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1. Introduction

Several authors have studied the use of splines to solve the lacunary interpo-
lation problem. The study of this problem was initiated by Turan and Balazs in
1957 [1]. In a recent paper [6] by A. Meir and A. Sharma a spline polynomial has
been constructed for (0,2) interpolation of certain function. Swartz and Varga in
[8] have extended the results of [6] to a wider class of functions and have indicated
that the extended results are the best possible. Th. Fawzy and F. Holail [2,3,4]
have constructed spline functions for the cases (0,2), (0,3) and (0,4) and they got
results of the same order as that of best approximation for the function and their
all possible derivatives. Th. Fawzy and L. Schumaker solved the general lacunary
interpolation problem [5], but the method introduced in this paper presents a quite
different scheme and a direct one.

The paper is organized as follows. In Section 2 we construct spline polynomials
for (0,5), (0,6) and (0,7) lacunary interpolation. Section 3 is devoted to the general
construction of (0, m) lacunary interpolation for both m-even and m-odd, which
generalizes the results obtained in Section 3. In Section 4 we present two examples
when m = 11 and m = 12.

2. Construction of spline polynomials for (0,5), (0,6) and (0,7) lacunary
interpolation
In this section we shall study the following problem.

Problem 2.1. Given A = {z; = i h}_, and two sets of real numbers {f;},
{f,-(")}, i=0(1)n and L = 5,6,7. Find a spline interpolant S, ; such that:

Sap(zi)=fi and SY(z:) =1V,
i=0(1)n and L=5,6,7.

(2.1)
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For each of the cases (0,5), (0,6) and (0,7) we solve Problem 2.1 by constructing
a spline interpolant in the form:

L
(22) Se(z) = Z}—,sﬁ’)(z — Y,

j=07"

where z € [zk,zk41], k=0(1)n—1 and L =5,6,7.
Before giving the theorems concerning the spline interpolants S, ;(z), we
consider the following set of conditions to be fulfilled:

Sa,1(z) € PL  on each interval [z, Zk41],
(23) SOy (er) = 7 and
Sap € COPzo,zn), ie. Sy)(2kr1) = S L(2h41)

where k = 0(1)n—1, r =0,L and L =5,6,7 and P denotes the set of polynomials
of degree at most L.

Theorem 2.1. Suppose {f;} and {f,-(s)} are given real numbers associated
with the knots {z;}, i = 0(1)n. Then there ezists a unique spline Sa 5(z) defined
in (2.2) when L = 5 and satisfying the set of conditions (2.3) when L = 5, where

the coefficients Sﬁj) are defined as follow:
(i) For all k = 0(1)n we have

(2.4) SO =fr, 8O =12
(ii) For k = 0,1 we choose

( 1
Sﬁ‘i) = Si‘:-)l —h f’(‘5), S£3) - Sﬁ?l _ hS£4) _ ﬁhzfl(f)’

1
2!

SV = (IUn)A S — Y (1/r)h=15(.
r=2

2 2 3 (9) 1 5
(2.5) { 8P =53 —hs® - —h25® - A and

\
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(iii) For k =2,3,...,n — 2 we gel
(59 = (/WA fios,
5(3) (l/hs)Aafk L - —2-’15,(‘4) h2f(5)

(2.6)
5(2) (1/h?)A2fp_y — —h25(4),

S = (1/h)Afe - 2(1/r!)hf-ls§'>.
. r=2
(iv) For k = n — 1 we take

(2.7) Se(z) = Ser(zx) + 3_(1/r)S, (ze)(z — 2"

Clearly, the function Sa 5 defined in (2.2) - (2.7) exists and is unique.
Theorem 2.2. Suppose {f(z;), f(®)(z;)} are given real numbers, i =
= 0(1)n — 1. Then, there exists a unique spline function Sp g(z) which is given

in (2.2) and satisfies (2.3) when L = 6, where the coefficients Sﬁj) are defined as
follow:

(2.8) Se=fi and SO =5 k=01)n-1

and for the other coefficients we have the following cases:

Case 1. For k = 0,1 we choose

5(5) - q’(:?l f(s)‘ S£4) Sl(:q-)l —

5 1 6
th‘ ) —!h2f£ ),
S£ ) = S£ ' hS,(f) - —l' h25£5) haf(s),

(2.9)

] 5
5(2) S)(:i)l Z - 2)'hr ZS(") h4f(6) and

S = (1/h)Af - z(l/r!)h'-ls,ﬁ').
\ r=2
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Case 2. For k = 2(1)n — 3 we obtain

¢ 360
S¢) = (1/h) D% fen = TR,

5(4) (1/h4)A4fk g — @hf@),
30 60
(2.10) { 8P = (1/h3)A3fi_y — hf“" Y - G A,

5§’>:(1/h2)A2fk_1— h?f“” ,w,ﬁs) and

6
| 517 = (WAL - (1/h) L (/r)h £7.
Case 3. Fork =n—2, n—1 we take

(2.11) Sk(z) = Se-1(ze) + D_(1/m)S (zi)(z — z2)"

r=1
Clearly, the function Sa ¢ defined in (2.8) - (2.11) ezists and is unique.

