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1. Introduction

In 1955 J. Surdnyi and P. Turdn [10] commenced the study of (0,2)

lacunary interpolation. Several papers appeared [1-3, 5-9] concentrating on
the use of spline polynomials to solve the (0,2) and (0,3) lacunary interpolation
problems. ’

In this paper we show that the convergence of constructed in [4] methods
for solving the general lacunary interpolation problem (0,m) is the same as
the best order of approximation with m-degree polynomial splines, where m is
integer and m > 2.

2. Convergence of the spline polynomials of degrees 5 and 6

In this section we shall study the convergence of the spline polynomials
(viz. the (0,5) and (0,6) cases) considered in [4]. Thus, by using the
construction of Sa s(z) given in [4], we introduce the following theorems.

Theorem 2.1. Let Sa 5(z) denote the spline function given in theorem
2.1 [4]. Then the following inequalities

|f9)(z) = SPU2)| < Cujh®Tw(Dfih),  zx Sz <z
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hold for all k = 0(1)n — 1, j = 0(1)5, where w(D® f; h) denotes the modulus of
continuity of f®)(z) and Ck,; are constants independent of h.

Proof. From the spline function Sa 5(z) given in [4] and Taylor expansion
SO = 8" =,
32 4 32 4
se) =f + —hfﬁs’(m 2) = A7 (o) = SrRAT6k2) = ShAT Br0),

1
—h? és)(gk,l)“

Sl(ca) = 123) hf(") h2 £5)((p ) h2f(5)( )+ 3

_ ___hs(‘U h25(5)
(2) _f(z) h2f(4) |h3f)£5)(‘Pk, ) h25(4) !h3f£5)(9k’1)

and

4
r 1, 1alr 1
(1) (1)+§ : .hr lf( )+ h4f(5) ‘P‘lc,l)_E :;h lSi)—gih4SI(¢5)‘

r=2

From the Taylor expansion and spline function Sa m(z), defined in [4], we get

(2.1) 1fD(z) - 5¢) (2)| <
m-1 . .
<2 ]).I "’—Si')llx—zkl"w( il £ (0p )= S|z = 24

r=j

Using the Taylor expansion and the spline function Sk s(z) we obtain

(2.2) £k 0) = S| < w(DP £ h),
(2.3) |f£“’ - s8¢ <

3 36

< S hIEOor) = 5000 + GhlED (o) - 10| < Sho(DP 1)
(2.4) 1Y - 58| <

l“" S“”l+ h2|fl£5)(‘Pk2) 50| 4 2 S ea) = 55 (pr )1+
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+5 Vlm(.%Jpme<—V(DWmL

(2.5) 112 - 53 <

1 : 4
< 2RO = 5014 A1 ra) = 9 00.0)] < SH(D 3 h)
and
(2.6) Y -501<
< Z Sh A
r"2
By substituting (2.2)-(2.6) into (2.1), we get

13
)= 501+ gk ) - S < Fh(DSib)

|f(z) — SYN2)| < C3h5~Iw(DP £ h),

where j = 0(1)5 and the coefficients C; are given in the table

i Co Cl Cz C3 C4 C5
26 107 93 147 156 1
5! 215! 5! 51 5

Thus we complete the proof of convergence of the spline function Sk s5(z)
and their derivatives.

Theorem 2.2. Let Sp ¢(z) denote the spline function given in Theorem
2.1 in [4], then the following inequalities

1f9)(z) - SYU2)| < B jh®~Iw(Dfih), =k <z < zhp

hold for all k = 0(1)n, j = 0(1)6, where w(D®f;h) denotes the modulus of
continuily of f(®)(z) and By ; are constants independent of h.

