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Pesiome. Llenb paboThl — Haxo)KAeHHe aCHMIITOTHKU ABYX KOMOUHATOp-
HbIX cymMM. IlepBasi U3 HUX xapakTepH3yeT cKopocTb IBM c GiouHol mam-
ATBIO JUIsl CivYaiiHOro, a BTopasi — /UIsl IIAaroBOoro MoBeJEHHs NMPOrpamM.
BriuKciieHust nocieoBaTesIbHO MPOBOASITCS C MOMOILBI0 METOJA MHTErpasb-
HOTO MNpeaCTaBlieHNs] KOMOWHATOPHBIX CYMM, jJajiee C IMOMOILbI0 METONOB
Jlannaca u nepesaia.

1. MaTemaTH9ecKasi MOJie/Ib H CKopocTh IBM ¢ GnouHol namATLI0

1.7. Mamemamuyecxas modeas. PaccMoTpum Creaviourvio cxemy 3BM
¢ Osioyno#t mamsiteio [1,5]. DBM cocToMT M3 LEHTPaJILHOrO IpoLeccopa
U OMepaTHBHOM MamsiTH, KoTOpasi pasdura Ha Oioku B, ..., B,.

[porpammbl OMMCHIBAIOTCA C MOMOLIBIO TOCHeA0BaTeNbHOCTEH o06pa-
WeHn# K OnokaM mNaMaTd @ =Ty, Ty, ..., Iy 30ecb k — pnuHa mpor-
pamMMbl (YMCJI0 BHIMOJIHEHHBIX onepauuit), ar; (i = 1, ..., k) — ob6pauienus
K Onoxam mamsath, rae r,€ N = {1, ..., n}. MHO)XeCTBO TOCJea0BaTe/b-
Hocteil anuHBI k 0003Hauum uepe3 N,

INpennosaraem, YtTo 3a eJMHULY BPEMEHH BLIMOJIHSIOTCS BCe OYepeHbie
o0pallueHusi, KOTOpble OTIMYAKTCA APYT OT Apyra. [103TOMY BBINOJHEHHS
NpOrpamMbl o MO)KHO TOJYYUTb TNYTEM pa30MEHHsT T0C/IeA0BATEIbHOCTH
® Ha TOAMNOCIIEN0BATENBHOCTH @y(w), @y(®), ... MO CIAEAVIOLMUM NpaBHiIaM :

a ) 3JIEMEHTBI Ka)XKAOK moJnocnenoBaTebHOCTH Pa3JIMYHBI ;

0) nepBblif 3JIEMEHT Ka)XI0M MOANOC/IEI0BATENLHOCTH, 33 HCKIIIOYe
HHUEM @,(w), TOXKAECTBEHEH OJHOMY M3 WIEHOB MpeAblAvINEH moanocieno
BaTeJIbHOCTH.

Takoe pa3bueHue 10C/Ie0BATEIbHOCTH SBJISAETCS B3aMMHO OJHO-
3HauHbIM. J{nuHa J1I000# TMOAMOC/IeN0BaTeIbHOCTH MOXKeT ObITh 1, 2, ...,
n—1 wan n. Takum 06pa3om, BpeMsi BHINOJIHEHUSI T(w) MPOrpaMMbl @ €CTb
YMCII0 MOATIOC/Ie0BATENLHOCTEH NPY YKa3aHHOM pa3bueHuu . Hampumep,
ecmo =1,3,4,3,2,2,5, 10 ¢(w) =1, 3, 4, py(0) = 3, 2, pa(w) = 2,
5, a 7(w) = 3.

Q%



20 I. 1. EFOPBIYEB-A. M. UBAHH -A. 1. MAKOCUH

BeposiTHoCTHEIE CBOMCTBA («moBefeHHE») MpPOrpaMM OMMCHIBAIOTCS C
NOMOILLI0 ONHOPOJAHOM MapKOBCKOH Lemu, KoTopasi 3afla€TCsi BEKTOPOM
HaYaJbHEIX BEpOATHOCTeH p = (py, ..., p,) U maTpuuoi P = [p;] mepe-
XO[HBbIX BeposiTHOCTeH. Takum 00pa3oM, MHO)KeCTBO Nporpamm [JIMHBL K
MOJIJIMPYETCS 1OCIIeJ0BATEeIbHOCTBI) CIYYaHbBIX BETMYMH

