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Dedicated to the 65th birthday of Professor Imre Kátai

Abstract. The main contribution of the paper is to construct discrete

biorthogonal systems to a given system of rational functions. This can be

used to construct interpolation processes on nodes (1.2) of the unite circle.

Using a discrete analogue of the Cauchy integral formula the biorthogonal

systems and the interpolation operators can be given in a useful explicit

form. In special cases a lower and upper estimation is given for the norm

of the interpolation operators.

1. Introduction

Denote by C the set of complex numbers and let D := {z ∈ C : |z| < 1} be
the open unite disc. The disc algebra, i.e. the set of functions continuous on
D := {z ∈ C : |z| ≤ 1} and analytic in D will be denoted by A (see [2], [3]). In
this paper we interpolate by rational functions belonging to the m-dimensional
subspace Rm ⊂ A, generated by the collection

(1.1) φk`(z) :=
z`−1

(1− akz)`
(z ∈ C, 1 ≤ ` ≤ mk, k = 1, 2, · · · , n).

Here ak ∈ D, mk ∈ N∗ := {1, 2, · · ·} (k = 1, 2, · · · , n) are fixed numbers
and m1 + m2 + · · · + mn = m. We note that the function φk` has a pole in
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a∗k := 1/ak 6∈ D of multiplicity `. In the case ak 6= 0 (k = 1, 2, · · · , n) Rm

is the same as the set of rational functions generated by the collection

ϕk`(z) :=
1

(1− akz)`
(z ∈ C, 1 ≤ ` ≤ mk, k = 1, 2, · · · , n).

If n = 1 and a1 = 0 then the set Rm coincides with the set of polynomials
Pm−1 of degree m− 1.

We shall consider interpolation processes on the set of nodes

(1.2) TN :=
{

e2πi`/N : ` = 0, 1, · · · , N − 1
}
⊂ T := {z ∈ C : |z| = 1}

in the unit circle T. We construct a collection Φk` (1 ≤ ` ≤ mk, k = 1, 2, · · · , n)
of polynomials, biorthogonal to (1.1) with respect to the following scalar
product on TN :

(1.3) [F, G] := [F, G]N :=
1
N

∑

z∈TN

F (z)G(z).

The polynomials Φk` are weighted fundamental polynomials of Hermite inter-
polation with respect the nodes ak (k = 1, 2, · · · , n).

Denote

(1.4) εn(z) := zn (z ∈ T, n ∈ Z)

the trigonometric system (see [7]). The restriction of the functions εk (k =
0, 1, · · · , N − 1) to TN , i.e. the discrete trigonometric system is orthonormal
with respect to the scalar product (1.3), i.e.

(1.5) [εk, ε`]N = δk` (0 ≤ k, ` < N).

This implies that for any two polynomials

F (z) :=
N−1∑

k=0

ckzk, G(z) :=
N−1∑

k=0

bkzk (z ∈ C)

we have

(1.6) [F,G]N =
N−1∑

k=0

ckbk.
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In Section 2 we prove a discrete analogue of the Cauchy integral formula.
This will be used in Section 3 and 4 to construct systems biorthogonal to the
rational system introduced in (1.1). In Section 3 we investigate the Lagrange
interpolation. In the special case ak := ρe2πik/N (k = 0, 1, · · · , N − 1) we give
an explicit formula for the interpolation operator and we estimate the norm of
this operator.

System identification based upon the partial fraction representation of the
transfer function is recognized as a classical approach in systems science [1],
[4], [5]. This type of biorthogonal expansion can be used to find the poles of
rational functions [6].

2. Discrete Cauchy formula

For any function F ∈ A then Cauchy formula

(2.1)
1

2πi

∫

T

F (ζ)
(ζ − a)n+1

dζ =
F (n)(a)

n!
(a ∈ D, n ∈ N)

holds.
Replacing T by the discrete group TN defined in (1.2) and the integral by

the sum

(2.2)
1

2πi

∫

TN

F (ζ) dζ :=
1
N

∑

ζ∈TN

F (ζ)ζ

we get a similar formula for polynomials. For a function F ∈ A obviously

lim
N→∞

1
2πi

∫

TN

F (ζ) dζ =
1

2πi

∫

T

F (ζ) dζ.