Proof. From the spline function Sa¢(z), given in [4], and Taylor
expansions we get

(6) _ £(6)
580 = ()

(0) = fk
320 (5)(

SO =8 4 729hf(6) ,‘)——hf

.) ﬁ%mo

~hf{(Ok.) - hfis’(o 2) — S£'“”,
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64
+ —h? £6)(9k,2)—

S}(f) — (4) h2f(6)( k2 )_ihZ (5)(90)‘ )+ o

6!
hzf(ﬁ)( b)) — @1125(_6),

64 3
S£3) = ’53) hf(4) h2f(5) hafis)@/’k 2) _ —hafés)(‘Pk,l)—

—h3 f,ﬁ‘”(a,c 1) - 4—hs‘.“> 35?h s - h35(6)

1
S(Z) (2)+ h?f(4)+6_!h4 (6)(‘)01. )+ h4 (5)( 1)-
2

2c(4) _
|h S o

- Zh4st®)

and

S(l) f(1)+z hr lfk" + h5 (5)(8‘%'1)_2 hr 15("

_2 r...2

1 5(6)
—ahs" )

Using the Taylor expansion and the spline function S ¢(z) we get

(2.8) 118 (pr0) — SO < w(DP £; b),
(2.9) 17 - S£5’| <
360
< —ﬁThlf;(cs)(%,a) e 4320 l (k) — £ (pr2)l+

49
+ "6'!'h|f£6)(90k'3) - fis)(okﬂ)l + _hlfﬁs)(¢k l) - £G)(0k,2)l+
5
+ ahlfﬁe)(”k, )~ £(8k.2)] < h (D f; h),
(2.10) lf(4) S)(;i)] <

64 4
< GO tpra) - 501+ 2RO 0) - SO+ SO 612)-

j 128
= 1P r)l+ SRUD 602~ f7(600) < ~T h*w(D°f; ),
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(2.11) 173~ 5™ <

12
< AU = S+ SR - SO+ R o) - SO+

+f’-h3|f£6’(sok,z> (")ml)u halfi‘”(m) £O01)l <

314
< S=h%w(DOfh),
(2.12) 117 - 81 <
2 1
< —hzlf(4)—5£4)l+ah“|f£6’( )= SO+ GO0 - 50 <
< 3'6,h“w(D6f h)
and
(2.13) 1Y =51 <
5 1 6
R r r 6
<Y SR - <>‘U|+ BOLFD (o) - S <
r=2
8544 ¢ . .
< E‘(S—'h w(D®f;h).

Combining (2.1) and (2.8)-(2.13) we get
f9(@) ~ SP4(2)] < Cih®w(D° £ h),

where j = 0(1)6 and the coefficients C; are

Co C, C, Cs Cs Cs Cs
17088 35904 3268 934 1232 1464 .
516! 516! 316! 6 6! 6!

Thus the proof of Theorem 2.2 is completed.
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3. The convergence of the general formula S ,,(z)

Theorem 3.1 Let S,(c',)n(:r) be the spline polynomial given in Theorem 3.1
in [4], then the inequalities

(2.14) 1f(z) = S)(2)] < Cm k™ "w(D™ f;h), € [z, zr41]

hold for all k=0(1)n, r=0(1)m, where w(D™f;h) denotes the modulus of
continuity of f(™)(z) and Ckm , are constants independent of h.

Proof. From Theorems 2.1 and 2.2 we conclude that

1) Form=1,2,3,..., r=1,3,5,...

(?)
m-1

(2.15) 117 =571 Y Cralsl™ = SR+
n=r4l

1| m)| L m=n -
+m' LE CrLf]Em)(‘PkL) - Cn,m—nsl(c ) ™ < Crmhm nwm(h),
=1

r
z CrL = Cn,m—n'
L=1

(i1) For m =2,4,6,..., r=2,4,6,...
m-2 \

(2.16) SO =801 S Conlf = SR+
n=r+2

1 - m) m-n -n
+— ;CrLf,ﬁ'")(m)—Cn,m_nSL A" < Crmh™ " wpm(h),
=1

i CrL = Cn,m-n
L=1

and
(ii3) form=1,3,5,..., r=2,4,6,...
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m-—1

(2.17) 17 =871 ¥ Cralf™ - SR+
ns= r+2
r/2
+— ZCrL (kL) Z Cru ™ (per)| <
L=%£+1
r/2
< Crmh™ "wm(h),  where ZC,L_ E CrL.
L=%41

To prove the convergence of Si,» we have two cases (m is odd or even).

