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1. Introduction

Some problems of analytic number theory are connected with estimates of
sums of type

(*) S = E e2rif (., m‘),

where D is a domain of dimension k, f(zi, ..., z¢) is a real function which has a

ai, +...+i;,f
oz .. .0z}
(*) have been obtained by many authors, for example by van der Corput [1],
E.Titchmarsh [2], [3], P.Schmidt [4], B.R.Srinivasan [5], G.Kolesnik [6], [7].
They used the method of exponent pairs which was introduced by van der
Corput [1] and developed by P.Phillips [8].

In this paper we shall use this method to construct estimates of sums (*)
which we shall apply in some problems of probabilistic number theory.

certain number of derivatives . Estimates for trigonometric sums

Notations. Throughout the paper we suppose that D, Dy, ... are domains
of dimension k, such that their boundaries consist of a bounded number of
algebraic curves the degrees of which are bounded.

Xi, i =1,...k are sufficiently large numbers;

f(z) < g(z) means that f(z) = O(g(z)) and g(z) > 0;

n~N means that N <n < N’ <2N;

Ny < N, means that ¢; Ny < N1 < ¢aN3, ¢3,¢2 > 0 - constants;
e(f) = e?™/.
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2. Basic definitions and lemmas

Definition 1. The real function g(z,, ..., i) is said to be an approxima-
tion of degree r to the real function f(z;,...,z¢) in D if f and g posses partial
derivatives up to the order r in D and

'fz.l o Tim —9zi . Tipy l <c Ig.t.-i...::,'m l

for all (z1,...,zx) € D, m < r, and for some sufficiently small number ¢ €
€ [0,1]. We than write

.
f’;;y-

Lemma 1 (Lemma of partial summation). Let g(m,n) denote
arbitrary numbers, real or complez, such that if

G(m,n)= Y g(uv),
(w,v)€D

then |G(m,n)] < G, (1 <m < M, 1< n < N) for any arbitrary region D
contained in the rectangle 1 < m < M, 1 < n < N. Let h(m,n) denote real
numbers 0 < h(m,n) < H such that the following three ezpressions

h(m,n) — h(m + 1,n), h(m,n) —h(m,n+1),

h(m,n)—h(m+1,n)—h(m,n+ 1)+ h(m+1,n+1)

keep a fized sign for all values of m,n considered. Then

> g(m,n)h(m,n)| <G H.

(m,n)eD

Lemma 2. If f(z1,z2) % AzT'z5°? and

F(.’tl, z2, h) = f(l‘l + h,z‘z) - f(x1,3:2)

where h > 0, (z1,z2) € D, (z1 + h,z2) € D. Then
r-1 P -
FD?;:) Ahs z7* gy

where D(h) = {(z1,z2) € D | (z1 + h,z2) € D}.



Trigonometric sums and their applications 221

Lemma 3. Let D be a region contained in the rectangle {a; < z; <
<2, i=1,...,k} and let

f f; Az izt
Let us denote by A the image of D under the mapping

yj-‘—f;,, J=1»)£:
yj = zj, j=L+1,... k.

¢
Let o(yr,- .., yk) = f(p1,-- -, B, Yeg1, - k) — 3 Pi%i, where py, ..., py is the
i=1

solution of the equations

of
= =, =1,...,¢
4 Oz;
Then
L -0, —Ox
7 " By ...y
where
B = (é) oy ...0:', % =14s81+...+s,=s, 0;= —%, i=1,...,k.
Lemmas 2, 3 have been proved in [5].
Lemma 4 (Transformation A). Let f(z;,...,zx) be a real function,

1<¢<k e,

1

1
fl(z,h) :2/.../af(21 +hltly~'a't)lzl+a,:itt)zl+l)""mk)dtl‘”dtb

0 0

Let q1,...,q be positive numbers such that



222 P.D. Varbanec

|D|
Then for — <=, |D|= 1 we have
X X (ﬂlw-;k)ED
12 1/2
Dl | |D|
1= | )| < g + g | & X ilein)
z€D Ihjl<q; 2€D

where
D, = {(zl,...,zk)eD | (::1+hl,...,:cg+h¢,z¢+1,,..,zk)€ D,
hjl < g5 5=1,...,£}.