In this paper we shall use the following discrete analogue of the Cauchy
integral formula.

Theorem 1. Let n ∈ N, N ∈ N∗ be fixed numbers and denote P ∈ PN+n−1

a polynomial. i) Then for any a ∈ D we have

(2.3)
1

2πi

∫

TN

P (ζ)
(ζ − a)n+1

dζ =
1
n!

dn

dzn

P (z)
1− zN

∣∣∣∣
z=a

.
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ii) Furthermore if a0, a1, · · · , an are distinct points in D, then

(2.4)
1

2πi

∫

TN

P (ζ)
(ζ − a0) · · · (ζ − an)

dζ =
n∑

j=0

1
Ωj(aj)

· P (aj)
1− aN

j

,

where

Ωj(z) :=
n∏

`=0, 6̀=j

(z − a`) (z ∈ C, j = 1, 2, · · · , n).

Proof. First we prove (2.3) for n = 0. To this end write P ∈ PN−1 in the
form

P (z) =
N−1∑

j=0

cjz
j (z ∈ C).

Observe that for ζ ∈ TN we have ζN = 1 and consequently

ζ

ζ − a
=

1
1− aζ̄

=
1

1− aN

1− (aζ̄)N

1− aζ̄
=

1
1− aN

N−1∑

j=0

aj ζ̄j .

Applying (1.6) for

F (ζ) = P (ζ), G(ζ) =
ζ

ζ − a
=

1
1− aN

N−1∑

j=0

aj ζ̄j (ζ ∈ TN )

we get
1

2πi

∫

TN

P (ζ)
ζ − a

dζ =
1
N

∑

ζ∈TN

P (ζ)
ζ

ζ − a
=

= [F,G]N =
1

1− aN

N−1∑

j=0

cja
j =

P (a)
1− aN

and for n = 0 (2.3) is proved.
To show (2.4) write P ∈ Pn+N−1 in the form

(2.5) P (z) = Q(z)(z − a0) · · · (z − an) + R(z),

where R ∈ Pn, Q ∈ PN−2. Applying Lagrange interpolation formula to R we
get

R(z) =
n∑

j=0

R(aj)
Ωj(z)
Ωj(aj)

(z ∈ C).
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By (2.5) P (aj) = R(aj) (j = 0, 1, · · · , n) and consequently

P (z)
(z − a0) · · · (z − an)

= Q(z) +
R(z)

(z − a0) · · · (z − an)
=

= Q(z) +
n∑

j=0

R(aj)
(z − aj)Ωj(aj)

= Q(z) +
n∑

j=0

P (aj)
(z − aj)Ωj(aj)

.

Since Q ∈ PN−2, the orthogonality of the discrete trigonometric system
implies ∫

TN

Q(ζ) dζ = 0,

and applying (2.3) in the case n = 0 for the constant polynom we get (2.4).
Observe that the right hand side in (2.4) can be expressed by the divided

differences of the function

H(z) :=
P (z)

1− zN
(z ∈ D).

Namely (2.4) is equivalent to

(2.6)
1

2πi

∫

TN

P (ζ)
(ζ − a0) · · · (ζ − an)

dζ = H(an, · · · , a1, a0).

(Compare e.g. [3], p. 247.)

Since for any H ∈ A

H(an, · · · , a1, a0) → H(n)(a)
n!

as aj → a (j = 0, 1, · · · , n),

for n ≥ 1 (2.3) follows from (2.6).

