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ON STABLE AND MIXING SEQUENCES
OF o-FIELDS

N.L. BASSILY, S. ISHAK, Ain Shams Univ., Cairo,
and

J. MOGYORODI, Univ. of Budapest

This is the last common work that we have done with Prof. Mogyorédi before
his sudden death in Holland as he was visiting the Univ. of Amsterdam in March
1990. A typed manuscript was forwarded from Holland to Dr. Tamés Méri to whom
we are grateful for revising it.

1. Introduction

A. Rényi in [1] and [2] has introduced the notion of mixing and stable
sequences of events. Let (2,4, P) be a probability space and let {B,} be a
sequence of events. We say that {B,} is miring with density d, where d is a
constant, 0 < d < 1, if for all A € A we have

lim P(AN B,) = dP(A).

n—00
The sequence {B,} is called stable, if for all A € A

nll.ngo P(AN B,) = Q(A),
where @Q is a measure. The stability of a sequence {B,} of events is a more
general notion, since in case of mixing sequences of events we have Q(A) =

dP(A), where 0 < d < 1is a constant. A. Rényi proved that for the stability of

{Bn} it is necessary and sufficient that {xp,} converge weakly in the Lj-sense
to a random variable 3. (Cf. [2].)

___ Let {By} be a mixing sequence of events with density d. Then the sequence
B,, = Q/B,, is also mixing, with density 1 — d. In fact,

lim P(ANB,) = P(4) - lim P(ANB,) = (1 - d)P(4).

Since 0 < d < 1, we see that for arbitrary A € A,
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P(ANB,) _ dP(A)

Aim P(A| Bn) = lim Py - 4 -1
and _
lim P(4]B,) = lim P (I‘f(%_f;") - (*1‘?’;;‘4) = P(4).

Denoting by Y, the o-field (,Q, By, B,), it follows from these relations that
the conditional probabilities

P(A|Ys)=P(A|Ba)xen+ P(A|Ba)xp:z n=12,...,

converge a.s. to P(A) as n — oo.

Let {B,} be a stable sequence of events and suppose that 0 < Q(R2) < 1. Then
it is easily seen that

. _Q(A)
nlgr;oP(A | Bn) = 2@
and

Denoting again by Y, the o-field (0,2, By, B,) we see that

P(A|Yn) = P(A| Bn)xpn + P(A| Ba)xg;

converges in Lo-weak sense to a random variable if and only if this holds for
the variables xp,,. In this case the Ly-weak limit of P(A | Yy) is

Q(4) , . P(4)-Q(4)
Q%) 1-Q(A)

where B denotes the Lo-weak limit of xs,,.

In case of mixing sequences of events the a.s. limit of P(A | V) is at the
same time an Ly-weak limit. Consequently, a possible generalization of the two
notions can be given as follows:

ﬂ+ (1_/6))

Definition 1. Let {),} be a sequence of o-fields. Then {Y,} is called stable if
for arbitrary A € A the Ly-weak limit 84 of the sequence {P(A | Y»)} exists,
i.e. if for every X € Ly = Ly(R2, A, P) we have
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lim. / P(A|Ya)Xdp = / BaXdP.
a a

Further, the sequence {Y,} is called mizing, if the L,-weak limit of
{P(A | Yn)} is equal to P(A) as.

The following simple properties of the Ls-weak limit 84 will often be used
in the sequel.

Lemma 1.

(i) Ba is unique a.s. and EB4 = P(A).

(ii) By = 0,80 =1 as.

(iii) If A C B, or more generally, P(A — B) =0, then 84 < fp as.
(iv) For an arbitrary sequence of events A;, Az,...fua; <Y Pa, as.
and the a.s. equality holds iff P(4; N 4;) =0 for i # j.

Proof. The proof of (i) and (ii), being trivial, is left to the reader.
(iii) Let X = x(Ba > BB), then

0> E[(Bp — Ba)X] = lim E[P(B|Ga)X — P(A|Ga)X] 20,

hence X =0 a.s.

(iv) Suppose first that A, As,..., Ay are pairwise disjoint events. Then
for every X € Lo

E[P(OA,- | g,.)x] = E[iP(A.- |g,.)x] =

N
= g E[P(A; | g,.)x].

N
Taking limit as n — oo we obtain that Bx = 3 Ba,. Now, let Ay, A,,...
U A; i=1
=1
be an infinite sequence of disjoint events. Then, by (iii), Bua; > Y Ba;. Since

s
the expectations of the two sides coincide, a.s. equality must hold. This easily
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implies for arbitrary events that ﬂU 4, < Zﬂ“"' Finally, a.s. equality holds
iff E(Bua;) = P(U4) is equal to E(Y_ Bi) = 3 P(A)).
) 3 )

2. Characterizations of mixing.

Theorem 1. {G,} is a mixing sequence of o-fields iff for all A € A we have
Var(P(A|Gn)) =0 n— oo,
i.e. iff {P(A|Gn)} converges in Ly to P(A) = E(P(A | Gy)).

