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ERROR OF AN ARBITRARY ORDER FOR THE
APPROXIMATE SOLUTION OF SYSTEM OF
SECOND ORDER DIFFERENTIAL EQUATIONS
WITH SPLINE FUNCTIONS I.

Th. Fawzy (Ismailia, Egypt)
Z. Ramadan and A. Ayad (Cairo, Egypt)

Abstract. In this paper we introduce a method for approximating the
solution of the system of nonlinear second order differential equations y’ =
= fi(z,y,2), 2" = fa(x,y,2) with y(zo) = yo, ¥'(z0) = ¥'(20),
z(.’ro) = zg and 2'(zg) = zj. We use spline functions which are not
necessarily polynomial spline for finding the approximate solution. The
method is a one-step method O(h?™+%) in y()(z) and z()(z), where
i=0(1)2, 0 < @ £ 1 and m is an arbitrary positive integer which equals
the number of iteration processes describing the spline functions defined in
the method, assuming that fi, fo € C([0,1] x R?). It is also shown that
the method is stable.

1. Assumptions and procedures

Consider the system of nonlinear second order differential equations

(1) v = fi(z,y,2), y(=o) =vo, ¥(x0)=10,

(2) 2= f2(1"!y! z)r Z(IO) = 20, Zl(xo) = 26,

where f1, f € C([0,1] x R?).

Let A: 0=z < 21 < Z3...< T < Tp41 < ... < &, = 1 be the
partition of the interval [0, 1], where zx4; —zr =h <1l and k =0(1)n - 1.



170 Th. Fawzy, Z. Ramadan and A. Ayad

Let L; be the Lipschitz constant satisfied by the functions f;, where 7 =1
and 2, i.e.

(3) [fi(z, 11, 21) — fi(x, y2, 22)| < Li{ly1 — ya| + |21 — 22|}

for all (z,y1,21) and (z, y2, z2) in the domain of definition of the functions fi
and f,. Choosing the arbitrary positive integer m, for any z € [zk, Tk 41], k =
= 0(1)n — 1, we define the spline functions approximating the solutions y(z)
and z(z) by Sa(z) and Sa(z) as follows

Sa(z) =5 () = ST (24) + ST (24) (2 — z2)+

4
? / / Ailur, ST (ur), S (w) | dus dty
and
Sa(z) = 5 (2) =84 (2x) + ST (za) (2 — 22)+
(5)

+/ /fz[ul, Sim_ll(ul),S‘Lm_ll(ul)]duldtl,

T ;’:k

h [m) — /[m] — 5["1] _ d g/[m] _
where ST 1'(z0) = yo, S'_7(z0) = o, —1(20) = 20 and 87" (z0) = 2.

In equations (4) and (5) we use the following m iteration processes. For any
T € [zg, Tk+1), k=0N)n -1, 7 =11)m, 2t < um <tm < Un-g <tmo1 <
S oifUmj41 Stmj1 < ... Sup Sty <z < zp

SV (z) = S (2x) + ST (2a ) (2 — z0)+

T tm-]-(-l
+ fl[um J+1’Sk (um—]+1) 5' (Um—j+l)]dum—j+ldtm—j+ly
Tk Tk
$P@) = $i7 (e1) + ST (i) (@ — 20)+
z tm—j41
+ foltm—j41, 7 umj 1), 877 (e j 1)l dtm— 410t 41,

Tk Tk
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~{m m N
SP@) = S (@e) + ST (er)(@ = 2e) + Fh(a — ),

6 @ =8+ ST - 2 + S - )
Ne = fl[zhsk 1(-’“:) £
f2[zk78k l(zk) Ec ](I )]

By this construction, it is clear that Sa(z) and Sa(z) € C([0, 1] x R?).
We give the flow-chart diagram of the method.