Corollary. Let the conditions of Lemma 4 be satisfied with qJ2 instead of
g (=1,...,€. Then

¢ \ 1/2
D D3/4 1/2
e b+ B2 S | B e (e mm)|

0<h(l)<q' 0<h(v2)<q’~ z€D;

J J J 3

AV A 3) 5 41/3
\ )(J=-l,,>,:; 7

where

D, =
{(21,.. ,zk) €D | (21 +h(l)+h(2) .. I[+h(l)+ht ,z¢+1,...,zk) ED}
Lemma 4 is a generalization of the Weyl-van der Corput’s inequality (see [5]).

Lemma 5 (Transformation B). Let f(z,,...,zx) E Azt .. .z*. Then
forany £, 1 < €<k, we have
<

151 = )" e(f(=1, ..., z))

z€D

X:... Xk

€ Xy Xe(AX2 .. X% 58| 4 ———lalk
1 Xe (A% )7 IS AXE X

where

Si= e(filvr,--- m)),

y€D;s
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D3CR={y|Yi<yu<2Y;, i=1,...k},
Yi= AXP X2 XY, di=,.8 0 Yi=X;, i=L41,...,k

filyr, - ) = f(p1, - P Ve, Y) — 131 — - = Qe
@1, -...,pt are the solutions of the system
le:j(¢l)"')(Pl)yl+l)~-')yk)=yjy (J:I))e)

This lemma is essentially the combination of the Poisson summation formula
with the method of stationary phase (see [7]).

Definition 2 (see [5]). Let ly,!; be nonnegative numbers, k be a positive
. 1 .
integer, such that 0 < l; — I < 2(—k+_1)’ lo > 0. We say that (lp,l;) is an

exponent pair of dimension k if the following condition is valid: If s;,..., sk
are arbitrary nonzero real numbers such that

k
E(p+#i)si+#+#'+1#0

i=1

holds for every choice of pu,u’ € IN U {0}, p; € {0,1} (¢ = 1,...,r) then there
exists an integer » > k + 4, such that for each domain D contained in the
rectangle

{stanUXj, J=1,...,k u>1}

and satisfying the properties
Zj = |As| X7 L XP X7 > 1, Xy>» 1 (G=1,..0k)

for each f defined in D under the condition

f%AX{”...X;’*,

the inequality
k
Z e(f(ny,...,ne)) K HZJ{ole—l,
("1,»--,71*) j:l

holds (here the constant implied by <« may depend only on u and on sy, .. ., si).
Obviously (0, 0) is an exponent pair.
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Srinivasan [5] gave the following transformation formulas of k—~dimensional
exponent pairs:

l lo+1
A(lo,11)=( 0 o+ )

214 klo)’  2(1 + klo)

(12— 1-l—h )
AB(lo, 1) = (2+k(1 -2)" 2+ k(1 —211))'

The method of exponent pairs can be applied to the estimate of sums of form

3 ¥(g(2)), ¥(w)Fu-[u-1/2, ueR

z€D

Lemma 6. Let a,B,v be positive real numbers, (lo,l;) be a one-
dimensional exponent pair, lo > 0. Then

a(l=13)4(B—ay)l .
T l+v'c' if ylo+1 <1,

_B=ay
Z \Il( )((za T+ zl’;’o -logz if ylo+14 =1,
o L
n<z z 0¥ o+, if ylo+14 >1.

(Proof: see [9], Lemma 8.)

Lemma 7. Let g(z) be a real-valued function in D. Then for every A > 0
we have

Y ¥(s(2) <

z€D

LI
A M(A M'<2M M

Y. D elmg(=)

M<m<M'zeD

log | D|.

(The proof can be obtained by using the Fourier-series expansion and Lemma
1; see also [4], [6]).

3. The estimate of the sum }_ Y e (E'l;})
m n

Let

Sap(M,N)= 3 e (":liz) ;

(m,n)eD(M,N)
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where D(M, N) denote a region contained in the rectangle
{M<m<2M, N<n<2N}.