Case (1): The convergence of Sg.m(z) when m is odd

From Theorem 2.1 we can define the constants Sﬁ") as follows:
(2.18)

i 1 | —
5(1) f( +1|{ hf(2)+ hsz3)+—h3f£4)+...+—h lf,Em)(‘Pki)}—
4! m!

(2) 20(3) , 13004 1 et o(m)

(2.19) Sk = fB 4
' 2 () ap6) L Lyepe) 1 m=3 g(m-1) | _
+2.{ —h + hf hf ..+(m_1)!h { }

_ 2 o(4) 4 ¢(6) 6(8) 1
2.{ —h*S, + hS +8hS ..+(m_1)!

A2 (o) = R ),

hm—SSl(cm-l)} +

(2.20) S® = g3y

3
{ 250 4 hzf(s) hsf(s) N Z Carh™3f(™ )(‘PI:L)}
=

2 @) . 5 2a) . 10,56 -
7Sk ) 4+ -5—!1:25,2 ) + E!-has,(c V4.4 mca,m_ahm 35,£m)} ,
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where
3
Z Car = C3m-3,
L=1
(2.21) S = fy
5 21 85
1d 2 p2 (5) o p (3) 29 6 (6) m_sh™" -5 ¢(m-1)
+4{6! e+ o ++( )04 sh™ ™ fi
5 m—
— 4! {_|h251(¢6) 8'h4s(8) 'hSS’(CG) + .+ Z—_—l)ic‘t,m—Shm_sS}(; 1)}
+— > Cah™ ‘*f;""(m)+— Y Cah™ *(gir),
‘L= 1,2 L=3,4
where
Y Cu= ) Ca,
L=1,2 L=3,4
(2.22) SO = By
h (6) 14h2 (") )35 4 ° m=5 ¢(m)
Ty + f K3 f . Z Csth™™° . (prL) ¢ —
6 14, . 7 42, . (s 1 -
—5! {6,hs( ) !hz’s,(, )+ §h3s,£ V4 + — Csm-sh™ 55,2’")},
5
E Cst = Cs,m-s,
L=1
(2.23) S = 8 4 1.
14,2008 as010) 1408 6 12) 1 m=-9 g(m-1)
{ hef h fr 121 — Pk + .+ mcs,m-sh N }—

14 1
{_Thzsl(cs) 47h45(10) 1408h65(12) o+

1 m-9 o(m-1)
10! 12! (m— 1)!08'"“9" Sk
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Thus we can define the general form of S,(c"), when nisodd (n =1,3,...,m-3),
as follows:
(2.24) S = fM 4

Cnl (n+1) C 2 (n+2) 1 - —n g(m)
1y —= —_ m-=n
+n {( D) h + — n +2) ——=h"f, -+ !LE=1C’,,Lh fe (prL)

+

Cn 1 (n+1) Cn,?, 2 o(n42) Cn,3 3 o(n+3)
—n!{(n+1) S +(——+—E)—!h5,, mhsk + ...+

+‘n%cn,m—nhm-n5£n) }) where Z CaL = Cn,m—n-

L=1

Also, Sﬁ"), when n is even (n = 2,4,...,m — 4), takes on the form:

(2.25) s = £+

Cn 1 2 (n+2) (’L 2 4 p(n+4) Cn r 2r g(n+2r)
! —_— —
+n {( +2) h* fi +( +4)'h fi +. +(n+2r)!h fi + ..

l{ C"l h2s("+2)+ C";z _h4s("+4) + ..+ C h2r5("+2") +. }+

(n+2)! F (n+4) (n +2)
n/2 1 n
+—Zcn W fM k) = — 3 Carh™ " ™ (pen),
.L=-|21+1
where
n/2
ZCnL— Z CnL
L=241
For the other coefficients S\, i = m — 2(1)m we have
(2.26)
C m-—2
m-— m-— m-—1
S(m 2) _ f:E z)+( 2; hfi )+__ ZC("‘ 2)Lfk (WL)_

m-2
Cm-21 , o(n-1) _ Cm-22,34(n)
— =22 h4S, Cim-2r = Cm_2.2,
(m—l) Sk ml k [; (m-2)L m-—2,2

(2.27) S(m 1) _ f‘(:m-l)_i_
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[m-1]/2 m-1