The flow-chart diagram of the method:

Start

!
Read

m,n

Read
SE::]I(IIC)) Sk 1(1k)
S (zx), S (2e)

B
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59, ()

J=J+1
l
No ifJ=m
B
1
k=k+1
1
Yes |
fk=n-1 No
Yes |
Write

Sk(.’C) — S;[cm](l)
Si(z) = Sim](r)
i

Stop

2. Error estimations and convergence

For the purpose of error estimations, we write the exact solution in the
following forms

(7) t
y(z) = y™(z) = i + vh(z — zi) + //fl[ulvy[m-l](ul))z[m—l](ul)]duldtl;
(8)

2(z) = M) = 2 + 24 (z — z) + //fg[ul,y(m'll(ul), M= (uy))duydt,.

Tk Ti
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We use the following notations: y(*)(z;) = yg) and 2 (zy) = 2{") where i = 0
and 1, also the following iterations are defined: for ¢ < up <t < upm_; <
Stm-1-- S um—jt1 Stmj1 < ... Sup <ty <z < Tpy1, We have
©
() = we + i (2 — o)+
T tm—j41
+ h [um-j+1)yU_1](urn—j+1); V(1) dUmej 418t 41,
T Tk
V(z) = 2 + zh(z — zp)+
z tm-j41
+ f2[um—j+1: y[j~l](u1n~j+l); Z[j—1](um-j+l)]duﬂl—j+1dtm—j+1)
Tk Tk
Yy (€e)(z — zx)®
2 )
2 (m)(z — zx)?
2 )

() = i + vi(z — zx) +

A(z) = 24 + 2(z — 2) +

where €, mk € (zk,2k+1). The functions y”(€x) and z”(m%) have moduli of
continuity w(y”,h) and w(z”,h) where w(f,h) = sup |[f(z1) — f(z2)]
h

|xy—z2|<
Moreover, we use the following notations

(10) eD(z) = [y(z) ~ K@) e = Iy — 58 ()],
(@) = @) - @) &) =157 - 5@,
where 7 = 0 and 1.
Lemma 1. Let o and B be positive real numbers, {A;}%, is a sequence
satisfying Ay > 0 and A; < a+ BAi41 fori=1(1)m —1, then

m-—2
(11) A1 <B™'An+ay B.
1=0

Proof. Since A; < a+ BA;4; for i = 1(1)m — 1, then

A; <a+ BA; = A <a+ BA;
Ay < a+ BA3 = BAy < aB+ B%A;

Am-1 S @t BAp = B" 24 < aB™ 24 B™ UAp.
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By successive substitutions in these inequalities we get
m~—2
A <B™'An+a) B

1=0

Lemma 2. Let o and B be nonnegative real numbers, B # 1, {A;}f_, is
a sequence satisfying Ag > 0 and A;4y < a + BA; fori=0(1)k, then

k+1 _
(12) Ag+1 < Bk+1A0 + g%’:—l—l]

The proof is similar to that of Lemma 1.

Definition 1. For any u; € [z, zr+1], j = 1(1)m and k = 0(1)n — 1 we
define the operator Tk (u;) by

(18)  Tu(w) = { (0 7wy) - ") + () = 57 wy)) |

whose norm is defined by

Tejll=, max {13 70) = ") + 1) = 57wy

Te<u;<Th

Lemma 3. For any u; € [¢j,zk41), J = 1(1)m and k = 0(1)n — 1 if
Tk (uj) satisfies (13), then

L+ L
(14) 1Tk, mll < [1+(—1;—2)] (ex + &) + ek + & + hPw(h)
and
(15) | Tk 1]] < a(ex + &) + be + &) + ch?™w(h),
where
e L+ L, ! ity Li+L L+ L m-l
— it S et — 1 2 - 1 2
=X (B7) =g () mee=(255)

are constants independent of h.
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Proof. By using (9), (6), (3) and (10), we get

¥ (um) = s (um)| < Jyp — oI, (i) |+

lm]

- 2
+|yk — 8 l(xk)Hum - k| + ly (Ek) _ IM

2!
Vilum — zx[?
2! ’

<

[

< lye = s @)l + [y — syt

(ze)||lum — zk| + -

where

n =7 (6) = Nel < !y”(Ek) — 9+ g = Nl <
> (y” h)+L1{|yk—5k 1($k)l+|zk - 35‘ l(xk)l} <
Sw(h) + Ly(ex + k).

