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THE MEAN VALUES
OF MULTIPLICATIVE FUNCTIONS I.

G. Stepanauskas (Vilnius, Lithuania)

Dedicated to the memory of Professor I. Kornye:

1. Results

Let g; : N — C, i = 1,2, be multiplicative functions (g;(mn) =
= g;(m)g;(n) for (m,n) =1, ¢;(1) =1 ) Throughout the paper p and ¢ denote
primes; m, n, and k are natural numbers; ¢y, cz, ... are positive constants.

In this paper we shall be concerned with the mean values of multiplicative
functions

(1) Mz(91,92) = %Zyl(n+l)yz(n).

n<z

Particular cases of this kind have already been studied in [3,4,5,2,8]. Estimates
of (1) can be used to obtain the information on the behaviour of the distribution
of the sum

fi(n+1) + fo(n)
where f; and fo are real-valued additive functions (see [2,8]). In the proofs

we shall follow ideas and methods of A. Rényi [6], A. Hildebrand [2] and
R. Warlimont [7].

Let us put
_ lg1(p) = 11° + lg2(p) = 1
S(r,z) = K%j .
and
p - _ 2 1y s ae™) +0a(P™)
@) P(I)—E(l 2e(a p)'nz:;l + )
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The main result of this article is the following

Theorem. Let the moduli of multiplicative functions ¢, and g2 do not
ezceed 1. Then there ezists a positive absolute constant ¢ that forx > r > 2

(3) Ma(g1,92) = P(2) + O(s™/2exp (cr2/%) + (r logr)™/* + (S(r,2))""*)

where the constant in the symbol O is absolute, too.

Let us note that the powers of z and r in the first summand of the
remainder term of (3) can be changed by another ones (see (23)).
As an application we shall formulate a few corollaries.
Let ¥ mean the Euler function, o(n) be the sum of the positive divisors of
n, and
Ar={n lpm”n implies m < k}

denote the set of k-free natural numbers.

Corollary 1. Forz > 2
P(n+1) (n) _ 2 1
Z i~ 1l (1-32) + (o)
n n) 2 =
Z i((n-ll-ll))c(f((n) H (1 B % * 2(1 - _) > m%?T)“L

*0((lo;z)~)’

8| —

> =T ) o)

n<zc 4
n,n+l1€Ax

> %@:1;(1—;—2—%%0(@;)

n<z
n+l€Ax

8=

where k, 0 < k < 1, ts arbitrary. The constants in the symbols O may depend
on k only.
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Let us designate

(4) > @, i=1,2,

i<t P

(5) )DREREES S

[fi(p)i>1

(6) > f1(p) : f2(p)
IF1(p)l<1
72(p)I<1

Corollary 2. Let fi and fy be real-valued additive functions and let the
series (4), (5), (6) converge. Then the distribution functions

(7 é#{nl'n <z, fl(n+l)+f2(n)§z}

converge weakly towards a limit distribution as ¢ — oo, and the characteristic
function of this limit distribution is equal to

® (1 2+ (1-3) o exp ({th (™) + exp (itfz@m))) |

m
P p D

m=1

From Corollary 2 it follows immediately

Corollary 3. The distribution functions

—1— nin T w e
m#{' ST Tmae S }

b osn 25250« <)

pnt1)e(n) _ .
o(n+ Do(m) = }

é#{n!ngz,
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converge weakly towards limit distributions as * — oo. The characteristic
functions of these limit distributions equal

o3 (0-3"-)

respectively.

2. Proofs

Proof of Theorem. Let us put

P(r,z) = %’:—))

for 2 < r < z. Define multiplicative functions g;» and ¢},, i = 1,2, by

gi(p™) if p<r,

gir(p™) =
1 if p>r,
,, gi
Gir = —
r gzr

and multiplicative functions h;,, i = 1,2, by

b (o™ gi(p™) — g:s(p™") if p<r,
ir\P =
0 if p>r,
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so that g;, = 1 % hyr.
Now we can write

Me(o1,02) = P(2) = P(r,2) (3 1 gse(n+ Daar(m) = () )+
n<z

(9)
+ % Z g1-(n+ 1)g2-(n) (¢7,(n + 1)g5,.(n) — P(r,z)) .

