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FIXPONT QUERY
IN FUZZY DATALOG PROGRAMS

A. Achs (Pécs, Hungary)
A. Kiss (Budapest, Hungary)

Abstract. In this paper we will discuss the concept of fuzzy Datalog
program. It will be shown that for function- and negationfree fDATALOG
program the fixpoint is the least model.

1. Introduction

In the knowledge-base systems there are given some facts which represent
certain knowledge and some rules which in general mean that certain kinds of
information imply other kinds of information. In classical deductive database
theory ([1], [6]) the Datalog-like data model is widely spread. A classical
Datalog program is a set of Horn clauses, i.e. a set of the clauses with at most
one positive literal (¢ — qi,...,¢n). The most general type of the programs
allows the use of functional symbols and negation as well.

The meaning of a Datalog-like program is the least (if it exists) or a
minimal model which contains the facts and satisfies the rules. This model
is generally computed by a fixpoint algorithm.

The aim of this paper, which is partially a further developing of [3], is to
give a possible extension of Datalog-like languages to fuzzy relational databases
using lower bounds of degrees of uncertainty in facts and rules. We get a method
for fixpoint query.
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2. The concept of fuzzy Datalog program

To define the idea of fuzzy Datalog program (fDATALOG) we need some
basic concepts.

A termis a variable, a constant or a complex term of the form f(ty,...,t,),
where f is a function symbol and t,, ...,t,, are terms. An atom is a formula of
the form p(t), where p is a predicate symbol of a finite arity (say n) and tis a
sequence of terms of length n (arguments). A literalis either an atom (positive
literal) or its negation (negative literal).

A term, atom, literal is ground if it is free of variables.

An implication operator is a mapping of the form

1, if z <y,
I(z,y) =

f(z,y) otherwise

where z,y € [0,1] and 0 < f(z,y) < 1.

Let D be a set. The fuzzy set F in D is a function F : D — [0, 1]. Denote
F (D) the set of all fuzzy sets in D. So F € (D). If F(d) = 0 then d does not
belong to F.

FUG(d) ¢ max(F(d), G(d)),

FNG(d) ¥ min(F(d), G(d)).
We can define an ordering relation : F < G iff F(d) < G(d) Vd € D. The
support of fuzzy set F is a classical set

Supp(F) = { d|F(d) # 0}.

It can be seen that (F(D), <) is a complete lattice. The top element of lattice
isU:D —[0,1]: U(d) = 1Vd € D. The bottom element is: § : D — [0,1] :
#(d)=0Vd e D.

It is usual to explicitly write down the fuzzy sets as follows:

F=J (d o),

deD

where (d, aq) € Dx [0, 1]. It is also usual to omit from F the (d, a4) pairs where
ag = 0, or enlarge Supp(F') with (d,0) pairs, where d € D but d ¢ Supp(F).
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Definition 1. An fDATALOG rule is a triplet (r;I;3), where r is a
formula of the form

Q — Q'lv"‘rQ" (11 2 0)

where Q is an atom (head of the rule), @1, ..., Q. are literals (body of the rule);
I is an implication operator and g € (0, 1] (level of the rule). An fDATALOG
rule is safe if

- all variables which occur in the head also occur in the body;

- all variables occuring in a negative literal also occur in a positive literal.
An fDATALOG program is a finite set of safe fDATALOG rules. The rules in
the form (A —; I; 8), where A is a ground atom, are facts.

The Herbrand universe of a program P (denoted by Hp) is the set of all
possible ground terms constructed by using constants and function symbols
occurring in P. The Herbrand base of P (Bp) is the set of all possible ground
atoms whose predicate symbols occur in P and whose arguments are elements
of Hp. A ground instance of a rule (r;I; ) in P is a rule obtained from r
by replacing every variable X in r by ®(X) where ® is a mapping from all
variables occurring in r to Hp. The set of all ground instances of (r; I; 3) are
denoted by (ground(r); I; ). The ground instance of P is

ground(P) = U(,,1,p)ep (ground(r); I; B).

Definition 2. An interpretation of a program P is a fuzzy set of Bp :
Np € F(Bp)
Let
d .
QAN AA, o/ min(aa,, ..., @4, ),
def

A4 = l—aA.

Definition 3. An interpretation is a model of P if for each (ground(r); I; 3)
€ ground(P), ground(r) = A — Ay, ..., An

I((IAIAWAA..,C'A) > B.

A model M is least if for any model N, M < N. A model M is minimal if
there is not any model N, that N < M.

To be short we sometime denote a,a..a4, by apody and a4 by ahead.
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3. The fixpoint query

Definition 4. The consequence transformation T : F(Bp) — F(Bp) is
defined as

T(X) = {U{(4, 0)}|(A — Ay, ..., An; I; B) € ground(P),

(JAi|, @a,) € X foreach 1<i<n,
a s = max(0, min{y|I(aseay,y) > B})} U X.

|A| denotes p(c) either A = p(c) or A = —p(c) where p is a predicate symbol
with arity k£ and c is a list of £ ground terms.

Let
To = {U{(A, @a)}|(A —; I;B) € ground(P), a4 = min{y|I(1,7) > B}}U

U{(A,0)|3(B — ...mA..; I; B) € ground(P)}.

Let
T, = T(Ty)

Tn = T(Tn—l)

Ts = least upper bound{T, |y < 6} if & is a limit ordinal.

Proposition 1. T has a fizpoint, i.e. there exists X € F(Bp) : T(X) =
= X. If P is positive, then this is the least fizpoint. (That is for any Y =
T(Y): X<Y.)

