for . 3 € F.

Collecting together the estimates of S(a, 3) we obtain the assertion of Theorem.
Remark 1. The case (1,2) remained without consideration.

Remark 2. Let p(z,y) be a quadratic form over Z and let
d(p;n) = #{e(u,v)w =n| v.v,w € Z}.

Let M(z,q;¢) (respectively, A(z,q;¢)) be the main term (respectively, the
error term) in an asymptotic formula

Z d(pin) = M(z,q:¢) + Az, g; ¢).

n=a(mod q)
n<x

Then, applying the method of Heath-Brown [9] one can prove that

86

o107 4 =17 il ¢(x,y) is a hyperbole,

Az, q;:0) < _
%+ £ =% if o(2.y) is an ellipse.
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