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IMPROVED ERROR OF AN ARBITRARY ORDER

FOR THE APPROXIMATE SOLUTION OF
SYSTEM OF ORDINARY DIFFERENTIAL
EQUATIONS WITH SPLINE
FUNCTIONS

TH. FAWZY and Z. RAMADAN

Abstract: This paper is concerned with the system of nonlin-
ear ordinary differential equations Yy’ = fi (z,y,z) , 2= f, (:z:,y, z)
with y(:z:o) = Yo and Z(ZEO) = 2, where f,,f, €EC",r € I*. An ap-
propriate method for obtaining spline function approximations for the
solution of this system is established. These spline functions are not
necesseraly polynomial splines. It is shown that the method is a one-
step method O(R**"*™) in yl (z) and 2(9) (z),g=o0(1)r + 1 where
0 < a<1. Here misan arbitrary positive integer which in fact equals
the number of iteration processes describing the spline functions defined
in the method.

Description of the Method

Consider the system of ordinary differential equations -

v = filz,v,2),  y(Zo) = o (1)
2' = fa(z,y, 2), 2(zo) = 2, (2)

where f;,f; € C7([0,1] X R?) and r € I'*.
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Let A be the partition
A:0=z<zZ,...<Zp <ZTp;4;<...<2z, =1

where z,,, —z, =h <land k=0(1)n —1.
Let L, and L, be the Lipschitz constants satesfied by the
functions flm and f,‘(,") respectively, i.e.,

lfl(q)(z’yl,21) - ffq)(x,yz,z2)| < Li{lyy — 2| + |21 — 2]}, (3)
|f2(q)(zay1,31) - 2(“(3:!/2,2” < L{lys — 2| + |21 — 22|} (4)

for all (z,y,2,) and (z,y,,2;) in the domain of definition of f;
and f; and all ¢ = o(1)r.

It should be noted that we use the Lipschitz conditions on
fi and f; to guarantee the existence of unique solution, y(z) and
2(z), to the problem (1)-(2).

The functions fl(") and fz("), g = o(1)r are functions of z,y
and z only and they are given from the following algorithm :

Let’ fl(O) = fl (I,y,Z) and fg(O) = f2(zayaz)
Then, for all ¢ = 1(1)r

dof 3]'("_1) af(q—l) af(q—l)
(g+1) — 1 _ ple) _ 1 1 1
v Az oz oy 't Tar
and
gorn = @ha g _0LT0 9570 oY
dz? 2 oz gy ! 9z °

Now, choosing the arbitrary positive intger m, we define the
spline functions approximating the solution y(z) and 2(z) by Sa
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and S, (z) where
Sa(2) = 57 (2) = 5,7} (au)+

+ / filty ,S,lgm_ ll(tl)’ S';l,m_ 1](tl)]dtl

Sa(z) = 8" (2) = 5"\ (zx)+

+ / falts, SI™ 71 (), 8 ey))dty

where

(5)

Ty Sz < Zhyy, k=0(1)n—1, S[_";](Zo) = yo and S[_";](zO) = 2.

To equations (5) and (6) we associate the following m itera-

tion processes:
Forz, <z<z4yy, k=o0(1)n-1,

m (x—xk )+
5(z) = sim! Z :

G +1)!

“’{zk, [l (x,,), L""l(xk)}

-fé”{xk,S""l(Ik) S["' 1 (2x)}s

SLJ]() S[m zk /fl[tm J+1)S[J 1](m :H-l)a

(7)
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’ S';[cj— ! (tm—j+1)]dtm—j+l
Slile) = ST + [ Bltnoser 87 o),

T ORI F

where 7 = 1(1)m
By construction, it is obvious that S, (z) and S4 (z) € C[0,1].

Error Estimation and Convergence

The exact solution to the problem (1) - (2) can be written in
the following forms:

Forallz, <z<z,,, k=0(1n-1,
y(z) =y'"l(z) = +]f1 [ty (), 2 M (k) ]dt (8)
and
z(z) = 2I™)(z) = 2 +/zfz[tl,y""“‘(tl),zl"‘*”(tl)]dt1 (9)

where the following m-iteration processess are considered,

y'°(z) = v + Z (’)+ (10)

y(r+ 1)(6“)
(r+1)!

