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CONSTRUCTION OF NUMBER SYSTEMS
IN ALGEBRAIC NUMBER FIELDS

I. K4tai (Budapest/Pécs, Hungary)

To the memory of Imre Kornyei
To the memory of Béle Kovdcs

1. Let T be an algebraic number of degree n, with conjugates r =
=T, T®, ... T Let ZU) be the set of integers of Q(I‘(j)), =10,
Let « € Z, and F be a complete residue system mod a, such that 0 € F.

Definition 1. We say that (F, @) is a number system (NS) in Z, if each
3 € T can be expanded as a finite sum of form

(1.1) B=eo+era+... +eak, e, €F (7=0,...,k).

Remark. The uniqueness of the expansion is obvious, since eg is deter-
mined by 8 (mod ), etc.

2. For each h € Q(T) let hU) be its jth conjugate, and for any I C Q(I)
let IU) = {hU) | h € T}. For an arbitrary F complete residue system mod «
let the mapping J : I — Z be defined as follows.

For each 3 € T let ¢q be the coefficient (= element of F) for which a is a
divisor of 8 — eg, and let f; = 3=¢0 Then J(B) = Bi.

e 4

From now on we shall assume that |a()| > 1 (j =1,...,n). Let
c— (7) ke R
K; SR 7 L [a@®)] -1

Lemma 1. We have

(¢) <yl if Ivl> L

(i) If W <L, then [J(7)|< L.
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Proof. Clear.

We can extend the domain of J for IU) defining it by J{B8V)) = ﬂgj)
(= J(8)Y)).

Lemma 2. Let K (C I) be the set of those v € T for which

Wl<L; (j=1,...,n)

simultaneously holds. Then K is a finite set.
Proof. Well known.
For each 8 € T let us consider the path

(2.1) B, Bi=J(B), Br=J%B), Ba=JT(B),. ..

generated by iterating the mapping J. If we iterate 3U) according to J, then
obviously we obtain

(2.1); 89 ﬂgj) = J(BY), ﬁgj) = J2(BD), ...
The sequence 3, 1, B2, ... may contain only finitely many elements outside X
(if any), (see Lemma 1), and so it is ultimately periodic (see Lemma 2).

Definition 2. The element 7 € 7 is said to be periodic with respect to
the expansion (F,«) if there exists a positive integer k such that J*)(7) = 7.

Let P be the set of periodic elements, and let G(P) be the directed graph
getting by directing an edge from = to J(«), for each 7 € P.

Lemma 3. (1) P is a finite set. If # € P, then
(2:2) 7D <L;  (G=1,...,n)

(2) G(P) 1s the union of disjoint directed circles (loops are allowed).
(3) (F,a) is a number system in I, if and only if P = {0}.

Proof. (1) is a direct consequence of Lemma 1, (2), (3) are obvious.
3. Let us fix an integer basis w;,...,w, in Q(T). Let
(3.1) A=)+ 4 W)
Let 7 = ayay...apn, t = |7|. Then O(I/al) = t, thus the size of a complete

residue system mod « is t. Let H = {ho,hy,...,hi—1} be a complete residue
system mod «. Then for arbitrary choice of g; € I, the set F = {fo,..., fi—1}
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defined by f; = hj +ag; (j =0,...,t—1) is a complete residue system as well.
Then

(32) a(z) N a{z)f] = a(z) . a(")h] + Tg;.

Since g; can be chosen from the set kywi + ... + knwn, kj € Z, therefore we
can always find such an f; for which

(33) a(z) .. .a(">fj = Tl,jwl +...+ Tn,jwn
satisfies . .
—a i'<'_y = RERERLY ) = yreey 6T 4
2<T,_7_2 1=1 n; j=0 t—1

Let Fo be the so constructed set of digits. Observe that fo = 0. Hence we
deduce that

t
ot et < 54

1fil < o)

Observing that the ”conjugate equations”

A

T J4 L
1 = Tl + o+ Tl
lead to
(&)
( o
(3.4) o< s, =1

we can get a good estimation for the elements of P corresponding to the
expansion defined by (Fo, @), at least in the case if |a(*)| are all large enough.

Let m € P. Then

(3.5) 7r:eo+ela+...+ek_lak’l+ak7r, e; € Fo
and
(3.6) 0 = ege) + e(lt)a(e) +..+ egﬁl(a(l))k—l + (aO)ex(®),

From (3.6), (3.4) we obtain that

(3.7) HOP—
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4. Theorem. Assume that |o®] > max(2,24,) (£ = 1,...,n). Let
F(C I) be the set of those integers v in I for which

(4.1) YOl<A,  (£=1,...,n)

holds. Then the elements of F are incongruent mod . Let Fy be the coefficient
set getting from Fy by substituting f € Fo with that v € I, for which f = v
(mod «), if such an element ezists. Then (Fy,«) is a NS.

Proof. Assume that there exists y1,72 € I, 71 # 2 for which v; — 7, =
= 0 (mod @). Then y; — v2 = an, n € I, furthermore 751) - 7§l) = oy,
Since |7§£)—7§£)| < 24y, therefore |79 < liAfll < 1, consequently |[[7(¥| < 1.
Since 7 is an algebraic integer, therefore its norm is a rational integer, it cannot

be satisfied.
Thus F(I) is a complete residue system mod «, for the elements f of which

4
(43) o) < 118

holds.
Let P be the set of periodic elements with respect to the expansion (F;, a).

Repeating the estimations which were done in Section 3, for # € P we obtain
that

(4.4) 701<A,  (£=1,...,n),

l.e. ¥ € I. But @ € I implies that 7 is a digit, J{#) = 0, consequently P = {0}.
The proof is completed.

5. The exact characterization of those « algebraic integers for which (F, &)
is a NS with a suitable digit set 7 seems to be hard.

It 1s clear that both of the conditions

1) |aPD>1  (G=1,...,n),
2) 1—a'% #£ unit

are necessary.
G.Steidl [1] for Q(2), I.Katai [2] for imaginary quadratic extension fields
proved that 1) and 2) are also sufficient. G.Farkas [3] proved that if « belongs

to a real quadratic extension field such that |a(1)| > 2, |a(®)| > 2, then (F,a)
is a NS with a suitable F.
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