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Abstract. Let f € Lo be multiplicative and almost-periodic with non-
empty Fourier-Bohr spectrum. If in addition

Y If)’ < Azlog™’ =

p<z

with some p > 0, then, for each € > 0, there exists a periodic function

P, : N — C such that

limsup 7r(1—7) Z [fp+1)—P(p+1)|<e.
p<z

T — 00

Let f : N — C be a complex-valued multiplicative function, let p denote
a prime and let 7(z) be the number of primes below z.

For each positive a we shall say that f belongs to the class L, if

1l =lim sup (1 > If(n)l") < +oo.

r—0C
n<z
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Let @ > 1 and B, be the space of (B,)-almost periodic functions, i.e. f € B,
in case f € L, and, for each € > 0, there exists a trigonometric polynomial
P.(n) =Y aj exp(2mia;n), aj € R, such that

[I[f = Pella <€

For an arbitrary arithmetical function f we define the Fourier-Bohr spectrum

o(f) of f by

T—00
n<z

o(f) = {a € R/Z : limsup %Z f(n)exp(—2mina)| > 0} .

Using the results of the previous papers [1], [2] we prove

Theorem. Let f € By be multiplicative and satisfy the condition

(1) X:If(p)l2 <Aizln™"z,

p<z

where p > 0. If o(f) # 0, then for each € > 0 there ezists a periodic function
P.: N — C such that

limsup

mewp o5 315+ ) = A+ DI <6

p<z

Remark. If f € £L,, a > 2, then f € L5 and

DUEP < mI ] w@)' <z e,
p<z n<z
Hence f satisfies condition (1) with p=1— 2.

The next result will play a key role in the proof of the Theorem.

Lemma 1 (see Theorem 2 of [1]). Let f;, i = 1,...k, be complez-valued
multiplicative functions satisfying the conditions

k
A(n):Za;fi(n)ZO, n=12...,
i=1
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where a; € C and where f; € Ly and satisfy (1), i=1,...,k. Then, for some

>0,
1
w(z)g Ap+ 1) K yg A(n) +

p<z n<z

holds uniformly for 2 <y <lInz. If fi, i=1,...,k, satisfy conditions (1) and

2 S AP < Ao

n<zc

then the constant implied in < depends only on A; and A,.

Lemma 2 (see Lemma 3 of [2]). Let f be a complez-valued multiplicative
function, assume that f € L, and f satisfies condition (1). Suppose further
that

(3) S - fIEE < e(@)ne,

p<z

where e(z) | 0 but e(z)VInz — o0 as £ — co. Then we have

o) Zf(p+ )=]] (1 +y Sp(;,) (p"l))) +

p<z p<z

+o(exp (Z%) +1).

Proof of Theorem. For any arithmetical function set

M(f) = Jim =3 f(n),

n<z

if the limit exists. Let f € By and o(f) # 0. In this case (see [3], Corollary 1)
there exists a Dirichlet-character x4 (mod d) such that the mean value M(f,,)
exists and is different from zero. Using Theorem of [4] we obtain that M(|f})
exists, M(|f|) # 0 and the series

1f(p)| - 1 (f)] - 1)?
T 5 e

[f(P)I<3

T
(4) Z |f(p)l ! ZZ |f(P )]

£ (P)-1123% d P or22



98 K.-H. Indlekofer and N.M. Timofeev

converge.

For a multiplicative function f we define a multiplicative function +/f by

(VFf(n)? =f(n) and /f(p"): Vxa(p) = XV f(@ )xalp)

where we use the notation Q/z = /|2 - exp(}iargz), argz € [-m, 7).
If p fd we obtain

(5) VI®) + VZap)| > 1

Now define a multiplicative function f; by

Xq(P") if r>2,p" >t
fi(P") = { Xa(p) if r=1, If(p)|> , P2,
f(") otherwxse

We have

SlhmP<s Y TP < 4] (1 + pi) |

n<z m<z n< P
plm—pZ|m

3s

Therefore f; satisfies the conditions (1) and (2). Hence, using Lemma 1, we
obtain

;;?)Z‘Vf(l)-kl)*\/fx(lﬂrl' <<—Z|f(" D+ 1ﬂ
p<z

n<z

where 8 > 0 and 2 < y < Inz. We have (see (4))

|\/— N | <

<O Zisenen+e 3 YO oo,
r>2pr>t l!(:)>l‘2% i

where €(t) — 0 as t — co. Thus we proved

(6) %Zlmpﬂ)—\/fl(p+1)i2<<e(t)1ny+yiﬁ
p<z
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Now let the multiplicative function f, be defined by

ry — [ Xa(p) if r=1,p>t, |f(p)I <3,
R(') = {fld(p’), otherwise. ?

