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1. Introduction. Recently, R. S. Mishra and K. K. Mathur [1] introduced
a global method for solving the (0, 2, 4) interpolation problem with splines.
They constructed spline polynomial of degree 6 and deficiency 2 for functions
f€C5. They introduced the following convergence theorem.

Theorem 1.1. (Mishra and Mathur). Let feC3[0, 1] and S,(x) be the
unique spline satisfying the conditions of Theorem 3 of [1]. Then (n = 2m+1)

IS9) ~ 1190 =2245 mr=bo L+ me-si .

where ¢ = 0, 1, 2, 3, 4.
In this paper we study the following interpolation problem. .
Problem. Given A:{x; = ih}i-o and arbitrary real numbers{f,, fi , ﬁ’”)}?=o.

Find S such that
(1.1) S@(x) = fox) = f@,4=0,2,4,i=0,1,...,n. O

The purpose of this paper is to construct a local spline method for solv-
ing this problem using piece-wise polynomials of degree 6, such that for all
functions fe C®, the order of approcimation is the same as the best approxi-
mation using splines of degree 6.

2. Construction of the spline interpolant. We shall construct a solution
S of the given problem in the form:

6 g )
(2.1) SA(x) = Syx) = Z JL(x Xy X=X=X4 41,
where k =0, 1,...,n—1.

We shall define each of the S, explicitly in terms of the data. In parti-
cular we choose

(2.2) S =9 qg=0,2,4and k=0,1,...,n—1.
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Fork =1,2,...,n—2we take

(2.3) §® = ;{ 0, — 21+ 1, }
(2.4) SP = { (i) _ pn) _3(6)}
(2.5) SO = { [/ _f(iv) SO _Z'_Saﬁ)} and
s=L B oo 1o B om e
kT Jenn—Tu— fk S f S 6|Sk .
(2.6)
For k = 0 we take
@2.7) S = s,
2
(28) S6 = i{f#""’ -8 —h;ss?’},
3) iv h
(2.9 Sy = { fi—fo—— f( ) 53(5) _S(e)} and
1 h2 h3 ht hs he
S = —f f i S _—_g)_ —_g®
° n{fl L T TR TR R }
(2.10)
Finally for k = n—1 we take
(2.11) S =82,
(2.12) §®, = { @ g _ _S(s) }
(2.13) S, = %{ fofo - __f(,:) _r ) _Z_Sm) }and
1 h? h3
W _ . v
= dr -1 —;fn-l Sy, -
(2.14) o o
' 51 6!

The relation (2.3) is an assumed formula and it has been chosen to give a
good approximation to f®)(x), x, <=xX=,,,.
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The relations (2.4), (2.5) and (2.6) have been chosen to make S, satis-
fying the following condition fork = 1,2,...,n—2:
(2.15) Sﬁfq)(xk+1) = S (%) = f81,94=0,2,4.

Similarly, the relations (2.8), (2.9) and (2.10) have been chosen to make
S, satisfying the condition (2.15) for k = 0, while the relation (2.7) has been
chosen to make

(2.16) DES,(x;) = DRSy(X).
where Dy, is the right derivative.

Finally, the relation (2.11) has been chosen to make
(2.17) DES —y(Xn-1) = DRSp—1(Xn-1)»

while the relations (2.12), (2.13) and (2.14) have been chosen to make S,
satisfying the condition

(2.18) S9x,) = f@,q=0,2,4.

Clearly, the function S defined in (2.1)—(2.14) solves the interpolation
problem. Moreover, by construction it is clear that S is a piece-wise polynomi-
al of degree 6.

Indeed S is the unique piece-wise polynomial of degree 6 in
(2.19)  CO249 x5, %] NCO 2 D[xo, x,] N CO 24O [x,_y, X,]

and satisfying the interpolation condition (1.1), where
(2.20) C©240[q,b] = {f:f, D3f, Daf, Daf €C[a,b]} and

(2.21) CO 29(a,b] = {f:f, DAf, Daf €C[a, b]}.
S is a special kind of g-splines, we refer to it as lacunary g-spline.

3. Error bounds for the spline interpolant. Suppose f€ C%[x,, x,]. Then
using Taylor and dual Taylor expansions it is easy to establish the following
lemma estimating how well the S{> approximate fU)(x,) in term of the modu-
lus of continuity w(D®f; h) of f(®)(x).

Lemma 3.1. For 1=k=n-2andj = 1, 3, 5 and 6, we have

@.1) | S — f(x,)| = Ch8~ix(DS3h),
7 5 3
where the constants c., are the following: c¢;;, = ——, Cap = — C5p = —
jk J g Cik 240’ ag’ o 4

and c¢g = %
Theorem 3.1. Let feC®[x,, x,] and let S, be the lacunary g-spline con-
structed in (2.1)—(2.14). Then for all 0=j=6 and all 1 =k=n—2, we have

IDI(f = SA)IL o xge11 = C ik 18T eX(DOf3h),
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. 79 * 1 * 7 L]
where the constants cjx are: Cox = ———, Cix = —,Cox = ——, Cax =
ik Ok 20" 5 2k oq S
=3 . ic'—gandc'—3
48,C4k— 2)5k 4 6k

2
Proof. Usint the Taylor expansion of f(x), x,=X=,44, and (2.1) we
get

5 Ny} — S
/()= Six)| = > |f<n(xk}! St

j=0

| pis

he 8, | fI(x,)— S|
Lrey sy — SO | — WA M) T Ok | g
+ o | S®X(E) — Sk [_,Zo F hi+

hé . .,
+§lf6)(5)—f(“)(xk)|,
where x, <& <X, ,,. Using Lemma 3.1, (2.2) and the definition of the modulus
of continuity of f®)(x) we get

|/ — Sux)| =

79
héw(DEf; h).
1440 (D7 1y
Similar procedures for the derivatives will easily complete the proof. O
Finally, we can use the above theorem to prove the following lemma and
theorem.

Lemma 3.1. Fork =0,n—1landj = 1, 2,3, 5 and 6 we have

lsﬁj) = fOx)| =c;,  h®~iw(Df; h),
where the constants c; , are given by ¢, , =

5

y € = —,C =

44’ HET 127 PR T g
andcs,,‘=i.

Theorem 3.2. Let fe C8[x,, x,] and let S, be the lacunary g-spline given
in (2.1)—(2.14). Then for all 0=j=6 and k = 0, n—1 we have

1D = S|t mtrgo xies1 = 65, k1~ DO ),
where the constants c,',k are given by cz,k =
. 35

€3,k =

&= 95 & _ﬂ
144 """ T Togg T T g
—-C —ic‘ -—l—sandc' =5
24) 4, k 2) 5,k 4 6, k
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