Taking the limit in (2.3) as N → ∞ we obtain the continuous variant of
the formula.
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3. Lagrange interpolation, biorthogonal expansion

In this section using the scalar product [·, ·]N introduced by (1.3) we shall
construct discrete biorthogonal systems depending on the vector parameter

(3.1) a = (a1, a2, · · · , an) ∈ Dn,

where ai 6= aj , if i 6= j. Namely for z ∈ C and k = 1, 2, . . . , n set

(3.2) φk(z) :=
1

1− akz
.

First we show

Theorem 2. Let N ≥ n. Then the system

(3.3)

ΦN
k (z) := ΦN

k (z, a) :=
1− aN

k

ωk(ak)
ωk(z),

ωk(z) := ωk(z, a) :=
n∏

j=1,j 6=k

(z − aj) (k = 1, 2, . . . , n)

is biorthogonal to the system (3.2) with respect to [·, ·]N , i.e.

(3.4) [ΦN
k , φ`]N = δk` (1 ≤ k, ` ≤ n),

where δk` is the Kronecker symbol. Especially if n = N and

(3.5) ak := ρe2πik/N (0 < ρ < 1, k = 1, . . . , N)

then using the notation ΦN
k (z, ρ) := ΦN

k (z, a) we get

(3.6) ΦN
k (z, ρ) =

(1− ρN )(zN − ρN )
NρN

ak

z − ak
(z 6= ak, k = 1, . . . , N).

Proof. By (2.3) and (3.2) for 1 ≤ k, ` ≤ n and for ζ ∈ TN we get

[ΦN
k , φ`] =

1
N

∑

ζ∈TN

ΦN
k (ζ)

1
1− a`ζ

=
1
N

∑

ζ∈TN

ΦN
k (ζ)

ζ

ζ − a`
=

=
1

2πi

∫

TN

ΦN
k (ζ)

ζ − a`
dζ =

ΦN
k (a`)

1− aN
`

=
1− aN

k

1− aN
`

ωk(a`)
ωk(ak)

= δk`
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and (3.4) is proved.

The numbers ak (k = 1, . . . , N) in (3.5) are the roots of the equations
zN − ρN = 0 and consequently

zN − ρN =
N∏

j=1

(z − aj) (z ∈ C).

Hence we get

ωk(z) =

N∏
j=1

(z − aj)

z − ak
=

zN − ρN

z − ak
(z ∈ C, z 6= ak).

Taking the limit as z → ak we get

ωk(ak) = lim
z→ak

zN − ρN

z − ak
= NaN−1

k =
NρN

ak
.

Thus in the special case (3.6) follows from (3.3).

The biorthogonal expansion of the function f : T→ C with respect to the
system φk (k = 1, · · · , n) is defined by

(3.7) (IN
n,af)(z) :=

n∑

k=1

[f, ΦN
k (·, a)]N φk(z) (z ∈ C).

Obviously IN
n,af ∈ A and in the case n = N the function IN

N,af interpolates
f in the points of TN :

(3.8) (IN
N,af)(z) = f(z) (z ∈ TN ).

Indeed the existence of biorthogonal system implies that the system
(φk, 1 ≤ k ≤ N) is linearly independent on TN and consequently every function
f : TN → C can be written in the form

f(z) =
N∑

k=1

ckφk(z) (z ∈ TN ),

where ck ∈ C. Hence by biorthogonality we get ck = [f, Φk] (1 ≤ k ≤ N), and
consequently on the set TN (3.8) is satisfied.
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Introducing the kernel function

(3.9) KN
n (z, w; a) :=

n−1∑

k=0

φk(z)ΦN
k (w, a) (z, w ∈ C)

the operator IN
n,a can be written in the form

(3.10)

(IN
n,af)(z) =

1
N

n−1∑

k=0

∑

ζ∈TN

f(ζ)ΦN
k (ζ, a)φk(z) =

1
N

∑

ζ∈TN

f(ζ)KN
n (z, ζ; a) (z ∈ C).

It is easy to see that the norm of the operator

IN
n,a : C(T) → A

is

(3.11) ‖IN
n,a‖ = max

z∈T
1
N

∑

ζ∈TN

∣∣KN
n (z, ζ; a)

∣∣.

