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NONLINEAR ELLIPTIC SYSTEMS IN |
UNBOUNDED DOMAIN WITH QUADRATIC
GROWTH CONDITIONS

KUMUD SINGH

Computing Center of the E6tvos Lorand University
1117. Budapest, Bogdanfy u. 10/b

1. Introduction and assumption

The aim of this paper is to give some existence and pertur-
bation results for following system of nonlinear elliptic equations
with quadratic growth:

(1.1)
A(u) + f*(z,u,Du) =0 in 0
u=0 on Of.

Here Q1 may be unbounded open set of R with boundary 32 and

Au) := —ZD,-[A? (z,u,Du)] + a} (z)u”, v =1,...,M

=1

ou! ouM

u=(u',...,uM),Du= Du',...,DuM),Du* = (31:1’.“’%)

For boundend domains such results have been proved in [2]. Also

for a single equation in unbounded domains, a similar type of
result has been proved in [6].
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We assume that the coefficients a¥ : QzR™ - RM" — R,{ =
1,...,n,satisfy the Caratheodory conditions, i.e. a! are measure-
ble in z for all , £ belonging to R™ - RM™ and continuous in n, £
for almost all z in ). Further, let us assume that

(A4;)3a > 0,a, > 0 and a, > 0 such that for a.e. z in Q,
n€RM, € RM",

Za:"(z,ﬂ, 6)6:’ 2 a I f" |2,ao S ag(:z:) S a;.

=1

(A2)3C, >0, and K, € L*(Q) such that for a.e. z in Q,
n€RY,{e RM",

| a7 (z,m,€) [S Culln | + | n || + Ky ().

(As)For all z in 0,7 € RM ¢,£1) € RM™ with ¢ # £(1) we
have

Z E[a:’ (z,n,€) —ay (z,n, €1, ][& - f:(l)] > 0.

v=1is=:1

(Aq)a? (z,7, €) may be written as

a; (z,n,§) = @, (z,n) & + ¢/ (z,n, £),

where a; and ¢} satisfy Caratheodory conditions, @/ is boun-
ded for | n | and | ¢ (z,7, €) |< ¢ (z), where ¢ € L?(0).

(As) Let us assume that

A(u) = P’v* + Q“(z,u, Du),
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where P” is an operator having constant-coefficients, and
Q" (z,n,€) =0 if z is out of K, a compact subset of 1.

(A¢) Further, we assume that if A € L* (1) then every weak
solution of P*u” + Q* (u) = h belongs to L ().

loc

The second part f¥ : 1-R™ . RM™ — R also satisfy Carathe-
odory conditionss. We shall assume that f” satisfies following
assumption:

(A7) For a.ex in 1,7 € RM and £ € RM™,

(i) | £*(z,n, &) =< Co(z) + (| n | M) | & |3 m,

(ii) f“(z,n, &)n* >0, for all (n,¢) € RM zRM ",

where C, € L™ () and b is a positive nondecreasing function.

Remark For linear case results for (4¢) can be found in (1]
and [4]. The reader is also referred to papers [9,10].

2. The existence theorem

In the following steps we prove an existence theorem by giving
L* -and H*' - estimates with the help of assumptions (A4,)—(A47).

Theorem 2.1. If the assumptions mentioned above are astis-
fied, then there exists u € (HE ()™ N (L ()™ such that, for
arbitrary test functions ¢* € C (1)

M n M
ZZ < a}(z,u,Du),D;¢* > +Z <agu’,¢9’ >=
v=1i=1 v=1

(2.1)

M
==Y < f',¢" >,ie
v=1

M M
ZZ/@?(z,u,Du)D;¢”dz+ z/a;u"qsvdz:
. Q v=1g
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— —i/f"(:z:,u,Du)d)"dz.

Proof. Let us define for the arbitrary samll u > 0,

fi(zsm, €)= f* (2, 8) - J(puz), where J € C° (R™)

1+p| f(z,n, 8|

is a fixed function which is equal to 1 in a neighbourhood of zero.