Using Lemma 5 and Abel’s summation formula (Lemma 1), we get

Y CAA
1) Sap(M,N) < ( Na ) N -|Si|+ MN(zMP)'/2Ne/2,
where
Si= Y, eflmn),  filmn) Z (mPa)Tentis,

(m,n)eD,(M,N,)
and the region D;(M, Ny) = D, is contained in the rectangle
{M<m<2M, N;<n<2N}, NyxeMPzN=*"1! ¢ > 0— const.

Using Corollary (with £ = 1, z; = n) we obtain

2 1/2\ /2
MPHigN-1-«a MBHIgN-1-a 3/4 q q
R e B 3 DLy
! 1 hi=1 \hz=1
where
S= X htmn) falmn)~ hiha(me)en~

(m,n)eD*(M,N,)

D}(M,Ny) = {(m,n) € Di(M,N) | (m,n+ hy + hy) € Di(M, Ny),
1<hi<¢, i=1,2},
q is given in (*x), below.

Now we apply Lemma 5 (k = 1,z; = n) and Lemma 1:

_—t At3a
Ss <<(hlh2)—l/2 (Mﬁz) 2(1+a) (MﬂzN-l—a) 3(14a) |53|+

-m]‘”z

(3) -
+ M1+p:cN"l_° [h1h2 (M"z) +a (MpzN_l"") 1+a
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where
14a
S3 = e(fz(m,n)), fa(m,n = hih mpz'l'#ahn&%f%,
s= 3 3 elfstmm), S -IN CLCOLS
(4) N3 < coh1h, (M”.’l:)_2 N3+2a ca >0 — const.

The sum S3 can be estimated by applying the definition of one-dimensional
exponent pairs, van der Corput’s theorem (see [1]) for summing over m, and
trivially over the variable n:

S3 K
+o l
N3+2a - . %.: N3+2° 32+Qa 3(14a) ’
hlhzm (hlh231+a) hlhzm M~ P| pMI-hg
z z

hah (MP2) 7 NSRS (hyhyem N 209) T

(5) < (hlh2)1+loz—2—10N3+2a+(2+a)loM1-2ﬂ—2ﬁlo—h +

+(h1h2)§M¥+§z“§N“§".

Put
P 1
Mo = (=32l Ny4+3a+2i0(2+a) , 0= )
0 ( ) 38+2(1+6) + 24
—h
(+9) .= [z3+2loM3ﬁ+210(1+l’)+21| N—(4+3a+210(2+°))] el

If M < My, then S; is estimated trivially, while for M > Mj the sum S; is
estimated by making use of (2)-(5).

So we obtain

Theorem 1. Let z, M, N > 1 be real numbers, (lo, ;) be a one-
dimensional ezponent pair, a # 0,1; § > 1 be real numbers. If the condition

6l

£3+20 pOF+2o(140) 421 [y —4-3a-2a(2+) < (MPzN-1-2) o
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is satisfied, then

Py L 1/2 -3 3/96+8,.9 A7—10-9a)1/8 .
- + M N o f M > M,,
Sa,ﬁ(M,N)<{( Neg ) (9 z ) =M
/2 M1+B/2 N—-al2 if M < M,.

If we apply Lemma 4 over m to the sum S3, then we obtain

(6) S3 <

- 1/2
hih Mﬂz 2N3+2aM hih Ml..gp _.2N3+2a 1/2 fo-1
< 2 ( ) I ( 12 z ) IS4 ,

1/2
pt/ P =

Sa= Y, Y el(fa(m,n)),

m~M; n~N3

fa(m,n) ?’p(hlhz).\_‘e’:&azs an ;m‘%f?:‘z,
Dy

where My < M, D}? c D}(M, N,).
We have
% x p(hlhz)iﬁz#ﬁn: e m3%3a 2 =<
om DM?

4

=< cap(h1hy)z ' N2YoeM~27P = 4,

Bfs %o p(hyhy) it zvis - e metn =

on p.»

=< capz N~ 17O MP-1 = 2,

Obviously, z3 > 1.