Proof. If {G,} is mixing then the L,-weak limit of {P(A | G,)} is P(A) as.
Consequently, with X = x4 we have

lim / P(A | Ga)xadP = / P(A)xadP = P*(A).
1} 0

On the other hand

/ P(A | Ga)xadP = / P(A|Gn)P(A | Go)dP =
(1]

Q
= E(P*(4|Gn)).
This, compared to the preceding limit relation, then gives
Jim E(P%*(A|Gn)) = P(A).
Therefore,
Jim Var(P(A|Gn)) =
= lim E(P*(A|G,)) - Jim E%*((A|Gn)) = P}(A) - P}(A) =0

In order to complete the proof we only have to notice that L,-convergence
implies Ly-weak convergence.

Another equivalent formulation is given by:
Corollary 1. {G,} is mixing sequence of o-fields if and only if for all A € A

the sequence {P(A | Gn)} of conditional probabilities converges to P(A) in
probability.



ON STABLE AND MIXING... 15

Proof. If {G,} is mixing then on the basis on Theorem 1 the sequence
{P(A | Gn)} converges to P(A) in L, and, consequently, in probability too.
Conversely, the convergence in probability of {P(A | G,)} to P(A) implies the
convergence in L, for 1 < p < o0, since | P(A | G,) — P(A) |<1 as., and one
can use the dominated convergence theorem. Therefore {G,} is mixing.

This shows that our present notion of mixing o-fields coincides with that
one introduced in [3].

A third characterization of mixing is the following:

Corollary 2. A sequence {Gp} of o-fields is mixing iff for all A € A
sup | P(ANB) — P(A)P(B) |- 0, n— oo.
Be€Ga

Proof. Suppose {G,} is mixing. Then {P(A | Gn)} converges to P(A) in
probability. Therefore

sup | P(AN B) = P(A)P(B) |= sup | / (P(A | Gn) — P(A))dP |<
BegGn BeGn B

< sup /|P(A|a..)—P(A>|dPs/|P(A|g,.)—P(A)|dP
BEG.B

]
and the last term in this inequality tends to 0 by the dominated convergence
theorem as 1 >| P(A | G,) — P(A) |- 0 in probability.
Conversely, suppose that

sup | P(ANB) - P(A)P(B)|—0, n— oo.
Be€gn

Let B= B UB; = {P(A|Gn)—P(A) > ¢}U{P(A|Gn)— P(A) < —¢}. Then
B, € G, and B; € G,,. Further

[ (Pa162) - PP > cp(B)
B,
and

[ (P(a162) - P(4))dP < ~eP(By)

B,
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From these relations it follows that

[ (Pa16n) - Paryap

B,

+

/ (P(A|Gn) - P(A))dP|>
B,

> e(P(By) + P(By)) = eP(B).
So

eP(B) <2 sup | P(ANB) — P(A)P(B) |
BeGn

and by assumption the right hand side converges to 0 as n — co. From these
relations it follows that

lim P{| P(4|Gn) — P(4) |2 €} =0.

We have shown that P(A | G,) converges to P(A) in probability. By Corollary
1 above this implies that the sequence {G,} is mixing.

This proves the proposition.
3. Stability and mixing.

Let {G.} be a stable sequence of o-fields. Denote by 84 the La-weak limit
of the sequence {P(A | Gn)}. Consider the family F of the events for which
Ba = xa a.s. Note that all the trivial events of A belong to F'.

Theorem 2. F is a o-field, and if {G,} is mixing then F is trivial.

Proof. Q € F, since  is a trivial event. If A € F then A € F. In fact
Ba=xaas andsofBz=1—084 =1—xa = x4 as. Let A; and A2 belong to
F. We shall show that A; N A; € F. Observe that 84,n4, < x4, fori =1,2
implies B4,n4, < XA4,n4,- Since Ef4 = P(A) for all A € A we see that

ﬁAlnAz = xAlﬁAz a.8.

This shows that F is an algebra. It remains to prove that for disjoint Ay, Ao, . ..
€ F the union A = |JA; belongs to F, but this follows from the equality
H

Bua; = Pa,-

Assume that {G,} is mixing,
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P(A|Gn) — P(A)

in L, as n — oo. By stability for A € F we have

P(A|Gn) = xa

in the Ly-weak sense. From this P(A) = x4 a.s. and so A is trivial. Therefore
F is trivial.

4. A necessary and sufficient condition for stability and mixing.

Consider the space Ly = Ly(R,.A, P). This space furnished with the inner
product (X,Y) = EXY and norm || X ||]2= VEX? is a Hilbert space.