Hence,

(1)

2 h2
(er + €x) + E—w(h) <

Lih
e, 0 m) = sl um)l S e ke + =

/ Ly - .h_z_ I
§e+ek+-?(ek+ek)+ 2w(1).

Similarly, we obtain the inequality

L h?
(if) max  [2(um) = O(um)| < & + & + 2 (ex + &) + Zw(h).

T SUm<Tk41 2 (
By adding (i) and (ii), we can prove

(L1 + L)
2

1 Te,mll < [1 + } (ex + &) + e}, + hw(h).

To prove (15), we compute [|T} ;|| using (9), (6), (3) and (10). Then we obtain

=31 (uy) = s ()] < Je = ST (20)] o+ 19k — 850 (@)l — x|+
T tiji41
+L1//f1“y 10w 41) — s T )14+
Ty Tk

4 m=i = 0) — s (w40 ) Yy padt 4
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Thus
(itd)
max |y (u;) — s (w)] < ex + hef+
Tk SU;STh41
T tj41

*L‘/ / e A T ) - s T )

Tk Tk
[m=j-1] -j-1] Ll
+|2 (wj41) = 55" (wis)}dujidtj 1 < ex + € + ——||Tk j411]-
In a similar manner
. ; m—j i _ Loh?
(iv) max |2 (w;) = 57 wy)| < e+ € + T[Tkl

Tk SU;STitr
Adding (iii) and (iv), we get

(L +L2)

LR T gl

(T sll < (ex + &k + € + &) + -
Using (11) and (14), we get
Li+L _ _ ~
Tl < (2322 ) WDl + e 0+ )

_ﬂizhﬂ L1+L§)< L1+L2 m_lhzm_z 1_*_Ll'*‘L?.
po 2 )= 2 2

(ex — k) + €}, + & + h*wh)}+

Li+L
+(ek+ek+ek+ek)2h2‘< 1; 2) <

i=0

< (ek+ek)Z <L1+L2> + (e +é;c)r{21 (L“;LZ)I}

1=0
+ (ﬂ;—“) h2™w(h).

Hence
Tk ll < alex + &) + blek + &) + ch?™w(h),
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where
(Lt L _'Z"‘l Li+ Lz \' (L4 L\
a_i:O( 2 )7b—i:0( 2 andc— —T——

are constants independent of h.

Lemma 4. Let e()(z) and &)(z) be defined as in (10), where i =0 and
1, then there exist constants di,ds,d3 and c; independent of h such that the
following inequalities hold true

(16) e(z) < (14 dih)ex + dihéx + dahel, + dshé), + c1h* ™ 2w(h),
(17) é(z) < dihex + (1 + d1h)ex + dahe), + d3hé) + e ¥t 2w (h),

(18) €' (z) < daher + dshér + (1 + dsh)e}, + dshé, + c2h®™ Tl w(h)
and
(19)  €'(z) < dahex + dahéx + dshej, + (1 + dsh)é; + e w(h).

Proof. Using (7), (8), (4), (), (3), (10) and (15), we get

e(z) = Jy(z) — se(@)] = |y™(z) - sy (z)] <

< Jye — ™ (@) + 19k - 8T ()l — zel+

z U
+ Ly / / (=) — s )+

Tk Ti

4 m=(uy) — 5wy | }duadty <
T 1

< ex + he, + Ly // max  {|y"™ (u) - s&m—ll(ul)l-i-
Tk Su1<Tr 41
Tk Tk

+ 12U (uy) = 57 () [ duadty <

h..
<er+he + LiITeall 5 <
< (14 dyh)ex + dihéx + dahe}, + dshéy + c1h™H2w(h),
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where d; = -[—‘-2L9-, ds = %—b, dy =1+4d3zandc; = %LC are constants independent

of h. Hence the lemma follows.