I—I ;
z[ol —-— _zk+2 k (J)+

(z — zx
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z(r+1)(nk)

)

(z — zx)

Y91 (z) = yy + / Filtm e se 105t 21),

Tk

A CAREPTRY | 1! S

z[:‘](z) = 2z, +/fz[tm—j+1,y["_1](t'"—J""l)’

Tk

1zlj_ 1 (tm -7+ 1)]dtm -J+1

where 7 = 1(1)m and & ,nx € (Zk,Zh+1),k = 0o(1)n — 1.

Here z; <t, <t,n-1 < ...<tp-j4+1 < ...<t; <z <
Ti41-

First, we consider the subinterval I, = [z,,z,].

To estimate |y(z) — S™!(z)|, we use both (5) and (8) for

k = 0, both (7) and (10) for kK = 0 and the Lipschitz conditions
(3)-(4), so we get:

v(a) - S (@) < L /uwMIMt) S (0)) + 1m0 (0)-

- S(')"‘ H(t,)}dt,,

z t;

<t [ [Qm-e) - sl )+

Zo To

+ 2™ 73 (ty) — S (¢,) |}t dt, +
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z t;
+LL, / / (=71 (t2) — S~ (t) 1+

Zo To

+ 2™ 72 (t,) — 8™ (¢,) |}t dt,

x tl fg

<t [ [ [am=ie) - s o)+

Zo To To

+ 23 (ts) — 8™ (t,) | Yt dt, dt, +

xz t; ta
r2iila [ [ [aymeoles) - sl

Zo To Zo

+ Izm-s(t3) — g([)m—:‘li (t3)|}dt3dt2dt1 +

z t; tj
+nz [ [ [em) - s )

To To To

+ 2™ 2 (ts) — 8™ 0N (t,)| Y dtadt, dt, +
<.

<m§f —ICL""L’// /{|yt°1 -

Zo ZTo

O ()| + 121°) (2 ) —
S""(t,,,)]}dt,,, dt,._,...dt,dt,
0),

it easy to get:
200

Using (7) and (1

@) = Sa @l S gy
-w(h) = O(ha+r+m+1)

where

m-—1 ..
= Yy ™ 1¢;LT77 L], w(h) = max{w(y"*V,h),w("*V h)}
) =0
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and w(y"*Y k), w(z{"*1) k) are the moduli of continuity of the
functions y("*+%)(z) and 2("**)(z) respectively.
Similarly, using both (6) and (9) for k = 0 and both (7) a

(10) for k = O together with the Lipschitz conditions (3)-(4), it
can be easily shown that:

2¢, rem+1,
|2(z) = Sa(2)| < (

r+m+1)! (12)
-w(h): (ha+r+m+1)

m-—1 . .
where ¢, = Y, ™ 'C,LIL} .

7=0
We now estimate |y'(z) — S}, (z)|.
Using both (5) and (6) for k = 0, both (7) and (10) for k =0
and the Lipschitz conditions (3)-(4), we get:
[¥'(2) - 55 (2)] < Lu{ly'™ M (2) - 87 (=))+
+ |2 M (2) = 55" M ()}

/ {ly™ =2 (t2) — 54" " (ta) 1+
+ 1z‘"'-21(t2) = 5" (ta) |yt +
thils / {71 (t2) = 557 ta) 1+

+|2'"' () — 53" 7 (ta) |}t
<..
xz tz ty tm-1

<o [ [ [ [ )52

To Zo ZTo Zo

+ 121 (tm) = 581 (tm ) Yt m dtpn s .. dbdty
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Using (7) and (10) , we get:

2¢,

ly'(z) — Sa(z)| < m

h*mw(h) = O(he*7+m)  (13)

In a similar manner, using both (6) and (9) for £ = 0 and
both (7) and (10) for k = O together with the Lipschitz conditions
(3)-(4), we can show that :

, =) 2¢,
#(2) = 83 ()] < (o,

hHmw(h) = O(he*7+™)  (14)

From (3), and (4), (13) and (14), it can be shown that:

v (z) - S8 ()] < (ricfnyh'*'"w(h) =O(h**"*™)  (15)
and
20 (2) — 89 (2)| € -kt mw(h) = O(AT+* ™) (16)
(r + m)!
where ¢ = 2(1)r + 1.
Then, we consider the general subinterval I, = [zyx,Zx.1],

k=1(1)n - 1.
To estimate |y(z) — Sa (z)|, we give the following notations:
e(z) = |y(z) - § — Alz)],
&(z) = |2(z) — Sa(z)l,
€ = |Uk - Sa (Ik)l
& = |z — Sa(z)]