Proof. Since T is inflationary and F(Bp) is a complete lattice, therefore
it has an inflationary fixpoint [1, 2]. If P is positive, then T is monotone,
therefore the proposition is true (due to [4]).

Theorem 1. T, s a model of P.

Proof. In ground(P) there are rules in the next forms:

a) (A — I;);

b) (A — A1,...., An; I;8); (A,a4) € T and (JAi|,@a,) € Too , 1 < i < m;
) (A — AL, .., An; [;8); 30 : (JAil, a4;) ¢ Too-



Fixpont query in fuzzy Datalog programs 227

In the cases a), b) because of the construction of as I(asody,@s) > B. In
the case c) because of the construction of Ty A; is not negative, so a4, = 0,
therefore apoqy = 0, 50 I(apoay, @a) = 12> . So Teo is a model.

It would be practical to choose the implication operator so that in case of
facts (A «—; I; 8) the calculated a4 and § be equal.

Proposition 2. If for the implication operator

1, if z <y,
I(z,y) =
f(z,y) otherwise

f(1,y) = y holds, then in case of facts (A —;1;8) € ground(P) for aa
calculated by consequence transformalion as = f.

Proof.
l, ifaA = 1,
I(],CYA) =
f(l,as) ifas <1

Because of the construction I(1,a4) > 8, so f(l,aa) > 8. As f(l,aa) = @4,
therefore a4 > 3, but a4 is minimal, so a4 = .

Proposition 3. The implication operators

1, ifz <y,
]l(xyy) = {

y otherwise,

1, ifz <y,
I(z,y) =
1-(z—y) otherwise,
1, ifz<y,

13(I$ y) =
. y/z otherwise

satisfy the condition of Proposition 3.

Proposition 4. The implication operator

1, ifz<y,
Ii(z,y) =

0 otherwise

does not satisfy the condition of Proposition 3. In the case of (A «—;I4;5) €
€ ground(P) a4 = 1.
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Proposition 5. If in every rule of P the implication operator is I4 then
we derive the ordinary Datalog (with negation) with inflationary semantics.

The concept of inflationary semantics is detailed in [1].

Theorem 2. If the program has not any negation then Ty, is the least
model.

Proof. In case of ordinary Datalog, the least fixpoint is the least model.
There may be trouble with the degrees, as it can occur that in a later step we
get a smaller a4, but according to definition the greater is valid. But it could
happen only if there was any negation.

Theorem 3. For function- and negationfree fDATALOG program P there
ezists some n such that 15, =Ty = ... = T

Proof. P is finite and since ‘apeqq < @pody , therefore the degrees cannot
increase infinitely.

Proposition 6. If the program has any negation then Ty, is not always a
minimal model.

Proof. Let us see the following examples:

1.
r(a) —; 14
p(z) — r(z), ~q(z); Ia; B2
q(z) «— r(z),~p(z); Is; B3

Then T, = {(r(a),1); (p(a), 1);(q(a), 1)} It is a model, but it is not a minimal
one because

My = {(r(a),1); (p(a), 1)} or M, = {(r(a),1);(q(a), 1)}

is also a model.

r(a) —;1;;0.8
p(z) — r(z),~q(z); ;0.6
q(z) — r(x); 1,;0.5

Then T, = {(r(a),0.8);(p(a),0.6);(q(a),0.5)}. It is a model, but it is not a
minimal one because
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M = {(r(a),0.8); (p(a),0.5); (¢(a),0.5)}

is also a model.

4. Examples

Example 1.
Let us consider the rules :

p(a) —; I1; B
r(b) «—; I2; B2
q(z,y) — p(z),r(y); I1; Bs
9(z,y) — q(y,2); Is; Ba
s(z) — q(z,y); I3; Bs
Then

To = {(p(a)v 01), (T‘(b), a2)’ (Q(a) b), Cl'3)) (q(b, a)) a4)’ (s(a): 05), (s(b)’ as)}.

Let 3, = 0.8,8, =0.6,83 =0.7,8, = 0.9,0s = 0.7. Now we can calculate a;,
1<i<6
a1 = min(asedy, f1) = f1 = 0.8

az = min(apody, Abody + P2 — 1) = P2 = 0.6
a3 = min(apody, B3) = min(min(ay, az),B3) = 0.6
4 = Qpody = 0.6
as = f5 - apogy = 0.7-0.6 = 0.42
as = fs - Gpoay = 0.7-0.6 = 0.42
So

T = {(p(a),0.8), (r(b),0.6), (g(a,b),0.6), (g(b,a),0.6), (s(a), 0.42), (s(b), 0.42)}

Obviously T, is a model.
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Example 2

r(a) —; Ii; B
p(z) — r(z); I B
p(z) — -p(z); I1; B3
q(z) — s(z); Ir; Pa
Let 8y =0.9,8, =0.7,53 = 0.3,04 = 0.6 . Then

To = {(r(a)' 0.9), (p(a)v 0)}

Tl = {(1‘((4), 09)7 (p(a)r 07)}
Too = Tg = Tl

Example 3.

r(a) —; 1.5
p(a) — 1: 532
p(z) — r(z), ~q(z); Ir; Bs
q(x) — r(z), ~p(z); I2; P
Let 6, = 08,0 =0.7,03 = 09,84 = 0.8 . Then

T, = {(r(a),0.8),(p 7). (g(a), 0)}

Ti = {(r(a),0.8),(p(a),0.7). (¢(a),0.1)}
Ty = {(r(a),0.8),(p(a),0.8), (¢(a),0.1)}
T3 = T2, SO Too = Tg.
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