There | f; (z,n,€) |< 5 - J(uz).
We consider the systems

(2.2)

- Z D;a; (z,u,, Du,)] + @, (z)u), + f; (z,u,,Du,) =0

=1

u, € (H}(Q))™ and v =1...,M. The problems (2.2) have
solutions according to the result [3], which was proved for a single
equation. The generalisation of this result has been used for the
system of equations (2.2) considered here. The solutions u, belong
to L™ (02))™ because of the assumptions (As), (4¢), since for the
solution of the equations

PYu’ + Q¥ (z,u,Du) = h,

h be longing to L* (1),u(z) >0 as |z |— oo.

Let us consider the function z; = uf — f—o, where § =

supCy(z) and 2z € H}(02) N L™ (N). After substitution in equa-
tion (2.2), we obtain

"ZD"[G':’ (z’u’u’Dzu] +agz; = _f:(zauu’Duu)_

t=1
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(2.3)
s

v
—a; —.
Qo

Let b(|| u, ||L=(n))= ¢4, then by (A;) on the right hand side
(r,h.s)

—f¥(z,uu, Du,)(z) < Co(z) + C5 | Dul 2.

Therefore by (A,)

C
—f“(z,u,,Du,(z) — a}sup (;(:c) < Co(z)+Cy | Dul, |* -
0

S
—ag— < ¢ | Duy [’=c; | Dz %,
(1)
where sup C,(z) = S.
We define test functions by
¢ = exp {\[(2)* P }(=)"
where )\, = ¢} /20, = exp{A,[(25)*]*} > 1.
Then ¢ € H; (Q), because at 0, (2,)* =0, since 2 = —2- <0

on 4. Multiplying the equation (2.3) by ¢, and integrating over
(1, we obtain on left hand side (1.h.s.)

3 / & (z,u,, Dz, ){e (D) +20,¢t | () [ (Di2l)* }dz+
t1=1 a

+/agz:e:(z:)+dz§ /c‘; | Dz}, * e (2)* dz.

Q Q
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By the use of assumption (A4;) on 1.h.s. and that of Cauchy’s
inequelity

a 1 4 14 v 1 4 v
2 [ 10y P e [ 1@ P @) P+
Q Q
+ao/e: | (z2)* |*<o0.
a

Since €4 > 1, thus (2¥)* =0 and hence 25 < 0. This shows that

v _ S
u, GOSO.

(2.4)

or u, < —
Qg

In a similar manner one can prove
S
u, > ——.
Qo
Next, we show that the estimation

| %u l(#2 () < constant,
holds. From above it may be written that
S 1 M
cs =b(\/Ma—) > b, (| (uty...,u™)]).
0

Set @ = EXu! = exp{A(u;)’} and A = c¢3/2a°. Then ¢} €
H} (), since u, € (H:(Q))™ N (L= ()™ . Multiplying equation
(2.2) by ¢, and integrating, we obtain

Z / a; (z,u,,Du,)E; D;u; +

i'=ln 0
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ZZA/a;’ (z,u,,Du,)E;u’? D;u’ +
i=1 Q

(2.5)
+/a{,’u:E:U: = —/f:(z,u,,,Du,,)EZU;’.
Q Q

Using the assumption (A, ) and the Cauchy’s inequality
(2.6)
a v v |2 Cg v v\2 v.|2
> E; | Du} | +§r.—x E; (u})? | Du; |* +
Y Q
+a0/E: (us)? < constant
0

Since E¥ > 1, therefore u, is bounded in (H; (Q))™ . This shows
that (for a subsequence)

u, — u in (H, (1)) weakly,
u, —u ae. in 0| || L=q)n < constant.
Next, we show that u, converges strongly in (H}(2))™ . For
this, we follow the method of Leary-Lions [8]. Let &, = u, — u
and substitute this in equation (2.2). Multiply by test function

$2 = (E4 ), where EY = exp{A(u%)?}X = 2¢}/a?. Integration
over (] gives:

E/ a;(z,u,,Du + Du,)E. D;u dz+
i=1 0

22:\/@’ (z,u,, Du + Du,).
=1 0
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or

Z/ (z,u,, Du + Du,)E} D;u! dz+

Z /.-"(z,u,“Du,.)E;(a;fD.-a;dz
i=1 Q

+/a0u"E:u:dz— /f:(x,u“,Du,,)E;ﬁ;dx—

Q

/a;u"E;a:dz— Z/é.-" (@, v,) DuEy D;@; dz—
=1

a

(2.7)
((H ()™, (Hg (M)™)

where assumption (A,) has been used.