Let
E(z) =[e(z)é(x)e'(2)é' ()],
Ey =[exérete})T and
C ==[C51 CzEQ]T,

where T stands for the transpose. The initial conditions imply that Ey =
=[0000)7. From Lemma 4 we write

(20) E(z) < (I + hA)EL + ch®™lw(h),

where I is the unit matrix of order 4 and

dy di dy ds
A= di di dy d3
dqy dy dy dy
dy dy dy ds

Now, we give the definition of the matrix norm.

Definition. Let T = [t;;] be an m X n matrix, then we define
7| = mia,xz [ti;].
j

Using this definition equation (2) becomes
IE@) < 1+ RIADIEE] + [lellh*™+ w(h).
'This inequality is true for any = € [0, 1]. Setting z = zx4; we get
I Besall < (14 AIAIDIER] + llella®™*+ w(h),
then using (12) and noting that ||Ep|| = 0, we get

[+ hAD* = 1)
T+ AJA=1 -

IE@)I] < llel|A®™* w(h)
(21)

ell pom opycellal _ 2m,,
< A < 1) < BRI,
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where B = H(e""” — 1) is a constant independent of h. Using (7), (8), (4),
(5), (3), (15) and (21) it is easy to prove that

|y () - s4(2)| < Buh™w(h)
and
|(2) - 4(2)] < Boh*™w(h),
where B; and Bj are constants independent of h. Thus, we proved the following

Theorem 1. Let y(z) and z(z) be the ezact solutions to the problem (1)-
(2). If Sa(z) and Sa(x) are the approzimate solutions, given in (4)-(5), then
the inequalities

[y9(z) - s (2)| < Bsh®™w(h)

and
20(z) - 59 (z)| < Bsh>™w(h)

hold true for all z € [zk,zr+1], k = 0(1)n—1 and ¢ = 0(1)2, where B3 and B,
are constants independent of h.

3. Stability of the method

The stability concept for a one step method means that ”small changes in
the starting values only produce bounded changes in the numerical approxima-
tion provided by the method”. To study the stability of the method, given in
(4-5), we change sa(z) by wa(zx) and 5a(z) by wa(z), where

/[m]

wa(z) = wi™(z) = wi™ (zr) + Wi (z2)(z — z)+

22
( ) //fl ul,uk - ) ‘U) ](ul)dyldtl,

Tk Tk

@a(e) = w™(2) = W™ (zx) + W' (2k) (2 - )+

(23) m-— m—
+//f2[ulyw£ 1](ul), u")i llwk(ul)]duldtl,

Tk Tk
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where

ifm ](

W (zo) = 45, w(z0) = ¢/5, B (20) = 2

and v} ](.’L'o) = z'{. In equations (22) and (23) we use the following m iteration

processes. For any z € [zk, Ze41], £ =0(1)n—1, j = 1(1)m, 2 <um <tm <
Sum-1 Stmo1 S0 S Um—jpr Stmeji §«~-Su1 <ty <z < Tgqa,

wdl(@) = wl™ (z1) + W' (26) (@ — 20)+

T tm—-j41

+ Filumejer, w0, 08 41 dum 1t 4,
T T

@ (z) = o (22) + w7 (20) (2 = 20)+
T tm--]+l

+ Foltme—jan, w8 ™ (umejn), 08 T (ume 1) dtim 10t 41,
Tk T

m M,
wf(2) = wf (20) + Wi (@) (@ — 22) + T - =),

[m]

M
(@) = 07 (2x) + 07 (2 (2 - 20) + (@ - ),

(24)
My = filzr, wl™ (zx), 9™, (20)),
My = fz[lk,wk_]_(l'k) wi ]1( k)]

Moreover, the following notations are used

e’(z) = lwa(z) — Sa(@); ek = [wa(zk) — Salzi)l,
e (z) = [wa(z) = Sa(2)l; €k = [walze) = Salzi)l,
€ (z) = lwa(z) — Sa(z)l; & = [(ze) — Salzk)l,

& (z) = [wa(z) - Sa(@)l; & = W (zr) ~ Si(ze)l.