Theorem 2.3. Given two sets of arbitrary values of the function f(z) and

f(7)(1:) at the knots ¢ = i, k = 0(1)n, then there ezists a unique spline polynomial
Sa 7(z) defined by (2.2) when L = 7 and satisfies the set of conditions (2.3) when

L =7, where S,(c7) are defined as follows:
(i) For all k = 0(1)n we have

(2.12) S = gD 5O = g
(ii) For k = 0,1,2 we find that

SO = (R fers - fil = 32 (1/r)hr=180,
(2.13) . ‘ . =
S =88 - 3 /=S, =2
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(ii1) For k = 3(1)n — 3 we get

( (1 7

S = (1/h)Afi - 1! 2_:2(1/r!)h"15,(¢'),
1 1

S = (1/h)A2fe_y — 2 {Ehﬁs,(;“ + ah**sff’)} :

SO = (/W) iy~

2.14 4 2,04 85,2005, 10,346, 21,447

(2.14) —3!{Zh5£ + 58D + h0SY + his” o,
5

S = (1/h) A fiy — 4! {amsﬁ“} ,

S = (1/h%) A5 fi_y — B! {g-,hsff) + 17—?1125,‘,7)} and

[ 1 = (1/h%) 8% fi_s.

(iv) For k =n—2, n— 1 we choose
(55 =50 (zx), r=3j=0(1)T,

. 7 . .
(2.15) < SI(cJ—)l(xk) =y [1/(r —j)!]h"’Sfc_)l, k=n-2,

r=)

SPu(ex) = /0= IS (), k=n- 1.

\ r=J
Clearly, Sa 7(z) defined in (2.12) - (2.15) exists and is unique.
3. General construction of (0,m)-lacunary interpolant

In this section we shall introduce the general construction of (0, m)-lacunary
interpolation polynomial. Now we study the (0, m) interpolation problem.

Problem 3.1. Let A: 0=z <z; <z2<...<z, =1. Let m be a positive

integer, m > 2. Suppose that {f;, f'.(m)} are given real numbers, i = 0(1)n. Find
a spline function Sa m such that

(3.1) DSam(zi)=f9, i=0(1)n, j=0 and m.
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For solving this problem we shall construct a spline polynomial in the following
form:

(3.2) Sam(z) = (1/iSP(z — zxy, m>2.
j =0

Here we consider

Sam(z) € P, oneach z € [z, Ti41]
(3.3) SO (z) = £

Sa,m € CO™)zq, z,],

where k =0(1)n—1, r =0 and m and m > 2.

Now we introduce the following theorem concerning the construction of the
general formula (0, m).

Theorem 3.1. Given two sels of arbitrary values of the function fU)(z), j =
0 and m, m > 2, at the knols z = zx, k = 0(1)n. Then there ezists a unique
spline function Sa m(z) defined in (3.2) and satisfying the set of conditions (3.3)

where the coefficients Sii) are defined as follow:

(3.4) SO =f and S™ =f"™ k=0)n and

for the other coefficients we have the following cases:

Case 1.
(i) When i is odd and k = m

+(i—-m+1).
The general formula for the coefficients is

-1 m—1+1 m—1+2 m—l+
2 b 2 b 2 AR |

SO = (1/K)A f,_(1z1) - i!{—(iﬁ'i)!hs,ﬁ‘+l)+
(3.5)

Cia ,aa(i+2) Cir (i+r)
——h cood ———h"
taro) STt Gt e
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where -
Cir= 22, i=1,3,5,...
2
Cr=1, r=123,...
Cir= (1 —; 1) Cir-1+Ci_ayr, r is even
= (—-—1 _; 1) Cir-1 r is odd

i=3,5,...,m=1(miseven), i=3,5,..., m—2(misodd)andr =2,3,...,m—i.

(ii) When i is even and k = -122— 1,%,%+1,...,—’;—1+(i—m).
Then the general formula for the coefficients will be:

(5) _ isnie o) Cin Ladi+2)
| s = (1/h)a f;,-%—z!{(“_m!h S0+ 4
(3.6
C,"z 4 o(5+4) C,‘J 2r o(i+2r)
+(i+4)!hsf‘ +"'+(i+2r)!" Sk ’
where

Ci,r = U4-1,2r,

i=2,4,...,m—2 (miseven), i=2,4,...,m—1(mis odd) and

r= 1,2,...,? (m is even), r= 1,2,...,"1—_—21;1 (m is odd).

Case 2.

(1) Fork:O,l,..‘,%—2 when m is even andk:O,l,...,T;—l—l when
m s odd.

Then we have the following general formula for the coefficients:

S = WUR e = il = LA/,
SO =80 - 5 Wr-mwis, i=2,3,. . m-1.
g

r=s

(3.7)
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(ii) For k =i—1,i—2,i-3,...,[%+(i—m—1)} when m is even, k = n —

L,n—-2,n-3,..., [—m—2_—1-+(i—m)] when m is odd.