By the assumption (A,) we can estimate 1.h.s. and thus we
obtain :
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a/E; | D, |? dx+2f\a/E];(ﬁ;)2 | Du;, |* a0 /E;j (8,)* <

Q ¢] a

—/f:(x,u,,,Du,,)E:ﬁ:dx—/agu"E:ﬁ:dx—

Q

// DuE"D L dz—
Zz,\ / .)DuE? (a%)? D;u",dz—

—Z < Di|¢! (z,u,,Du + D4,) — ¢! (z,D,,D3,)], E @}, > .

(((H™* (@)™, (H, (2))™)

Using the inequality (a + b)? < 2a® + 2b%, Young’s inequality and
assumption (A7) we have

a/E‘; | Day, | dx-i—/_\a/E:(ﬁ:)z | D, |* dz+
0 Q

w [ Ei@) < [ BiCy@) |3 | o

Q

+/E’:(2c3) | Du |?| ﬁZdz—/agu"E:ﬂ:dx—

Q Q
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—2/ @/ (z,u)DuE! D;u dz—

'10

- Z 2 / a; (z,u,)DuE} (@)’ D;w, dz+
+ Z /[q,f’ (z,uu, Du + Du,) — ¢/ (z,u,, D4,)|E; D;w, dz+

322 [ g @0, Du+ D8,) - & (2,0, D, )IB; (8)7 D, )da.
i=1

Since u, — u a.e. in 0 and || u, ||} q))< const, then by
the use of Lebesques dominated convergence theorem, we have

/E Co(z dz+/E,‘,’,u(ZC(3) | Du |* @, dz — 0,

as we know that C,(z) € L'(Q) and | Du |*€ L'(Q2), also EY is
bounded in L* ().

The term [ afu” E¥@" — 0, because aSu” belongs to L?(2),

a

u, — u in (H}())™ weakly which implies that 4, — 0 in
(L?(92))™ weakly. Thus we may prove in a similar manner that
other terms tend to zero. Therefore left hand side of the last in-
equality also tends to zero. We know that EX > 1. This in turn

gives that @, tends 0 in (H](12))™ strongly.
u, — uin (H; (2))™ strongly implies that
Du, — Du a.e.in ]

for a subsequence.
By (A7)



NONLINEAR ELLIPTIC SYSTEMS... 55

| f: (z’uu’D“’n) |S Co(x) +¢3 I Du:(:c) |2’

where | Du’ |* converges in L*(fl) - norm. Thus we can apply
Vitali’s convergence theorem to the sequence

£ (z,u,,Du,) = f*(z,u,,Du,) a.e. infl,

and so we have that this sequence is converging also strongly in
L'(0Q) - norm.

Further, since a! satisfy Caratheodory conditions thus,
a; (z,u,,Du,) — a} (z,u, Du) a.e. in fl.

Consequently, (A;) and Vitali’s convergence theorem imply that

a! (z,u,,Du,) — a’(z,u, Du) in L?*(0),

as v — 0. Therefore applying (2.2) to fixed test functions ¢, €
Cg (91), as v — 0 we obtain theorem 2.1.

3. A theorem on perturbations

3.1. Formulation ahd assumptions. Consider for u* = (u'*,
o uME) e (HH(Q)M N (L= ()M the following system of equa-
tions (k =1,2...):

(3.1)

- ZD; [av* (z,u*, Du*)] + a8 (z)u** + f*(z,u*, Du*) =0,

=1

where v = 1,...,M. We assume that the functions a* and f“*
satisfy Caratheodory conditions, also ag*(z) are measurable.