1 m l m
+H Z C(m—l)thi )(‘PkL)_ m Z C(m-l)th)E )(SokL)a
L=1 L=([n-1]/2)+1
where
[m-1)/2 m-1

Z C(m-l)L = Z C(m—l)Lv
L=1 L=([m-1}/2}+1

(2.28) S = fim)

where the values of the constants Cy, ,, are given in the following:
(i) when n is odd:

C,,,1=";1, n=1,35... C,=1 r=123 ..,

ﬁ,‘,'—lC,,,,-_l +Cp-2,, Teven
Cn,r =

"_.2tl‘Cn,r—ly r odd,
n=3,5...,m—1 (m-—even), n=35...,m—2 (m-—odd);

(i) when n is even:

Cﬂ.r= n—l,zfy r:l)2a~"1m_n,
: 2
n=2,4,....m—2 (m—even), n=24,...,m—1 (m-odd),
- -n-1
r:1,2,...,m2n (m — even), 1':1,2,...,-m—3n—— (m — even).

Using the Taylor expansion and (2.28), we get

(2:29) L (0r0) = ST = 17 (0r,0) = ™) < w(D™ £ ).

From the Taylor expansion and (27)

(2.30) LR - s <
h [m-ll/:') m-1
S ;—n_' Z C(m—l)L-fém)(‘PkL) - Z C(m—l)Lf)Em)(‘PkL) S
| L=1 L=([m-1)/2)+1
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< Cahw(D™ fi h),

[m-1)/2 m-1
m!Cy = Z C'(m—l)L = z C(m-l)L'
L=1 L=([m-1]/2)+1

Combining the Taylor expansion, (2.26), (2.29) and (2.30) we get

(2.31) P -5 <
Cm- 21 (m=1) _ glm=1) m-2 2,9 (m) (m)
< h - S + —=h -5 <
Cm_2,1 2 Cm—2,2 2 _ 2 m .
< '('m_—l)!CAh wm(h) + Th wm(h) = Cph*w(D™ f; h),

_ Cm-2:1 Cm-2,2
Co=moyCat —m

l (")

To obtain the estimate S,(c")| we have two cases.

(a) When n is odd we use the Taylor expansion and (2.24) as follows:

(2.32) 7 =571 <

Cn FHD) _ glnt) Cn2 ;2 fn2) _ glnt2)
n! h
{( EASHIAT = S R - S

Cn : C nym-nipe(m
L ,3 hslf("+3) l(cﬂ+3)|+. Znm-n |f ) SOkL)—S( )|}
(n+3)! m!
< Cph™~"w(D™ f; h),
n=13,...,m—4.

(b) When n is even we use the Taylor expansion and (2.25) as follows:

(2.33) 117 - 5| <

Cn. n n Cn n
n!{ (n+12)' | ( +2) S( +2)|+( +Z) h4| (n+4) Sl(c +4)I+

Cn,3 6| p(n+6) (n+6) Ch,r 2r| g(n+2r) (n+2r)
—==h°|f; ) oo ——h*" -
taro e A Se
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n/2
h'" " z/: CanL (prL) }: Can;E )(prL) }
L=2+41
< Ceh™ "w(D™ f; h),
n=24,...,m-3.
Similarly,
(2:34) 5D - 571 <

< 4! { h2| (6)—S£6)|+ h4| (8) Sl3)|+ h6| (10) SIEIO)I+

}s

+. hm -4

4
ZCzlLf‘E oer) = 3 Canfi™ (wxL)
L=3

L=1

< C.h™4w(D™ f; h),
(2.35) 17 - s <

{ hlf(4) 5(4)|+ thf(5) 3(5)|+ h3| (6) SI(cG)H'

3
Z CaLf,(cm)(‘Pch) - Ca,m-as,(,m)

L=1

L pm- }g Ceh™3w(D™ f; h),

(2.36) 112 - 5% <
1 4 4 1 6 6
<2 { P Y = SO+ Rt AY = SO+ 4
A2 () - [ ) }s Crh™ 2w(D™ f; )

and

(2.37) I =8| <
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1 1
gu{ahuﬁ”-s@)u P = SO+ IAY - 01+

o A ) - S }s Crh™'w(D™ f; h).
By substituting (2.29)-(2.37) into (2.1), when m is odd, we get

|f(z} = Se.m(2)| <

1 1 1 1 1 1
< = SCo+-Cr+...4 ——Cp+———Ca+ —
s {C’+2!C”+3!CG+4!(F+ +(m—2)!CB+(m—1)!CA+m!}x

xh™w(D™ f; h) < Cyh™w(D™ f; h),

where

Cy=C +lC +lC +lC +...+ ! Cp+ ! C +—1-
M=HI T o T g T gt T T BT o)A T b

C;,Cy,Cgqg,...,C4 are constants.