Using Lemma 2 we shall determine the asymptotic behaviour of the sum

Z (|f1p+1 |- VA + )Vl + 1)-

p<z-

—Vilp+ DV fap+1 +|f2(P+1)|)

For a fixed number ¢ we have proved that f; satisfies the conditions (1) and
(2). Concerning f, we have |fo(p")| = |xq(p")|, if p” > t, and therefore f,
satisfies the conditions (1) and (2). Applying Cauchy’s inequality we obtain

that \/fiv/F2, VfiV/F2 satisfy these conditions, too. Next we prove that for
all these functions the condition (3) holds. We show the details in the case

VIiVE.
We have

lnle'f] PIV f2(p —l‘lnp
=T w- 1R o Y [VIeVEG - 1| 5

p<t
u<»)|<=’1

Using (5) and Cauchy’s inequality we conclude that the second sum is

1

n -1)2 n® :
<Ly ||f(p)|—1|1—p95( y Wol-y lep) N

In°z
o< <3 p<y
17(p)I< 3 1f(P)I<3

-1)% 1 In?
T (|f(pl = anp

P>y szz

17(p)I< 3

Set y = Inz. By (4) we obtain that the right side tends to zero as z — oco.
Hence (3) holds. Using Lemma 2 we get

Zl\/pr+1)—\/fz(p+1 | =

7r(:c
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11 (1+ |f(PZ)l—1>_

=1] ( )(|f1(p )= 1A 1)I))

r= 1 t<p<zr
11(»I< 3
I [+ VIip)vVXalp) - 1) I (i« VIiP)VXae) — 1)
t<p<=z p t<p<zc p
7)< 3 HORS

tolexp| 3 < (VIF@I-1+1fp)-1) [ +1

p<=
11(»I<$

D=

Recall that the mean value M(fxaq) exists and is different from zero. Hence
(see Theorem of [4]) the series

) > xa(p)f(p) — 1 > Ixa(p)f(p) = 1]

P (@I<3 P

converge. We have

VI®)VXalp) = XV F(p)xalp) =1+ %(f(P)Xd(P) - 1)+ O(lxa(p) f(p) — 1/?).

Using the convergence of the series (4) and {7) we see that the series

$ If(p)><a(p)—1|S 3 |f(P)|2’

()2 2 P ey P
E Xd P) -1 Z (‘0\/) f(P)Xd(P) -1
O p (<2 P

converge. In the same way as before we obtain that the series

Z lf(p)| =1 Z\/lf(P)l*l E \/ \/Xd )—1
1F(p)I< 3 P P P [7(p)I<$

converge, too. Thus

%Z ’\/fl(p+ 1) -V falp+ 1)|2 < exp (Z M) |

<z p<t P
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-1 Q -1
) |f(p)] + Z / f(p)xa(p) +o(l) <
t<p<z p t<p<z P
11(p)I< 3 I 1)< 3

(8) <e(t) +o(1),
where €(t) — 0 as t — 20. We have

T L@+ ) = o+ VIS 775 S S+ 1) = fie + Dl

p<z p<z

+‘\/f1(1’+ 1) - \/fz(P+1)‘2+2i\/f1(P+ - VFh@+ 1)‘ '\/fl(P'F 1)') :

Therefore, by (6) and (8), using Cauchy’s inequality we get
1
=) D Ifp+1) - falp+ 1) <
psz

1

2

(0 ny+v72)* + (c(t) +o(1)}) (ﬁ S+ DI+ A+ 1)1)) ¥

+e(t) + o(1).

Recall that fi, f € £o. Hence by Lemma 1 the second factor equals O(1). Let
y = 1/e(t). Then we obtain

;(1—5 Z lf(p+1) = fa(p+1)| K e1(t) + o(1),

where £1(1) — 0 as t — co. On the other hand the function

f2m) = T £") [ xa(@")

pTlin, P lIn,
pr<t pT>t

is a periodic function with period

T =d2™ .. .p,
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where p; (1 =1,...,k) are primes less than ¢ and
1
r,-:[n—t}, t=1,... k.
Inp;

Thus we have proved the theorem.
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