If z; > 1 then for f4(m,n) the conditions in Definition 2 (for £ = 2) are
satisfied and we have for every exponent pair (lp,{;) of dimension 2:

(7 Ss € (2122)"°(My1 No)' 1 &
& pHo(hyhy)lHo—h g=242h N(3+2a)+o= (34200 pr(1-29)=3l0=(1-20)1s

If z; < 1, then we apply the lemma of van der Corput to the inner sum Sy over
m:

Se < (1 +p-%(h1h,)f%z%N*l-%M%+%) hiha (MP2) ™2 N3+22 ¢
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(8) < pE(hhy)demINTHaM SR
Hence, from (5)—(6)

‘S4 << pzlo(h1h2)l+lo—hz—2+211N(3+2¢!)(l—ll)+loM(1—2ﬁ)(1—11)—310+

(9) +p ¥ (hihy) e INTE M

Put

p= ((hl hg)h—log=2h N(3+2a0)h 1o M(1—2ﬂ)h+310) ool

We must guarantee the fulfilment of the inequality p < M. Since h; < g,
ha < ¢?, the condition p < M is satisfied whenever

(10) q< (221, N-(3+20)h—lo M(zp—1)11+1—1°) =T

Put

(11) g1 = (2211N—(3+2a)l1+loM1+(2ﬁ—1)11—10) W To) ,
0= (23-0-6!0-21,N—a(1+2lo)-(3+2a)h+lo Map(1+210)+(2p—1)1,+3lo) THITg- 311 ,
q3 =

RN U—
(z5+1010—2hN—(6+50)(1+2Io)—(3+2a)l.+ln M(sp—1)(1+21.,)+(1—2p)1,+31,,) T1§28lg-30

q= min (411; q2, 43, (xMN-s)llz) .

Now from (1)—(6), (9) we obtain

g N-1-apf1+8

i 1
q'/2 og

+ 3/ ApIH+IBIA N - a

51 < (MN).

Thus we have

Theorem 2. Let z, M, N be positive numbers, M < N < z'/3, and (lp, )
be an ezponent pair of dimension 2. Then

Sap(M,N) <
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% -2 1+£
N+ ot MANT-T log(MN) + 23 M-8 N4,
q
where ¢ is defined in (11).
We shall prove the following

Theorem 3. Let (lp,11), (Lo, L1) be ezponent pairs of dimension 2 and
3, respectively. Then

S21(M, N) <M ¥ 23N ¥ min (¢}, M3ciN-F) +
+ Mgz%N"lq'% + (Ma‘za’N'“Jq“G)a” ,

where

¢ = min (qx, 92,93, (rMN“’)m) ,

Q= (M#lznuo—lom N——22—26L.~,+34L1) 15+30Lo-31L;

’

- - -19- SeFSOLo =31l
g2 = (MI3+14Lo=16L1 51041200121, jy =19-22Lo+32L 1) SFSOLG=a1T

g3 = (Mz»N=»)",

by =4 —9lg — 31y + (2 — 12y — 4ly) Lo — (10 — 61y — 21;)L,,

by =2(1—1lo— 1))(3+ 4Lo — 2L;) + (1 — 6L,),

bz = (6 —Tlp — 70)(3+4Lo — 2L;) + (4 + 2L — 22Ly),
bo' = (5+1o —501)(3+4Lo — 2L1) + (3 +2Lo + TL,),

a; = 44+ (62 + 12lp + 41;) Lo — (22 + 6lo + 211) Ly,

ag = 17+ (24 + 8o + 21)) Lo — (6 + 4l + 411) Ly,

a3 = 50+ (70 + 281p + 281,)Lo — 14(1 + lo + 1) L,

ag =6+ (6 + 4lo — 2001 ) Lo + (5 — 2l + 104) L4,
ay' = 8(3+4Lo - 2Ly).

Proof. For the sake of convenience we shall introduce special notations:

(a) The sum
Y D elf(m,n)

m~M n~N

will be written as

S e(f),  P{f(m,n); M,N}.
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(B) Let
A¥i B ... Aka B Akr B Ako

y z T yyz 2z

be the result of transforming S by ko times applying A with respect to the
variable z, then applying B with respect to z, then applying k; times the
transformation A with respect to y, and so on, according to the notation
proceeding from right to left.

Now consider the trigonometric sum

Sia(M,N) =Y e(f),  P{f(m,n)= '—:T’; M,N}.