Furthermore, we suppose that:
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da > 0,a;,; > 0 and o, > 0 such that
(A,) > atk(z,p, )t > al & P,

=1

a, < ag*(z) < ay;

such that

Jc, > 0, a constant and a function K; € L*(Q)
(A.)
| af*(z,p,€) S e[l w |+ | €]+ Ki(2);

n

(4s) Z Z[a?"(z,p, €) — a/* (z,u, €M) - 55(”] >0

v=1i4

for z € Q and ¢ # €V,

(A a*(z,p,€) =& (z,n)€ + ¢/ (2,9, ),

where | ¢“*(z,u, §) |< ¢*(z),a*(z),q"* satisfy Caratheo-
dory conditions, @* is uniformly bounded if | f | is bounded and
also we have ¢** € L?(0).

(As)' The first terms of equation (3.1) may be written as

- Z D;[a’* (z,u, Du)] + at* (z)u” = p**u” + Q% (u),

i=1

where P* is an operator with constant coefficients and

Q“*(u) = =) _ Diby*(z,u, Du) + by* (z)u*,

=1
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by* (z,u, £), by* (z) are zero if x is out of a compact subset of

0.
(Ag)" Further we suppose that all the solutions of the equation

P**u’ + Q"% (u) = h, h e L= (0)

belong to L ().

For the second part f*(z,u*, Du*), it has been assumed that
is satisfies the sign condition

(A7)
5 (z,p, E)pv* > 0;

(4s)
| £5 (2,0, €) |[S Co(z) +0(| 1)) | € 2

where C, € L* (1) N L*(N2) and b is a nonnegative continous
function.

(Ao)

If ¢¢ — €°,u* — pthen for a.e.z €N
a;* (z,u*, &) = a/°(z,0°, €°),
¥ (z) - at° (2)

and

fuk(zvﬂkagk) - qu(z,p’O’fO)’ as k — oo.

We shall now prove following result: if u* is a sequence of so-
lutions of (3.1) belonging to (H} ()™ n(L*= (2))™, (k = 1,2,...).
then there exists a subsequence #* such that 4* converges strongly
to u® in (Hj ()™, where u° is the solution of (3.1) with k = 0.

Multiplying equation (3.1) by ®“*, integrating over {1, we
obtain
(3.4)
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Z/aﬁ"‘(z,u",Du")E""D;u""dz+
=1 a

+ E 2\ / a’*(z,u*, Du*)E"* (v**)? D;u"*dz+
Q

=1

+/ag"(x)E""(u"")’dz= —/f""(z,u",Du“)E""u""dz.
a a

By the assumption (A4,), 1.h.s. is greater than or equal to
noindent(3.5)

a [ B* | Dut [ da+2ha [ B |t 2| Dt P dav
Q

Q

ao/Euk Iuvk I2 dz
Q

and for r.h.s. we have
—fuk(z,uk,Duk)Eukuukd:BS / | f""(a:,u"’,Du") “ Eukuvk ld:l:
Q

< ;S-supE”"/Co(x)dz+§/E"" | Du** |* +
0

Q a

_2%/(C2)2Evk(uuk)2 |Duvk |2 d:c
e}

Thus,
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(3.6)

2 [ B 1 Dt P dotda [ Bt P Dt P ot

Q a

T /E"k | u”* |* dz < constant.
0
or
(3.7
| u* “(u;(n)u < constant,

since EY* > 1.

The boundedness of v* in (H; (1)) implies that there exists
a subsequence of u* (dnoted again by u*) such that u* — u°
weakly in (H; (02))™ and u* — u° a.e. in Q.

Theorem 3.4. u* — u° strongly in (H} (Q))™ as k — oo.

Proof. Put #* = u* — u® in equation (3.1) and multiply by
¢* = Ev*u** = exp{A(u**)?}u**, where X = 2C? /a?. Then we
have

(3.8)

Z/ a/*(z,u*, Da*)E** D;u"* dz+
=lg

sz/ a’* (z,u*, Da*)E** (#*)? D, 5** dz+

=1

+/a§"(z)ﬁ""E""ﬁ”"dz= —/f""(a:,u",Du")E""t‘t""df*—

(4] Q
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—/ag"(z)u”oE“"‘ﬁ”"d:c—E/&f"(:z:,u",Du""E""D.-ﬁ”"da:—

a |'=1n

- Z 22 / a’* (z,u*)Du*° E¥* (uv**)? D,u"* dz—
i=1 a :