Let {G,} be a sequence of sub o-fields of A. Write 4 = U32,G,,. Note that
U C A in general need not be a o-field. Consider the finite linear combinations
of the indicators xyp with B € U, and their limits in L,-norm. The set of these
random variables will be denoted by ;. Then H; is a subspace of the Hilbert
space La. Also consider the subspace H3 of L, which is orthogonal to ;. The
existence of H2 is guaranteed by the Riesz decomposition theorem. According
to this for every X € L, we have X = X; + X, with X; € H1,X2 € H2 and
EX X, =0.

For the sake of completeness we first prove

Lemma 2. If X € H, then for all n we have

E(X |Gn) =0 as.

Proof. Note the 1 € H,. This implies that EX = 0. By definition of H, we
have E(xpX) = 0for all B € G,,. It is well known that this gives E(X | G,) =0
a.s.

We are now in a position to prove
Theorem 3. Let {G,} be a sequence of sub o-fields of A. In order that for
arbitrary A € A the sequence P(A | G,) converges weakly in L to a limit (4,
it is sufficient that this hold for the sets A in & = UR2,G:.

Proof. Assume A € A. Decompose x4 in the form x4 = X; + X3, where
X1 € Hy and X3 € H;. Then by Lemma 2

E(xa|Gn)=P(A|Gn)=E(X1|Gn)+0 as,n=1,2,...
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Suppose E(xa | Gn) — Ba in the Ly-weak sense for A € U. By linearity
E(U | Gn) — Pu for any random variable U which is a linear combination
of such indicator functions, where By is the corresponding linear combination
of the limit functions 84. Let M, denote the set of linear combinations of
indicator functions x4 with A € 4. Note that H is dense in H; by definition
of H, and that

E(U | Gn) = Bu L2 — weakly for all U € Ho,

18y ll2< Jim inf || EQV | Ga) <1 U ll2 -

We see that U — Sy is a linear contraction from Hy into L,. This extends to
a linear contraction V — Py from H; into L, since L, is complete. We have
to prove that

E(V |Gn) — Bv Lo — weakly for all V € H;.

Note that
E(V|Ga) =By =E(V -U|Ga)+ EU |Gn) - Bv + (Bu — Bv)-

Given X € Ly and € > 0 choose U € Hg so that ||U =V ||2< ¢/(1+2 || X ||2).
Then |E(E(V — U | Ga)X) |+ | EX(Bu — Bv) |< € and

|E(E(V |Gn)X — BvX)| < e+ |E(E(U | Gn)X — BuX)| < 2¢,n > no.

Remark. Under the conditions of Theorem 3 the sequence P(A | G,) will
converge in La-weak sense to P(A) if and only if 84 = P(A) ass.

In this connetion we formulate the following:

Theorem 4. (cf. [3]) Let {Gn} be a sequence of sub o-fields of A. In order
that for arbitrary A € A the sequence

o

P(A|G) n=12,...

converges in probability to P(A), i.e. that {G,} be a mixing sequence of o-
fields, it is sufficient that this holds for the events B belonging to & = U2 ,Gk.

Proof. This is similar to that of the previous assertion:
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E(U | Go) = EU in probability for n — oo

for U € Hy. We have to show that this relation remains valid for elements of
H,.

Let V € H,. We may and shall assume that EV = 0. Let ¢ > 0. Choose
U € Mo so that || V — U ||2< €2. This inequality remains valid if we replace U
by U’ = U — EU. Note that U’ € Ho and hence P{| E(U’|G,) |> €} < € for
n > ng. This gives

P{lE(V |Gn) |>2¢} < P{|E(U' | Gn) |> €}+
P{E(V =U"|G) |> €} < e+ clza(v U <et e n> o

Since ¢ is arbitrary this proves that E(V | G,) — 0 in probability.
We have the following result:

Theorem 5. Let {G,} be a stable sequence of o-fields. Let Z € L, =
L,(2, A, P) be a square integrable random variable. Then the Lj-weak limit
of the sequence E(Z | G,) exists and

Epz = EZ

Ep% < EZ2.

If, in particular, {G,} is a mixing sequence of o-fields, then Bz = EZ a.s. and
E(Z | Gn) converges to EZ in L.

Proof. L;-weak convergence was established in the proof of Theorem 3 and
implies the stated equality for the expectations (since E(Z | G,) = EZ and
1 € Ly). For the second moment one has the inequality E(E(Z | G,)?) < EZ2.
This inequality then remains valid for the weak limit: Y, — Y weakly in L,
and || Y, ||2< 1 implies E(Y,Y) <|| Y ||2 and hence by weak convergence
EY? <|| Y ||2 which implies || Y ||2< 1.