n<z

The moduli of the multiplicands under the multiplication sign of (2) do not
exceed 1. Thereby it follows from (9) that

|Mz(91,92) — P(z}] < Zglr(n+ gar(n) — P(r)|+

(10)
+ = Z'g‘r n+])_(]2r‘72) P(T,I)|2R1+R2.

n<:

First let us estimate R;. [t follows from the definition of the functions h;,
that

- Z glr n+ 1)92r(n Z Z hlr(d)zh2r(d/) =

n<z n<xd|n+1 d'|n
(11) hi,(d)har (d)
__ZZhl,(th,(d)Zl_Z > 1(3‘1, +
d<z+1d'<z n<z d<z+1 d'<z
d!17|+1 (d,dH=1

( Z Z |h1r th(dl)l) = Pl + Ra.

d<z+1 d'<z
(d,d)=1

It is easy to see that

hi(d hor(d’
R3<<z2a~12| 1()|z|2r( )]
d=1

d'e
d'=1
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where the value of @, 0 < a < 1, will be chosen later. Since

Zlh,r(d)l H(HZM"(p )') H(” 21>s

p<r p<r

1 (027'1—0
< — | <
<om (o5 ) o0 ()

p<r

(12)

with suitable ¢; and c3, then

l1-a
Rz < 2% lexp (QCZT —) )
log r

Return to (11). We have

_i“’w
=1 4

.. dd'
(d,d’—)lzl
(13) (Z | hir(d)] < ) |h2r(d/)| 4y Ihzr,d,)l Z |h1,(d)|> _
a>z d'=1 d'>r
_ H (1 + f: hi(p™) Tnhz(Pm)> + R,
p<r m=1 p

The product in the last equality is equal to P(r).
For the estimation of R4 we get analogously as in (12)

and

|h,,(d)| Lo~ lhir(d)] 1 esr?
Z —52 di-p S 75 oXP logr

d>zr d=1

where 3, 0 < 8 < 1, will be chosen later as well. Thus

B
Rk« *3(1ogr)°‘ exp (lc gr)
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From the obtained estimates of R3 and R4 and from (13) and (11) it follows

now that
l-a B
Ry < z?* lexp Zear 7 +z Pexp e
logr logr

For the estimation of R, we shall repeat the way used by R. Warlimont
[7]. Put

, 1 1
N, = {n]ﬂpm|ln+1,p >, |1-g1(p™)| > 3 o 3¢¥|In, g > r, |1—g2(¢%)| > 5}

and decompose Ry into two sums:

== 3 Jai(n+ 1)gi, () = P(r, )|+

n<c
n€Nr
(14)

1 .
+ ; Z Ig;r(n =+ l)g;r(n) - P(T‘, Z)I = R5+ RG .

n<z
nefNr

Let us estimate the sum 5. We have

(15) R5<—-Zl< Z > 1<<Z

n<z n<z+1
n€Nr p™In

where the sign * means that the summation is extended over all prime powers
p™ < z + 1 where p > r and

|1—a1(p™)

N =

1
> or [1—g2(p'")‘>

Continuing (15) we obtain

R5<<Z +ZZ < l91(p) — 11 + lgo(p) — 1I°

p>r m= l r<p<z+l1 p

(16)

1
+ E =) < S(r,z) 4 (rlogr)™t + 271
p>r

For the estimation of Rg we shall use the inequality

(17) le* — €| < |u—1
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which is true with Reu < 0, Rev < 0. If n ¢ N, it follows from (17)

|9i-(n + 1)g3,(n) = P(r,z)| <

< E logg:(p™) + Z log g2(p™) — log P(r, z)| <
P |In+1 p™ lIn
po>r p>T
<l X (@™ =D+ D (g2p™) 1) ~log P(r,z) |+
p™ |In+1 p™In
p>T p>r

+0( Yoo lae™ -1+ ) Igz(p’")—llz),

p™ |In+1 ™ In
p>r p>T

and we have

1 g1(p™) -1
RGS;Z Y (M -1)- ) — o |F
n<el p™|Int1 p” <z
p>r p>r
1 92(1’ ) - 1
+ z E (92 (™) - 1 Z
n<z ' p™|n p™ <z
p>T p>r
18 1 91(P™) + g2(p™) - 2
(18) + = Z > —-log P(r,z)|+
n<z ' p™<=z
pST

+0(§Z( S a1+ Y !gz(Pm)-1|2)> -
n<zr

p™|In+1 p™ |In
p>T p>T

= R7+ Rg+ Rg + Ryo .