If n = N and ak is defined by (3.5) then the operator (3.7) depends on N
and ρ and will be denoted by IN,ρ:

IN,ρf :=
N−1∑

k=0

[
f, ΦN

k (·, ρ)
]
φk (ak := ρe2πik/N , k = 1, . . . , N − 1).

In this case the kernel KN
N can be written in a useful closed form.

Theorem 3. Let ak := ρe2πik/N (0 ≤ k < N). Then the kernel KN
N is of

the form

(3.12)
KN

N (z, w; a) =
(1− ρN )w
1− (ρz)N

zN − wN

z − w
(w ∈ TN , z ∈ C, z 6= w),

KN
N (w, w; a) = N (w ∈ TN ).

Furthermore there exist constants C1, C2 independent on N and ρ such
that

(3.13) C1
1− ρN

1 + ρN
log N ≤ ‖IN,ρ‖ ≤ 1 + C2

1− ρN

1 + ρN
log N (N ∈ N∗).
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Proof. If w ∈ TN , z ∈ C and z 6= w then by (3.6) we get

KN
N (z, w; a) =

=
(1− ρN )2

NρN

N−1∑

k=0

1
1− akz

ak

w − ak
=

(1− ρN )2w
NρN

∑

ζ∈TN

ρζ

(ζ − ρz)(ζ − ρw)
=

=
(1− ρN )2w

ρN

1
2πi

∫

TN

ρ dζ

(ζ − ρz)(ζ − ρw)
=

=
(1− ρN )2w

ρN

1
z − w

1
2πi

∫

TN

(
1

ζ − ρz
− 1

ζ − ρw

)
dζ.

Applying (2.3) we get
KN

N (z, w; a) =

=
(1− ρN )2w

ρN

1
z − w

(
1

1− (ρz)N
− 1

1− (ρw)N

)
=

w(1− ρN )
1− (zρ)N

zN − wN

z − w

and the first part of (3.12) is proved. Taking the limit as z → w, we get the
second part of (3.12).

To prove (3.13) for any ζ = e2πik/N ∈ TN and z = e2πit ∈ T set

FN (t) :=
1
N

∑

ζ∈TN

|zN − ζN |
|z − ζ| , GN (t) :=

| sin Nπt|(1− ρN )
|1− ρNe2πiNt| (t ∈ R).

The function FN is periodic with period 1/N . Thus we can assume that
|t| ≤ 1

2N and FN (t) can be written in the form

FN (t) =
| sin Nπt|
N | sin πt|+

| sin Nπt|
N

N−1∑

k=1

1
sin π( k

N − t)
=
| sin Nπt|
N | sin πt|+| sinNπt|LN (t),

where

LN (t) :=
1
N

N−1∑

k=1

1
sin π( k

n − t)

(
|t| ≤ 1

2N

)
.

Then by (3.12)

GN (t)LN (t) ≤ 1
N

∑

ζ∈TN

∣∣KN
N (z, ζ)

∣∣ ≤ GN (t)LN (t) +
(1− ρN )

|1− ρNe2πiNt| .
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It is easy to see that

(3.14) max
t∈R

GN (t) =
1− ρN

1 + ρN
, min

t∈R
|1− ρNe2πiNt| = 1− ρN

and

(3.15)
1
π

(log N − 1) ≤ LN (t) ≤ log N + 2 (t ∈ R, N ≥ 2)

and (3.13) follows from (3.14) and (3.15).
To show (3.15) set N = 2N ′ + r (r = 0, 1) and take the decomposition

LN (t) =

=
1
N

N−1∑

k=1

1
sinπ( k

N − t)
=

1
N

N ′∑

k=1

1
sin π( k

N − t)
+

1
N

N−1∑

k=N ′+1

1
sin π( k

N − t)
=

=
1
N

N ′∑

k=1

1
sin π( k

N − t)
+

1
N

N ′+r−1∑

k=1

1
sin π(N−k

N − t)
=

=
1
N

N ′∑

k=1

1
sin π( k

N − t)
+

1
N

N ′+r−1∑

k=1

1
sin π( k

N + t)
.