Se(x) = 31/ - ),

S,(:) = Sﬁ’}l(zk), r=j=0(1)m,

SPu(e) = S 1/r = IS,

r=j

(3:8) 9 k:?+(i—m—l) (m — even) andk:r—n—-2:—l—+(i—-m) (m — odd);
S(ee) = 1/ = NS (zemn),
k:i—1,i—2j,i—3,...,%+(i-m), (m — even) and
\k:i—1,i—2,i—3,...,mT—l+(i—m—l) (m — odd).

4. Examples

By using the general formula obtained in Section 3 we give the following
examples when m = 11 and m = 12.

(a) When m=11. We have the following construction of the spline inter-

polant Sa 11 defined by (3.2) when m = 11, where the coefficients .S',(‘j) are defined
by using theorem 3.1 as follows:

For k = 0(1)4 we have

11

S = (/m)A S = S (/rHE IS,

r=2

11
SO =58 - S /(e -iarisy, i =2(1)10.
r=i+l

For k = 5(1)n — 5 we have

11
SV = /RO s - 10 (1/r)h S,
r=2
10
SV = (/RN o —20 Y (1/rhhrm2s,

r=4,6,...
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S = (1/h3)A3f,_ 1-3'[2/4|)hs<“)+(5/5')5“')+
+ (10/60A3S® + (21/71)h2S(7) + (42/8)R5SE +
+ (85/9)h°S( + (170/100A7S{'” + (341/11)A%S5{"Y),
S = (1/h%) A% fi 2—4'[(5/6')h25(6) (21/8)h*S® +
+ (85/10!)1:65},1“)] ,
S&) = (1/h%)D% fia - 5![(3/6DhSE) + (14770825 +
+ (42/8YR3S® + (147/9N)R*SE + (441/100)R3S{ O+
+ (1408/111h%5{"),
S = (1/h8)A8 fi_s — 6 [(14/8)h2S(Y + (147/10045('7)],
8 = (1/h)A7 fis — T [(4/8)hS{ + (30/9)A2S(+
+ (12071043509 4 (627/11!)h45§“)] ,
S® —(1/h8) A% f,_4 — 8! [(30/10!)h2s§‘°)],
5O = (1/h%)D° fima — 9! [(5/100hS{ + (55/11)h25{")]
S0 = (1/h0)A fis,

and
Fork=n—-4(1)n—-1

SO = 59 (zx), r=4j=0(1)11,
11
SP(2e) = /(- DIWTISZ, k=n—4,

r=j

S (z) = Z[l/(r RIS (2koy), k=n-3(1)n-1.

":J

(b) When m=12. We have the following construction of the spline inter-
polant defined by (3.2) when m = 12 and by using Theorem 3.1 we could easily

define the coefficients Sij ) as follows:
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For k = 0(1)4

12
SV = (/myafe - S (/mpisy,

r=2

S¢ = k+1 Z [1/(r = n)"="S) | n=2(1)11.

r=i41
For k=5(1)n—6
12

S = (1/h)Af =113 (/P S0,

r=2
12
S = (1/h)A o =20 Y (1/rhh=280),

r=4,6,...
S = (/)02 fir - 31[(2/40hSL + (5/59h2S) +
+(10/61A35( + (21/7R*S(" + (42/80)R5S®) +
+ (85/9MA8SE) + (170/10M)A7S{ O+
+ (341/119A°S{M) + (682/12)m°5{'?)]
S = (1/h*) At f_y — 41 [(5/6!)h25§6) +(21/8)h1S®) +
+ (85/100)h°5{' + (341/12)h85{")
SO = (1/h%)AS fy_ — 5! [(3/6')h5(6) +(14/7)R28 4+
+ (42/80)A3S® 4+ (147/9M)R*SE) + (441/100)R5 SO
+ (1408/111)h8S{) + (4224/12)h75{'?)]
S = (1/h%) A8 f_5 — 6! [(14/8!)1;252“) +(147/10H)A* 5819 +
+ (1408/120A°5{"”)]
S = (1/hN)A fe_s - T! [(4/8!)hs§f) + (30/9)h2S( +
+ (120/10MA35?) + (627/111)A*S{D +
+ (2508/12)h°5{'?)]
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S = (1/h%)8% fu—s - 8![(30/10)h25{'” + (627/120)A45{"?)
S = (1/h)2° fus — 9![(5/100hS{" + (55/11)h2S{ )+

+ (275/12!);.355,”)] ,
SU9 = (1/R10)A10f, ¢ — 10! [(55/12!)h25§”)] and

SOV = (1/pthAlf s — 11! [(6/12!)1;55,”’]

and
Fork=n-51)n-1

S = 8Y) (z4), r=j=0(1)12,

. 12 _
521_)1(-’31:) = Z[l/(r— j)!]h"’Sﬁ'_)l, k=n-5,
=0

12
S (k) = Y [1/(r = )RS (2xo1) k=n—4(1)n—1.

r=j
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