(25)

Definition 2. For any u; € [zk, Tk41], j = 1(1)m and k = 0(1)n — 1, we
define the operator T} (u;) as

(26) Ty (u;) = {(wl" ;) = S wy)) + (@ () - S (u))))

with the norm
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Tl = max  {[wl N uy) = SI(wy)] + [0 (uz) = S5 (uy) ).

Tk SU;SThy

Lemma 5. For any uj € [zk,Tk41), J = 1(1)m and k = O(1)n — 1, of
Ty (uj) satisfies (26) then

Li+L o
— —3] (e + &) + (¢k + ¢'2),

(27) 1Tl < [1 ;

(28) (T¢Il < ale; +&;) + b(e't + €'%).

The proof is similat to that of Lemma 3.

Lemma 6. Let e*()(z) and é*()(z) be defined as in (25), where i = 0
and 1, then there exist constants dy,ds and d3 independent of h such that the
following inequalities hold true

(29) e*(z) < (14 dih)ey + dyhé}, + dahel + dshéy,
(30) e*(z) < dyhe} + (1 + di1h)e; + dahel + dshey,
(31) e'*(z) < dghe} + dshé; + (1 + dsh)ely + dshey
and

(32) €*(x) < dshe} + dshel + dshel, + (1 + dsh)er.

The proof is similar to that of Lemma 4.

Now, let E*(z) = [e*(z)e* (z)e"* (z)&"* (z)]T and E} = [ejeréiel]T. Then,
we write E*(z) in the form

(33) E™(z) < (I+ hA)EL,

where I and A are the matrices defined in Lemma 4.
Let ||E*(z)|| = ||E*(¢)||oo, then (33) becomes

IE™ (@)]] < (1 + R{IAIDIEx]l
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Using the same technique, used for deriving inequality (21), we get
(34) IB*(@)I] < (1 + RILAIN** (| Boll < el N[ Eo|| = Bs||Eoll,
where Bs = ell4ll is a constant independent of h. Using (4), (5), (22), (23), (3),
(28) and (34), we get
lw () — Sy (z)] < Bs|| Eg|
and .
lwy(z) — Si/ ()] < BrllEgl,
where Bg and B7 are constants independent of A.

Theorem 2. If Sa(z) and Sa(z), given in (4-5), are the approzimate
solutions of the problem (1-2) with initial values y(*)(zo) = y(()l) and z()(zy) =
= z(()i) and if wa(z) and wa(z), given in (22-23) are the other solutions for

the problem with initial y)(zo) = ya(i) and z(zg) = zg(i), where 1 = 0 and

1, then the following inequalities
[wid(x) - S(2)] < Bsl|E5|

and )

[0 (2) - 53 (2)| < Bol B3l
hold true for any z € [xk,zk4+1), kK = 0(1)n — 1 and all ¢ = 0(1)2, where Bg
and By are constants independent of h.

1ES = max{lyo — ¥5|, Ivo — ¥'cl, 120 = 25, |25 — 2’0}

Numerical example. Consider the following system of differential
equations
v =y+z-¢, y0)=1y(0)=0,

Z=y+z-€, y(0)=1 2(0)=0.

The method is tested by using the above example in the interval [0, 1] with step
size h = 0 — 1 for different values of m. The exact solutions are

y(:c) =e®* —z and 3(1:) =e* 4.