Hence we get

1
N

N ′−1∑

k=1

1

sin
(2k + 1)π

2N

< LN (t) <
2
N

N ′∑

k=1

1

sin
(2k − 1)π

2N

.

Applying the inequality

2
π

x ≤ sin x ≤ x
(
0 ≤ x ≤ π

2

)

we have

1
π

N ′−1∑

k=1

1
k + 1/2

≤ LN (t) ≤

1 +

N ′−1∑

k=1

1
k + 1/2




and consequently (3.15) holds. From (3.15) we get that (3.13) is satisfied for
C1 = 1/10, C2 = 2 and N ≥ 4.

Applying (3.13) for a sequence ρN (n ≥ 4) we get
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Corollary. If for the sequence ρN (n ≥ 4)

(
1− 1

log N

)1/N

≤ ρN < 1 (N ≥ 4)

is satisfied, then the interpolation operators IN,ρN (N ≥ 4) are uniformly
bounded

sup
N≥4

‖IN,ρN
‖ ≤ 3.

4. Biorthogonal systems in the general case

Generalizing the construction of Section 3 we fix the complex vector

a = (a1, a2, . . . , an) ∈ Dn,

where ai 6= aj , if i 6= j and consider the rational functions

(4.1) φk`(z) := φ(k,`)(z) :=
z`

(1− akz)`+1

(z ∈ C, k = 1, 2, . . . , n, ` = 0, 1, . . . , mk − 1),

where m1,m2, · · · ,mn ∈ N∗ are given numbers. Obviously the numbers a∗k :=
1/ak are the poles of φk` with the multiplicity ` + 1. Set

(4.2)
m = (m1,m2, . . . ,mn), m := m1 + · · ·+ mn,

Jm := {(i, j) : j ∈ N, 0 ≤ j < mi, i = 1, 2, · · · , n}.

We show that there exists a collection of polynomials

Φk` = Φm
(k,`)(·, a) ∈ Pm−1 ((k, `) ∈ Jm)

such that the systems

(φi, i ∈ Jm), (Φi, i ∈ Jm)

are biorthogonal with respect the scalar product [·, ·]N , if N ≥ m, i.e.

(4.3) [Φk`, φrs]N = δkrδ`s ((k, `), (r, s) ∈ Jm).
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Moreover the polynomials Φk` can be written in the form

(4.4) Φk` = ωkPk` ((k, `) ∈ Jm),

where
(4.5)

Pk` ∈ Pmk−1, ωk(z) := ωk(z, a) :=
n∏

i=1,i 6=k

(z − ai)mi (k = 1, 2, . . . , n, z ∈ C).

The polynomials Pk` can be expressed by the partial sums of the Taylor-
series expansion

(4.6)
Pk(z) := Pk(z, a) :=

1− zN

ωk(z, a)
=

∞∑

j=0

pjk(z − ak)j

(|z − ak| < rk, z ∈ D, rk := min{|aj − ak| : j = 1, 2, · · · , n, j 6= k}),

namely

(4.7) Pk`(z) = (z − ak)`
mk−`−1∑

j=0

pjk(z − ak)j (z ∈ C, (k, `) ∈ Jm)

and by (4.6)

pjk =
P

(j)
k (ak, a)

j!
:=

1
j!

dj

dzj
Pk(z, a)

∣∣∣∣
z=ak

.

We prove

Theorem 4. Let a = (a1, · · · , an) ∈ Dn, where ai 6= aj, if 1 ≤ i, j ≤ n
and i 6= j and fix the vector m = (m1, · · · ,mn) with mj ∈ N∗ and the natural
number N ≥ m := m1 + · · · + mn. Then there exists an unique system of
polynomials Φ(k,`) ∈ Pm−1 ((k, `) ∈ Jm) such that the systems φ(k,`) and Φ(k,`)

((k, `) ∈ Jm) are biorthogonal with respect the scalar product (1.3). Moreover
the polynomials Φ(k,`) can be written in the form (4.4) and the coefficients of
Pk` are defined by (4.6) and (4.7).