Then, using (5), (7), (8), (10) and the Lipschitz conditions
(3)-(4), we get:

e(z) < e + L /{|y[m_ll(t1 - S;lcm-”(tt)l + |2 () -

Tk
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= 5 () Y

<ck(1+L1h)+L he, +L2//{|ylm 2]( ) S[m 2](t2)l

T ZTx

+ |27 21(t;) — S [m — 2](t;) |}t dt, +

z t;
*L*’”/ / (g™~ (t) — SI™ 2 )+
+|Z[m 2]( ) Slm 2](t2)l}dt2dt1
2h h?
<e(l+Lh+L*— +LL,— )

h2 h""

+ & (L, h+L2—+L,L2 5 —)+

z t; ta
w8 [ [ [0 - s+

Tk Tk Tk

+ |21 =30 (t,) — 8™ 0N (t) |} dts dt, dt, +

z t; t,
v2in, [ [ [Qm=1) - sl )i+

Trg T Ti

+ 2™ =9 (t5) — 1™ 0 (4) Yt s dt, dt, +

z t; t,g

+L1L§///{|y[”“3‘(ta)—S,E""s'(ta)l+

Tk Tx Tk

+ |2 (t5) — S 0N (t5) |} dts di, dt,
<...

< (1 + Cgh)ek + Czhék+
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z t, tm-1
// / (1 ) — 5 (b)) +

+ 12t ) = 5 (b ) [}t e — 1 ... dtadt,

where ¢, is a constant independent of A.

Using (7) and (10), then for some constant ¢; independent of
h, we get :

2¢

e(z) < (1+csh)ex + cshe, + rtm+1)!

RrEmtiy(h)  (17)

Similary, using (6), (7), (9), (10) and the Lipschitz conditions
(3)-(4), it can be shown for some contant ¢, independent of h that:

2c,

€(z) < coher + (1 + eh)es + oy

R tm*rw(h)  (18)

To achieve the proof of the convergence, we state the following
definition of matrix inequality.

DEFINITION : Let A = [a;;], B = [b;;] be two matrices of
the same order, then we say that A < B iff

(i) a;; and b;, are non-negative,
(ii) a;; < b;Ve,7.

Accordingly, if we use the matrix notations

E(z) = (e(z) &(2))"
Ek = (Ck )T k= o(l)n -1
.we can write the estimations (17) and (18) in the form :

1+Cgh« Cgh 2 Co
E < E s prtm+1 h
(z) < ch 1+c,h k+(r+m+1)! w (k) ¢
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or

2

E(z) < (I +hA)E; + m

Rt iu(R)B (19)

Cy Cy C;

where A = [ca Cs ] , B = [co] and I is the identity matrix of
order 2.

Then, we give the following definition of the matrix norm:
Let T = [r;;] be an m X n matrix, then we define

n
IT|| = max ) _ |r;]|
¢ j:l

Using this definition, we get:
|1 E(z)|| = max(e(z) &(z)) (20)

Since (19) is valid for all z € [zx,zx4 ], K = o(1)n — 1, then
the following inequalities hold :

2

IB@ < (0 + BLADIED + gy ™
(A8l
(1-+ ILADIEN < (14 BAD ||+ ey
B+ AL
(1 -+ BIAD Bl < (0 BUAD B |+ ey

R w(R)| B (1 + R A])?

2
Ry (R)|| B (1 + Al

(L+RJAD B < (1 + A A Eo | +
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Adding L.H.S and R.H.S of these inequalities and noting that
|Eo|| = 0, we get :

IE@ < g™ eI (1 + ALY

< esh™*™w(h)

Al .
where ¢; = %%}ET”;I%, is a constant independent of A.

Thus, using (20), we get:
e(z) < csh™*™w(h) = O(h*t"t™) (21)

and
é(z) < csh™™w(h) =O(h**"™+™) (22)

We now estimate |y'(z) — S, (z)|. Using (5), (7), (8), (10)
and the Lipschitz conditions (3)-(4), we get:
¢(z) =l (z) — Sa ()| < Li{ly 1 (2) = 57 + (=) 1+
+ |2 (2) = 5" (=) )

<L (Ck 'Jr‘Ck +L2 /{|y[m 2]( ) SIm 2](t2)|+

Tk

el (e) = SN0 s + Lok [ (7 0s)-

Tk

— SIm 7 (t,) | + |22 (t,) = ST (8,) ] Yt
<e,¢(L1+L’h+L,L2h)+ek(L1+Lf+L1L2h)+

*LS//{ly‘"* () = SI" ()] + ) -

Tk Tk
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— 5I™ 731 (t5)|}dts dt, +

+2L2L2f/{ly‘"‘ 2 (t5) — SI™ = (25)] + 27 %) (ts)

— 8Im %0 (t,)|}dts dt, +
z t,
+L‘Lg//{ly‘"‘ Mts) — SN (ta)| + |21 2 (25) -

- S’Lm_sl(ta)l}dtadtg
<..