Then
B S3,1(M,N)
n
gives
(12) S21(M,N) € (Mz)~3N?(|S;| + M log z)
where

Si=elh)  P{fitmm) § (me)nl% w0},

Dy c{M; <m<2M,;; Ny <n<2N}, My =M, N, = fl_N-'i'Is_”’ ¢1 — const.
Next, applying A2 S; we obtain
n
1/2
M22N_3 (M2zN—3)3/4
13 S1 < S,|1/?
1) S<=in 9 ,:4—‘; 19
’thqu/’

where
Sy=)_e(f2), P {fz(hz, m, n) ﬁ hyha(mz)'/2n=4/3; M,, Nz} ,
3

Dic Dy, My=M,;, Ny=N;; ¢q<(MzN-3)/2
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(¢ is a parameter to be chosen to our advantage). After application

B S,

n
we have
(14) Sy < (h1Hy)™¥(Mz)3 N=%(|Ss| + M H; log z)
where

Ss=Ye(fs), P {fa(hz,m,n) Z (hiho) (ma)tnt; Ma,Na} ,

D3 C {M3 <m<2M3, N3<n< 2N3}, M3 = My, N3 = 03h1H2(MI)"2N7.
Now A S3 gives
m

1/2
h H2M_13'2N7 h1H2M—1z—2N7)1/2
(15) S3 << 122 p1/2 + ( 2 p1/2 Z lS4| )

p<p

where
Sa=) e(fs), P {f4(h2, m,n) ;'3, p(h1hg)* T2 Tm=8Tntl7; My, N4} ,

My = M3, Ngy=Ni, p< M (the value of p is given later).
Next, B S4 gives
m
(16) Sy < (ph1Ha) 3 M?23N~2 (|Ss| + hy H3(Mz)"2N" log z)

where
Sy = Ze(f5), P {f5(h2,m,n) ;—3‘ (p7h?hgm6zn4)1]5; Ms, Ns} ,

Dy C {Ms <m <2Ms, Ns <n<2Ns},
My < c.;pthzz-lM-sN", Ns = N,.
Now if h; and H, are such that

(I) hiHy K (M::)ZN-7,
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then N5 < 1, and we can estimate the sum S trivially
(17) Ss < HaM,

whence L .
S <h{*HMiziN"S

follows. So the contribution to S; of that h;, H, for which the condition (I) is
satisfied, is less than

1/2

-3)\3,
< (M2zN—3)3/4 - (h;1/4H21/4M5/433/4N5/2) <
q hi<q Ha<¢?

/2<h HaS(M2)AN=T

M17/8z9/8N—7/2

1/2
R4 g1/4
(18) < p [max, (;.224 TVAH, <
1>

qY/3<h H3<M3z3N-"

M19/8211/8 \r—35/8
q

min (ql/", (M’z’N‘7)‘/‘) .
Now suppose
(1) hiHy > M2z?N-7.
If Ms = phyHaz M ~3N* « 1, then
Ss < HaNs < hy H3(Mz)~2N7

holds obviously.

The contribution in Sy of such p, hy, Hy, for which Ms < 1 is satisfied is
less than
< Mhileglzz_alstp_llz-

The contribution in S3 of them is

hHZM 22N\ 2
o (o,
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1/2
(19) % ( E hi/2Hg/2Mz°3/2N5p’l/2) <
p<min(p,

AT'H;'zM3N-4)

h:;/“H;’/“z—‘IMNS
p1/2

< min (pl/“, hl—l“H{lzl/‘Ma/“N‘l)
and hence the contribution in S,

hi/4H25/4M3/2:—1/4N
A7z

200 < min (p/4, AT/ HF 2 AMON ).

Since p may depend on h;, Hj, the contribution in S;, Sz (M, N) will be
defined after the choice of p.

If My > 1 we have
(IIT) p>zM3N"*h{'H!.
The conditions (II), (IIT) imply N5 > 1, Ms > 1. We have
fs

an E (("1"2)3"”"_9'"61’7)l/13 >zN3p>1,
(21) % ;'3‘ ((hlhz)szn‘m"’p")l/ls >M>1,

% ;,3‘ ((hlhz)ahz'lzn‘msﬂ)l“a < eM~2N*z h;p.
Hence if
(Iv) P>>h1_IIM2N'4,

then the sum Ss is estimated by a method of 3-dimensional exponent pairs,

and in the opposite case by a method of 2-dimensional exponent pairs over m,

n and trivially over h,. Then the contribution in Sy is less than
(h1M_lez)L"(h%HzM_sz_aan)l'L‘ if P> hl_lezN_4,