The tabulated results are calculated at z = 1. To test the stability of the
method, we solve the above with different initial values

y(0) = 1.000001,  3'(0) = 0.000001,
z(0) = 1.000001 and z(0) = 0.000001.
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The errors
ERROR M=1 M=3 M=5
e 1.312826F - 05 2.925854E - 12 7.499005E - 16
e 4.821804E - 05 1.116665E - 11 9.159340E - 16
e’ 3.801709E - 04 1.716113E - 10 1.443290F - 15
; 1.312826E - 05 2.925882F - 12 7.771561E - 16
; , 4.811804E - 05 1.116673E - 11 1.0130785E - 15
;” 3.801709E - 04 1.716113E - 10 1.422473E - 15
Stability of the method
Diff M=1 M=3 M=5

e* 3.546324E - 06 3.546482F - 06 3.546482F - 06
e'* 4.914292E - 06 4914781E - 06 4.914781E - 06
e’* 7.089711E - 06 7.092965E - 06 7.092964E - 06
; * 3.546324E - 06 3.546482E - 06 3.546482F - 06
2 - 4.914292E - 06 4.914781E - 06 4.914781E - 06
-én* 7.089711E - 06 7.092965E - 06 7.092965E - 06

References

(1] Fawzy Th. and Al-Mutib A., Spline functions and Cauchy problems
XII. - Error of an arbitrary order for the approximate solution of the
differential equation y' = f(z,y) with spline functions, Proc. of BAIL 1
Conference, June, 1980, Trinity College, Dublin, 1980, 281-292.

[2] Fawzy Th.

and Ramadan Z., Error of an arbitrary order for the

approximate solution of system of ordinary differential equations with
spline functions, Babes-Bolyai Univ. Research Seminares, preprint 9, 1985,

1-14.



184 Th. Fawzy, Z. Ramadan and A. Ayad

[3] Micula G., Approximate integration of system of differential equations
by spline functions, Studia Univ. Babes-Bolyai Ser. Math. Mech., 17 (2)
(1971), 27-39.

[4] Micula G., Spline functions of higher degree of approximation for solu-
tions of system of differential equations, Studia Univ. Babes-Bolyai Ser.
Math. Mech., 17 (1) (1972), 21-32.

[5] Schumaker L., Optimal spline solutions of system of ordinary differential
equations, Differential equations (Sao Paulo, 1981), Lecture Notes in
Math. 957, Springer, 1982, 272-283.

(Received November 13, 1991, revised March 27, 1996)

Th. Fawzy Z. Ramadan and A. Ayad
Department of Mathematics Department of Mathematics
Faculty of Science Faculty of Science

Suez Canal University Ain Shams University

Ismailia, Egypt Cairo, Egypt



Error for the approximate solution of system of differential equations

185

ERROR FOR Y DERIVATIVES AT r=0 AND X=1
-2
® Y AT r=0
+ YSAT =0
43 * YWAT r=0
4
-6
b 4
[ 4
.
8 -8 + °
[+ 4
Y
=  J
bey -10 4
9 +
- .
-12 4
-14
-16 T T
1 2 3
M
STABILITY FOR Y DERIVATIVES AT r=0 AND X=1
® Y AT r=0
" + Y AT r=0
R * Y AT r=0
-5.0
w
<«
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Q
S ] -
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2 524
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S
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¢ ° .
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ERROR FOR Z DERIVATIVES AT r=0 AND X=1
-2
® Z AT r=0
...4..r + Z' AT r=0
T * ZI" AT r=0
3
-6 -
3
o +
g - .
5
- —~104 *
by 10
S +
.
-12 4
R
-14 -
*
=16 T T
1 2 : 3 4
M
STABILITY FOR Z OERIVATIVES AT r=0 AND X=1
@ Z AT r=0Q
4+ 7' AT r=0
-4 * 2 AT r=0
-5.0 A
w
<
B -5+
o
= * -
2 524
o
o
-
-5.34 . . )
-5.4 -]
] . ) )
-5.5 r T
1 2 3 4
M

ABS DIFF BET TWO APP.SOL FOR DIFFERENT CASES OF M