Proof. By (2.3) for ζ ∈ TN we have

[Φk`, φrs]N =
1
N

∑

ζ∈TN

Φk`(ζ)ζ̄s

(1− ar ζ̄)s+1
=

1
N

∑

ζ∈TN

Φk`(ζ)ζ
(ζ − ar)s+1

=

=
1

2πi

∫

TN

Φk`(ζ)
(ζ − ar)s+1

dζ =
1
s!

ds

dzs

Φk`(z)
1− zN

∣∣∣∣
z=ar
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and consequently the systems in question are biorthogonal if and only if

(4.8)
1
s!

ds

dzs

Φk`(z)
1− zN

∣∣∣∣
z=ar

= δkrδ`s

for any couple (k, `), (r, s) ∈ Jm.
The solutions of equations (4.8) are connected with the weighted Hermite

interpolation problem

(ρNΦ)(j)(ai) = bij ((i, j) ∈ Jm),

where ρN (z) := (1 − zN )−1 (z ∈ C) is the weight function and bij are given
numbers. Namely the polynomials Φk` ((k, `) ∈ Jm) can be expressed by the
fundamental polynomials of this interpolation problem.

From (4.8) it follows that Φk` is of the form

Φk`(z) = Pk`(z)
n∏

j=1,j 6=k

(z − aj)mj = Pk`(z)ωk(z) (z ∈ C)

and by (4.8)

(4.9) (ρNωkPk`)(j)(ak) = δ`
jj! (` ≤ j < mk).

This is equivalent to

j∑

i=0

(
j

i

)
(ρNωk)(j−i)(ak)P (i)

k` (ak) = δ`
jj! (` ≤ j < mk).

Thus P
(i)
k` (ak) = 0, if i < ` and

(4.10)
j∑

i=`

(ρNωk)(j−i)(ak)
(j − i)!

P
(i)
k` (ak)

i!
= δ`

j (` ≤ j < mk).

We consider the infinite system of linear equations with respect to
pk0, pk1, . . . , pki, . . .:

(4.11)
j∑

i=0

(ρNωk)(j−i)(ak)
(j − i)!

pki = δj
0 (j ∈ N).
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The coefficient of pkj in j-th equation is (ρNωk)(ak) 6= 0, consequently
this system has a unique solution. Comparing this with (4.10) and (4.11) we
get

P
(i)
k` (ak)

i!
= pk(`−i) (i ≥ `).

It is clear that the Taylor-coefficients of the function

Pk(z) :=
1− zN

ωk(z)
=

∞∑

j=0

pkj(z − ak)j ((|z − ak| < rk))

satisfy (4.11) and Theorem 2 is proved.

To evaluate the numbers pkj we introduce the function

Sk(z) :=
P ′k(z)
Pk(z)

=
N−1∑

j=0

1
z − εj

N

−
n∑

j=1,j 6=k

1
z − aj

(|z − ak| < rk),

where εj
N = exp(2πij/N). Hence by

P
(`+1)
k (ak) =

∑̀

j=0

(
`

j

)
P

(j)
k (ak)S(`−j)

k (ak) (` ∈ N)

we get the following recursion:

(4.12) pk(`+1) =
1

` + 1

∑̀

j=0

pkjsk(`−j) (` ∈ N),

where

(4.13) ski :=
S

(i)
k (ak)

i!
=

N−1∑

j=0

(−1)i

(ak − εj
N )i+1

−
n∑

j=1,j 6=k

(−1)i

(ak − aj)i+1
(i ∈ N).

On the basis (4.12) and (4.13) the coefficients pkj can be computed.
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