<Ce €k+6k +Co// /{|y[0] )_

Tk Tk

S 1 0) = S )l ..t

Then, for some constant ¢, independent of h and by using
(7), (10), (21) and (22), we get:

€'(z) < 2¢csc,h" ™ w(h) + 2$h'+"‘w(h)
Thus, we have proved that:

e'(z) < cgh™*™w(h) =0O(h**™*™) (23)

where ¢g = 2¢5¢;7 + 51_97’ is a constant independent of h.

In a similar manner, by using (6), (7), (9), (10), (21), (22)
and the Lipschitz conditions (3)-(4), it can be shown that :

£(x) = |2/(z) - 54 (2)| < b ™ w(h) = O(R**"*™)  (24)

where ¢, is some constatnt identependent of h.
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From (3), (4), (23) and (24), it can be shown that:
v (2) = 82 (2)] < esh™* ™ w(h) = O(h™*"* ™) (25)
and
29 (2) - 5 ()] < eoh™*™ w(h) = O(h™*"*™)  (26)

where ¢ = 2(1)r + 1.
Thus, we have proved the following theorem:

Theorem. Let y(z) and z(z) be the ezact solutions to the
problem (1)-(2).If Sa (z) and Sa (z), given sn (5) and (6) are the
approzimate solutions, then the inequalities

9e) = 50 (&)] < Gy,
2(2) = 5 (&)] < oy A),
ya)) - S5 (a) < 7 _Z:m) K™ w(h),
20)(@) - 54 (@)] < oty (),

hold true for all z € |zo,z,| and all ¢ = 1(1)r + 1 where

m-—1 m—1
_ m-1 m=-Jjrj — m-—1 Jym-—j
Co = E ¢, Ly 'L} and ¢, = E ¢;Li L,

=0

and the stnequalities

lv(q)(z) — S (z)| < Ch™* ™ w(h)

and
|2(q)(z) — 85 (z)| < Kh™* ™ w(h)
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hold true for all z € [z4,zx41), k=1(1)n—1 and all ¢ =
o(1)r + 1 where C and K are constants and independent of h.

Numerical example:

Consider the following system of differential equations:

Y =yt+z—z—12°—¢€**

2 =2y +2z— 2 —22° -2, y(0) =1, 2(0)=2

The method is tested using this example in the interval [0, 1] with
step size h = 0.1 in the following cases :

(i)r=0and m =1,2,3
(i) r=1and m =1,2

The analytical solution is:
y(z) =e* + zand 2(z) = €** + 2% + 1

The tabulated resulted are evaluated at the point z = 0.25
(i) The caser =0.

Analytical value Numerical value [Absolute error
1.534025417 1.530346203 3.679214E-03
1.533757995 2.67422 E-04
1.53400966 1.5757 E-05
2.261907185 2.2118232E-02
2.282660605 1.364812E-03
2.283956955 6.8462 E-05

Il

I

y’ [2.284025417

= 70386284 7.358431 E-03
z [2.711221271 =2 [2.710686426 5.34845 E-04
=3 [2.71118976 .1511 E-05

3.753206079 4.4236464E-02
3.794712919 2.729624 E-03
3.797305619 1.36924 E-04

2’ 3.797442543

SESEEEESEFEE
OOMHWNH&NHOONH
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(i)

The case r = 1.

y [1.534025417 m=1 |[1.533906117 [1.193 E-04
m=2 [1.534018405 [7.012 E-06

y’ [2.284025417 m=1 [2.283397416 6.28001 E-04
m=2 [2.283994225 [3.1104 E-05

y” |1.284025155 m=1 [1.282951722 [1.073433 E-03
m=2 [1.283931843 P.3312 E-05

z [2.711221271 m=1 [2.710982672 [2.38599 E-04
m=2 [2.711207252 [1.4019 E-05

2’ 3.797442543 m=1 [3.796186541 [1.256002 E-03
m=2 [3.797380159 6.2384 E-05

z” [8.594884559 m=1 [8.59273769 [2.146869 E-03
m=2 .594697939 (1.8662 E-04
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