(22) (zMpN~2) o (K HZM3z73Np)!-h if p < hi'zM3N~4

Next, the contribution in S3

hyHZM~'z-2N7

(23) < T
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1/2

hiH2M-1z-2N7 1/2
+ (PR S LD S

P h7'zM3N-4<p<p p<hT'zM3IN-4

—1..— 1/2 )
<& (h1H22M lp 2N7) {h?_llH;}_hM_%+L’?+%“N9_uﬂ2-”“ 9
p

3+43lg-3ly

x g (Rl 2N T +(mHEIM 27N 4

3+43Lg-4L, 5—-6L, —3-Lg+45SL 94Lg—11L ~546L 344Lg-3L
+hy ¢ H, * M~ & NT 5 tzT T op ‘14}
Let
p= (h;1—2Lo+4L,H2—1+6L1M4+2Lo—lolel—sLlN—4—2Lo+22L,) 3HLo-3L,

Then, the contribution in S3 can be estimated by
(24)

hiH2M-1z=2N7 Sitlg-ly 144 sy3ip4l atTig4T
1H2M T N < M ;J lN_ % 1

i 14+h ° H,

<

14210421,
T ] .

The contribution in S; is less than

h}an/le/?z'l/zN"’

25
(25) A7z

1
2

—14-41
) [1 + h;-1+l.;.-11 H;—";—" M3+3'°+I’N'4_7'°'7l‘1:1+2'°+2“]

The general contribution in S;, provided that the condition (II) is satisfied

hiHiIM3z-iN
p1/2 ’

M2zN-3 (M2zN-3)3/4
< +

q1/2 q max [

H,<q?
hi<q 2<q

h1H9>max(q;/2, M2z3N-T7)

oin [ o114 M3 1/4 N hi/2H2/2M1/2z-1/2N2
P hiH,N4 p1/2

1l 1/2) 1/2
) (l " hl_l‘t‘_'zn_‘.\. H;#L Msialg-l, N- 4171‘%171, zxizlgizx, )] } <€
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M?zN-3  (M2zN-3)*/*
(26) < 772 + . X

{Z ('IMS/S""hi“q"”M‘“z-1/4N+h?%uq—-‘"c" e N )
hi<q

-1
(M2+Lo—5Lxxl-ﬁhN-4-2Lo+22L. ) TBHFLo-3L;) }1/2 < M2zN-3

h}+2Lo—4L1q2_2Ll q1/2

+ (q3+2Lo—7L,MMgL”"lzluuLo—sL,N-so-70L,,+14L,) SCHLO=IL) |

+ (ql2+l4Lo— 13L, M35+50Lo— 16L, zl4+20Lo—4L1 N—3B—54LQ+GL1 ) m +

1tig—sly 343Lo+7L, A43lg4l;  _4+3Lg-8Ly g4ty 1-6Ly
+q 8 8(3+4Lo-3L) M 8 8(3+4Lo-3L,) ) 8(3+4Lo-3L,) ¥

Tig4Tl | —4-3Lg+423L
xN~ s +o(s+u.°-u.,§'

Now successively equating summand (I) (the right in (26)) with summands (II),
(II1), (IV), respectively, we define ¢1, g2, g3 (see the statement of the theorem).

Let

¢ = min(q1, g2, g3, 2'/2M'2N"?),
Then from (12), (18) and (26) we find

Sg,l(M,N)<<(M15::9N_19q'8min(q2, M‘z"N'“))*+
+(M32N‘2q‘1)1/2 + (Ma,za;N—asqa.)ao.

This completes the proof of our theorem.