For the estimation of R7 and Rg we shall use the Turdan—Kubilius inequality
([1] Lemma 4.4):

2>

n<z

¥ agm- 3 20 ¢ 3 e

p™in P"'<= pm<«z



The mean values of multiplicative functions . 183

where a(p™) are complex numbers for all p™ and the constant in the symbol
« is absolute.

Thus, using the Cauchy inequality additionally, we have that R (i = 1)
and Rg(i=2)

<<%( PRI CICOESENDY g—'@:—,z:—lr)l/z'( > 1)1/2+

n<z+1' p™|In p"<z+1 n<z+1
p>r p>r
1/2
(p™) — 1/2
(19) +r‘1<<< > locte™) = 11 ') +27l g
p"<T+l P
p>r
(o) — 112\ /2 1\ /2
<<< ) ng(_Pl_i) +(Z_2) Yy

r<p<z P p>rp
Therefore
(20) Rz + Rg K (S(r,z))l/2 + (rlogr)~Y2 4 £g=1/2

Further
(21)
- 91(p) + g2(p) — 2 1y
Ry = Z o +O(ZP2>
r<p<z p>r
2 1y & m m 1 ~
— Z (__+(1__) Zgiwm_w)‘<<z_§<<(”°8r) 1
p p — p p
r<p<r m=1 p>T
and
(22)
my _ 1|2 my _ 12 ) )
Rip < Z ly(p™) ~ 1] -i;llgz(p ) -1l < S(r,z) + (rlogr)™ ' + 27!
R P
p>r

in a similar way as in (19).
Finally collecting all needed estimates we obtain

)
—ﬁ Ce‘r'
|M.(g1,92) — P(z)| < 277 exp (logr)+
(23)
2¢qrl—c

2a-1 02
te xp ( logr

)+ (5(r2) "+ (rlog )2
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and choosing @ = 8 = 1/3 finish the proof of Theorem.

The proof of Corollary 1 follows from Theorem using the estimate of
remainder term (23). We have to choose for example

. 1 3
ﬂ_l—a_mm(x,z)

and
r = c1s(log z loglog z)'/?
with sufficiently small ¢;8 > 0 and to make some simple calculations.

The proof of Corollary 2. This proof is well-known but we shall give
1t because of completeness.

It is known from the probability theory that a sequence of distribution
functions Fi(z) converges weakly towards a limit distribution F(z) if the
sequence of characteristic functions

oo

wr(t) = /exp(itz)dFk(z)

— 00

has the limit
p(t) = lim ¢k(t)
k—o00
for every real t and ¥(t) is continuous at t = 0. Furthermore the function ¥(t)

is the characteristic function of the distribution F(z).
The characteristic functions of the distributions (7) equal

(24) [i_]zexp (it(fl(n+l)+f2(")))~
n<c

Since

Z exp (it f1(p)) + exp (it f2(p)) — 2 — Z fi(p) + fz(P)+

P p 1 (p)l<1 P
| f2(p)IL1
2 2
+o<tz 5 .ﬂ(p_wgg))w( > Deo( ¥ 1)
1h(PI<1 p o> P fapy>1 P

If2(p)I<2
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then from the convergence of the series (4), (5), and (6) we deduce that
the infinite product (8) converges for every t. Furthermore this product is
continuous at ¢ = 0 because it converges uniformly for |t| < T where T > 0 is
arbitrary.

Since for 1 = 1,2

e 112 . 2
Zlexp(ztf;(p)) L g B0, 5 2

i< P s> P

then from the convergence of (4) and (5) it follows that S(r,z) — 0 when
7 tends to infinity together with z. Choosing for example r = logz in our
Theorem we get that the remainder term in (3) disappears when £ — oo.

Thus the characteristic functions (24) have the limit (8) for every real ¢
and this limit is continuous at ¢ = 0. Corollary 2 is proved.
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