- Z < D;[¢’*(z,u*, Du* + Du®)—

—q;* (z,v*, Da*)), B¥*a** > ((H-H ()™, (Hy ()™)

by making use of assumption (A4,)'. Also by the use of assumption
(A,), 1.hs. is greater than or equal to

(3.9)

a/E"" | Dav* |? d:z:+2:\a/E""(ﬁ”")2 | Da** |? dz+
9]

Q

+a / Ev*(a*)%dz.
Q

On r.h.s. the term
(3.10)

—/f""(:z:,u",Du")E""ﬁ""dz < /C’o(z)E"" | &% | dz+
0

Q

+/(2CQ) | Du*® > E** | a¥* | dz + g-/E”" | D@** |* dz+

Q Q
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1 _
+3a [@CF B (@sy | Dat 1 ds,
9]

by the use of Young’s inequality and the inequality

(a +b)® < 2a® + 2b°.

From equations (3.9), (3.10) we obtain

2 [ &% | Dw* P do+a [ B4 (@) | Dat 1 dav

a Q

. / B* (a*%)?dz < / Co(2)B** | @ | dz+

Q Q

+/(202) | Du*° |* E** | @** | dz — /a‘é" (z)u"°E**u**dz—
9]

Q

Z/a:."‘(x,u")Du"oE""D;u""d:z—

i=1n

— Z 2\ / a’* (z,u*)Du*° E** (a**)? D;u** dz+
1=1 a

+Z/[<I.~”"(x,u",Du°+DU")—q.‘-"‘(z,u",Du",)]E""D.-u""dx+

i=ln
+22/\/[qfk(z,u“,Du° + Du*)—
=1 Q

—q'* (z,u*, Du*)|E** (v**)? D;u"* dz.
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Lebesgue,s dominated convergence theorem gives,

/Co(x)E"" | u* |dz+/(20,) | Du*® |* E¥* | u* |- 0,
Q

Q

since Cy (z) € L' (), | Du*°® |*€ L'(1) and E*,u”* are bounded
in L* (). Also u** — u*® in H}(Q) imlies that D;u** — 0 in
(L?(0))™ weakly. By the assumption (A,)’,a?* (z,u*) is bounded
in L* (2). Thus the third and fourth terms in the right side will
tend to zero. In a similar manner, it can be shown that all other
terms in the right side, and consequently all terms in the left side
will tend to zero, as k — oo.

Since E¥* > 1, thus

u’* — u*® strongly in H}(Q).

Our main objective is to justify the passage to the limit
k — oo in (3.1) which yields perturbation result. The strong
convergence of u* in H} (1) implies that

Du** — Du"° a.e. in 0,

for a subsequence.
Therefore, by (A4,)’
7% (z,u*, Du*) — f*°(z,u°, Du®) a.e.in Q.

Also, by the assumption (A7)

| /% (2, ", Du*) [P Co(z) + b(| w*(2) |) | (Du"*(2) %,

where Co(z) € L'(Q),b(| u*(z) |) < C, and | Du**(z) |* is
convergent in L'-norm. Therefore using the Vitali’s convergence
theorem
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f*(z,u*, Du*) — f*°(z,u’,Du’) in L'(N)

strongly. Further, assumption (Ag)' implies that

a’*(z,u*, Du*) — a/°(z,u°, Du®)

for a.e. z € 1], and

a* (z) — a;°(2)

for a.e. z € 1.
Vitali’s convergence theorem and the assumption (4;)' imply that

a’* (z,u*, Du*) — a/°(z,u’, Du°)

in the norm of L?(01). Further, since a, < a¢* < a,, thus

as* (z)u* — af°(z)u*® in L3*(N).

Therefore as k — oo, u”? satisfies equation (3.1) for any test
function ¢¥ € CP (11). We have thus proved following theorem.

Theorem 3.5. If the assumptions (A,) — (A,) are valid
and u* are solutions of system (3.1) belonging to (H; (2))™ N
((L* (02))™, then there is a subsequence of u* (denoted again by
u*) such that u* — u° strongly in (H}(02))™ and u°® € (H}(02))™
N(L> ()™ is a solution of equation (3.1) for k = 0.
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