Similarly, we can prove the convergence of S',(c ,)n,

r=1(1)m.

Thus the proof of the case 1, when m is odd, is completed.

Case (2): The convergence of Sk m(z), when m is even
From Theorem 2.2 we can define the constants S, n = 1(1)m by
1 1 2 3 | - :
S = g )+1,{ Ly L Lhf® g 1f£m)(%)}_

(2.38) 1
2 3 m-—
1!{§h5£ ) §h25,(c)+...+—m!h ls,ﬁm)},

1
5,&”=f,£“+2!{ P gt h”‘ 2f('">(¢,¢1)}_
2.39
o 2! ih25(4’+—h4s‘6)+ +—hm-2s(m)
TTlaeT R T TR T I

(2.40) SV = 1+
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3
10 1 m-— m
{ hf(4) h2f(5) 'h3f£6)+ ;— E aLh sf)E )(<PI=L)}_
_3!{ hS(“)+ Sh2 sy + 10h“S(s)+ +Ca'" 2hm= 35('")}’

3
Y Car=Cam-s,
L=1 :
(2.41) SO = fl0y

4
21
+4! { P A0+ GRS + hﬁf(‘°’+ +—,E Lh'"“f"‘)(m)}—

1 1
—al {%fﬂs}f’ + %h‘*s,(f’ + %hﬁsg"’) + o+ mc4'mT_.hm-4s§,'")} :

4
(2.42) & = 55y
3 14 42 > m
+5!{ahf‘(:6)+?h2 157) ha (8)+ +—|Z 5Lhm_5f£ )(¢kL)}_
14 42 1 m
{ﬁ'hsl(c(i) ' h25£7) + §h35£8) +..+ ECS,m-Shm-ssi )} ,

5
Z Cst = Cs m—s,
L=1

(2.43) SO = fO4

6

8) , 147 10 1 —
+6!{ LR F o A et S Couh 6f:Em)(st’ch)}—

1

208) | 147, 4 .(10)
—-6!{8|hS + oot 4+

CS m =6 hm-ss(m)}
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6
D Cor=Cqmes.
2
L=1

Thus, we can define the general form of S,(:"), whennisodd (n = 1,3,...,m-3),
as follows
(2.44) S(n) (n) +n! Cn,1 D
' ] (n+ 1)
Chn,2 2 ¢(n+2) Ch3 3 ¢(n+3) n
“—h h — CaLh™ -
ey L A e L A z: Lh™ " f™ (peL)

Cna_pont) | _Cn2 p2gn42) | _Chd p3cin+d)
—n! , -
n.{(n+l)!h5k + S S

Cﬂ —nim-n -
+——1’,nl|—-h Slgm) }a z CnL = Cn,m—n~
’ L=1

When n is even [n = 2,4,...,m — 4], S,(cn) takes on the form

C
(n) (n) n,l 2 (n+2)
(2.45) Si + n! {—( T2 fi 7T+
Cn n C n = m-n
(n+l21) 4f’(‘ +4)+(_'+6_)|h6f1t +6) 4 +_'Z ' Lh f( )(WL)}

Cn,1 (n+2) Cn 2 4 o(n+4) Cn,3 6 o(n+6)
n! ——h ~—h"S
{(n+2)' 5 * it Sk tareit o oot

1 m—n c(m) - -
+—n';icﬂlm_;_p_h Sk }, ZCnL——Cn’g_;_n.