Now assume the sequence {G,} is mixing. Then E(Z | G,) — EZ in
probability as was shown in the proof of Theorem 4. If Z is bounded this
implies convergence in L, by Lebesgue's theorem on dominated convergence.
Since the bounded variables are dense in Lo, for every Z € Ly and € > 0
there exists a bounded random variable Z’ such that || Z — Z’ ||2< ¢. Now,
| E(Z |Gn)— E(Z'|Gn)|l2<€and | EZ — EZ’ |< €. Hence || E(Z | Gn)—-
EZ ||2< 2¢+ || E(2' | Gn) — EZ' ||2< 3¢ for n > ny.
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Remarks.

1. One can easily verify that the L, — L, operator §. is linear and by
the above Theorem 5 it is a contraction, hence continuous. This fact
throws new light on Lemma 1 (iv).

2. Let {Gn} be mixing. Then E(Z | G,) — EZ in probability for any
integrable Z (see [3]).

3. Convergence of P(A | G,) is determined by the large values of n.
Hence we may replace the collection & in Theorems 3 and 4 above by

the smaller collection U, = |J Gi.
k>n
Let Hi, and Hz, be the corresponding complementary subspaces. The se-
quence M, is decreasing and the sequence Hay,; is increasing. Let Hico = NHin
and let Hao, be the closure of the union UH2,. Let £ be the intersection of the
o-fields o(U,). Then M1 is a closed linear subspace of Ly(2, £, P).

Let X € L2(R2, A, P) be arbitrary. Then the following equivalences hold:

X1 M0 <= X LK, for all n <= X € H,, for all n.

Consequently, H10 and Hao are complementary orthogonal subspaces of

Ly (2, A, P). Let X € Haoo, then one can find a sequence X,, € H2, converging
to X in L. By Lemma 2, E(X, | G,) = 0 a.s., hence by the contraction
property of conditional expectation

| E(X | Gn) |l2<Il X — Xn [l2— 0.

This implies that the sequence {G,} is mixing if M1 is the one-dimensional
subspace of the constant functions. In particular this will be the case if £ is
trivial.

5. A consequence and some examples.

Mixing sequences of events in the sense of the definition of A. Rényi now can
be constructed in the following way:

Corollary 3. Let {G,} be a mixing sequence of o-fields, B, € Gn,n=1,2,...
a sequence of events such that lim P(B,) = d exists. Suppose that 0 < d < 1.
: n—+00

Then {B,} is a mixing sequence of events with density d.

Proof. For arbitrary A € A we have
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| P(AN Ba) ~ dP(4) I< sup | P(AN B) ~ P(A)P(B) | +
€0n

+ | P(A)P(B,) —dP(4) | .

The first term on the right hand side vanishes by Corollary 2, whilst the second
one vanishes by assumption.

Let {Gn} be a decreasing sequence of o-fields of events. Then by the con-
vergence theorem for the reverse martingales the almost sure limit
Jim P(A | Gn) exists and is equal to P(A | Go) where Goo = NZ,Gn.
P(A | Ge) = Ba is at the same time the Li-weak limit of P(A | G»). Therefore
the sequence {G,} is always stable. It is mixing if and only if G, is a trivial
o-field.

As a concrete example let Fy, Fo, ... be a sequence of independent o-fields
and consider the o-fields

Bn, = 0(Fn, Fn41,.--) n=1,2,...

Then by the Kolmogorov zero-one law the tail o-field B = N3, B, is trivial.
Consequently the conditional probabilities P(A | Bn) converge a.s. and conse-
quently weakly in L, to P(A) as n — oo. This example shows that there exist
mixing sequences of o-fields.

Let {Gn} be an increasing sequence of o-fields. Then by the martingale
convergence theorem for every A € A the almost sure limit and consequently
the Lj-weak limit nlingo P(A | G,) exists and is equal to 84 = P(A | G ), where
Goo = 0(U,1Gn). Therefore an increasing sequence {G,} is always stable and
it is mixing if and only if every o-field G, is trivial.

A. Rényi underlined the generality of the condition of stability: If a, is a
bounded sequence in L, then we can choose a subsequence which has an Lo-
weak limit. Let Cy,Cy,... be events from .A. Then x¢,, Xxc,, - - - i8 a bounded
sequence in Ly. Therefore there exists a subsequence, say x g, , which converges
in the L,-weak sense. Let A € A be arbitrary. Then

P(ANBy,) =/XB_XAdP—»/ﬂXAdP=/ﬂdP, n — 0o
(1} (1} A

where £ is the weak limit of xp, .

This was the last form J. Mogyorddi was working on before his sudden
death. The first two authors decided to preserve the paper in its original form,
only making minor changes, paying thus the tribute of respect to the memory
of Professor Mogyordds.
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