By using similar arguments, we can prove
Theorem 4. Let a;, az > 1 be positive numbers and let (Ip,1;) be an

ezponent pair of dimension 3. Then for

3-3a i

2
M <<Ql/52_3/5HNj 3
Jj=1

we have

Z z ( = a,) <<TN1 01N1 az(zM) 1+

m~M n; ~N’
1=1,2
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. . 2 3—a,
ANITFNR @) g T N,
j=1

where

2 s(1+31p)
T = | z6+17lo+8l p10+2510+71 QG+21lo—6h H NP ,
j

ji=1
,Bj = (60,’ - 2)(1 + 310) + (80,‘ - 5)11 +(1- a,-)Io, ;=12

2
. ok
Q = min (zMH N3, max(Q1,Q2), max(Qa,Q4)) ,
i=1
1
2 7
Q= (zM“? H NJ_Sa,-—a) ,
i=1
2 3
Q2= (:v”M12 IT le3°j—8) ’
ji=1
2 oSty el
Qs = (zlo+3uo—szlM14+471°_7,, H N]j) ’
i=1

v = (2aj —1)(6 + 18lp) + (5 — 8a,~)11 -(1- a_,-)Io, (7=1,2),
)mat'——el?

)

2
Q4 - z13-0—4010—811 M11+3810—711 H N:j
j=1

6 = (13(1,' —-8)(1+3l)+(5— 8a;)l, —(1- aj)lo, (7=1,2).

4. Some applications

We shall say that the multiplicative function belongs to the class M, if
f(n) = > ®(d) holds with a suitable multiplicative function &(n).
d3|n
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Theorem. Let f(n) € Ma, such that ®(n) < n'~¢, ¢ > 0 be arbitrarily
small. Then

z: f(n) = h E ‘1’(") ( (hY/2 4 £0:2196) 1;’.&5’(23 |‘I’(")1) )

z<n<z+h

In particular, for f(n) = u?(n) we have

Z pi(n) = —6—2h + 0(h1/2) +0(z%219%),
z<n<z+h n

This result is an improvement of estimate of an error term in asymptotic
formula for the number of the squarefree integers in a short interval (z, z + h]
(see [4], [6], [10]). It should be mentioned here that in 1991 M. Filaseta and
O. Trifonov proved that there exists a constant ¢ > 0 such that the interval
(z, z+ cz3 log z] contains a squarefree number for every large z.

Proof of the theorem. From [10] we have

=232 4 o (P
(27) ) f(n)_h27+o(h F(z4)) +
z<n<z+h n=1
1 z 1 z
) (F(a:?) You (\/g) ) +0 (F(za) Y w(ﬁ) ) ,
n<z1/3 n<zl/3
where
F(u) =max |®(n)|.
. . 11 14\ . .
Lemma 6 with the exponent pair (lp,l;) = (56’ §6) implies

(28) Sow (\/7) < 2941 702196

n<zl/3

Next

¥ v(%) < (.

n<z1/3
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For N < X, we apply Lemma 6:

E v (%) &« N%z~3 +Nl:%ﬁmzl—:ﬂ3 & N2z=3 4 N&¥ s
n~N

9 19
(we take (10,11) = (gé,’5—6

apply Theorem 3 with

) which can be found in [11]). For N € [X;, X3] we

(10,11) — (0’0), (Lo,Ll) = ABAB(0,0) = (3_38’ %) .

We have
g= MU BN-G

Hence
S2,1(M,N) K

< (M:r:)"’fN2 (MZOL%ﬁ:v:"fL%‘gll!N_‘l“'%"li + Mﬁ'{z%}N'%’i{) <

M 1,8699,,0,9269 pr—2,7482 if M > z=10458 39145 _ pr
<K

M 1,2475,,0,2760 pr—0,3116 if M < M.

Then applying Lemma 7 we find

v (%) < (3

n~N

> X e(5)

m~M n~N

+ 34
A
)}log2z<<

< (M3’2475$0’2760N—0’3116+ % + A0’869920’9269N_2’7482) log2z <&

« 200172 \0,6571 | ,0,4957 \;—1,0045

> e (%)

m~M n~N

1
@9 * s (H

For. N € [X3,z!/3] we apply Theorem 2. We take (lp,l,) = (22—530,555%) as it

was chosen by Srinivasan [5]. Then we have

(30) E v (nﬁi) & 032934 7 —0,35685 (for N > zo,a).
n~N
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Now we choose
X; = £%2747, X, = 030785,

From (28)-(30) we obtain

(31) You (%) < 20219

n<z1/3

Now by (28) and (31) we finish the proof of the theorem.

The Theorems 1-4 can be used for studying other problems of statistical
number theory.
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