For the other coefficients SS), { = m —2(1)m we have

m-—2

m-— m-— 1 1
Si D= ="V + 0 EC(m ah?fi (SOkL)—mC -2,1h25£m),
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m-—2
(246) C'(m—I.')L = Cm-—‘.!,l,
L=1
1 m-1 ) 1
- -1 m
SV = £V 4 ) Z Cim-1yhfi™ (prr) - ;‘,Cm-thf,m),
" L=1 ’
m-1
(247) C(m—l)L = C'm—l,l
L=1
and
(2.48) Sim) = flm)

where the values of the constants Cy, ,, are given as follow:

(i) n is odd

1
C,,,lz";' . n=135.. C,=1 r=123,...
1
Cn‘rz{n;‘ }Cn,r—l""cn—?,rv " — even,
1
={"; }c,,,,_l, r — odd,
n=3,9....m-—1, r=23,...,m—2.

(i1) n is even

Cnr=Cn-12r, n=24,. .., m-1, r=1,2,...,m2—n
Thus, using the Taylor expansion and (2.48), we have
(2.49) I (pr0) = S = 1™ (0r0) = £ S w(D™ 3 ),

and also from the Taylor expansion and (2.47)

(2.50) £~ sim | <
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m-—1

h m m
<— ch(m DLfi"(@rn) = Cmo11S(™ | < Cihw(D™ £ h),

where
m-1
m!C; = Z Cim-1)L = Cm-1,1-
L=1
(2.51) A" =577 <

m

h2 m (m m
< = |22 Com-n fi™ (pr1) = Cm-2SP™ | < Cuh®w(D™ 3 b),
“lL=1

where
m!Ck = ) Cim-2)L = Cm-2,1.
L=1

(ﬂ)

To obtain the estimate |f, i")l we proceed as follows:

(a) when n is odd, using the Taylor expansion and (2.44), we get

(2.52) 1A - s <

(n+ 1)' ( + 2)|

7\ n n C n n

Cn _“n3
(n+ 3)!

C

I ("+3) S,(cn+3)|h3 +. ..+ "r.r':"—" |f£m)(¢kL) _ Sl(cm)lhm_n

< Cph™™™w(D™ f; h);

(b) when n is even, using the Taylor expansion and (2.45), we have

(2.53) 157 - s <

n+2 n C, ,2 4
'{(n+2)r| (T - S 4 Rl ) gy

(n+4)!

| n,<5—

(n +6)1"7F

< CLh™ "w(D™f; h).

Cn n n
3 I ( +6)—Sl(c +6)lh6+. C """lflE )(onL) S( )l}s

bs
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Similarly, for the other estimates

(2.54) 11 - 591 <
5 21
<4 { Gl = SO+ A - ST+ 4

l m m - m-n m
+—5Cy mga | (ar) = 5 b4 }s Cmh™ "w(D™ f; h),

(2.55) 159 - 50 <

2, .4 4 5 (5] 5
<3 { Zlf’ﬁ ) st )|h+§|f£ A |
1 C (m) _ S(m) hm-a <C.h™"w(D™f h
+m| 3,m—3'fk (¢kL) k I >Un w( fs ))

(2.56) 173 - s <

1 4 4 6 6
52!{alf,(:)—S,(,)lh2+—f£)—S£)|h4+...+

1
6!|
1
+ =A™ (per) - S IR }s Cph™*w(D™ f;h),
(2.57) 5" - sl <
1 1
<1 { il = S+ A7 - ST 4+

1 m m m-— N M- m
+— 1A ) - Sk l}s Crh™w(D™ f; h).

By substituting (2.49)-(2.57) into (2.1) when m is even, we get

|f(2) = Sk,m(2)] <
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1 1 1 1 m ey
S{CI+ECP+§C,-.+...+—(m_1)!Cj+m}hmw(D f,h)_
= Cnh™w(D™ f; h),
where
1 1 1 1 1
CN—Cl+-2-!CP+-§C,,+...+(m_2)!CL.+(m_l)!cj+.r;,

Cr, Cp, Cn,...,C;j are constants.

Thus Sk m(z) is convergent to f(z). Similarly, we can prove that S,(" ,)n(z) is

convergent to fU)(z), j = 1(1)m. So from cases 1 and 2 we complete the proof
of Theorem 2.1.
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