(1°1) o=k kp

nﬂﬂKOTOp?ﬁP(El=i)=pi (i= 1, ey N) "P(§f+1 =j|Et=i)=p1j (t = 1, ey
k—-lunij=1,...,n).
Byzer paccMOTpeHO [Ba Kjacca NpOrpaMM, Mis 06OMX mojiaraem

pi=1/n (i=1,...,n). IlepexonHsie BEPOSTHOCTU
[Bef ... BB
ln...1n éﬂa---ﬂﬁ
(1.2) RAN =| - u STEP =| --- :
| BB ... BB

rae 8 = (1—a«)/(n—1). TepBasi mojenb Ha3biBaeTCsl CayyaiHO#, BTOpas
— HIaroBoii.

1.2. Cxopocms IBM ¢ 6a04noii namamero. Ckopocts 9BM ¢ Giiounoit
namsatbio V(n, M) 1na AaHHOM Mofenu mnoBefeHus1 M ompegenum ¢
nomoiplo cxopocreit V(n, M) Bt-biid (f = 1, 2, ...) MOMEHT BpEMEHH.

Iyctb ¢ = n'. Pa3o0bém Bce mnocneloBaTeNbHOCTH w€N? Ha NOA-
N0CJIel0BaTENBHOCTH. Toraa mo onpeaesieHUIo

(1.3) Vn, M) = wqu | pdw) | P(w, M),

rie g (w) — AJMHA {-TOM MOAMOC/IEA0BaTEILHOCTU B o, a P(w, M) — Bepo-
ATHOCTb @ o M B npoctpancTtee N9. Torga ckopoctb V(n, M) ompenenum
Kak

(1.4) V(n, My = lim — 3 V(n, M).
m=e M =1
Jns mpocToThl B CleAViOLleM MpuUMeHHM oGosnauenusi V(n, RAN) =

= V(n) u V(n,STEP) = V(n, «).

1.3. Senvie gopmyast cxopocmeii 04a cay4aiiHON U wa2080l Modeau
nogederus. Temepb MOKaXKeM, KaK CKOPOCTb 3aBHUCHT OT 4Yucia GJIOKOB.
J1s1 OJIHOTH MOBTOPUM OPUTMHAJIbHOE JOKa3aTesbCeTBo [1].

Jlemma 1.1. Ecau n=1, mo

(1.5) Vi =3 Hn—1)!
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HNokasaTenncTBO0. M3yuum pacnpejenenue BeposiTHOCTEH MJIst JJIMHBI
nepBoH MOANOCIeN0BATENLHOCTH @y(w) B w€ N9. Tlockonbky P;; = 1/n, To

(16) 3 P, RAN)=". n—1 —n=it+l i _ in-1
w€NT n n n n ﬂ‘(fl—i)!
lpa(@)|=1
Orciofa crneayer, 4to
S Bn— 1t

n
Vi(n, RAN) = > ig, = .
1( ’ ) ‘=z:,1 q; 1=Zln’(n—i)!
To >e pacCy)XaeHHe NMPUMEHMMO K OCTaJbHbIM IOAMOCIEN0BATebHOCTSIM
P2(®), - - ., pi(w) u cropocTsiM V (11, RAN), V4(n, RAN), . .. . OTowaa B cuny
onpenenenus (1.4) cnenver (1.5). O
Cropocte V(n, «) 3aBHCHT OT uMCia G70KOB N U «BEPOSITHOCTH
mara» o ciaeaviomum obpasom [2].

Jlemma 1.2. Ecau n=1 uO=a=<1, mo

n i—1
(1.7) Vi) = 3 z[ . ]xi_,, o B,
i=1j=0
20e
i—1
(1.8) X, n=(n—1)_4 Z i ]xi—j, n—j
HMokasaTenbcTBo. [1vcTh 7, 7,, - . . oﬁoaﬂaqalor CavyaiiHble BEeJHYMHBI,

riae 7, — AJUHA [-TO¥ MoAnocne 0BaTeIbHOCTH B 3neMeHTax NY. B ciyyae
11aroBod MOJENN pacrpesiesieHUs1 ITUX BEJIMUYMH HE3aBUCHMBI APYI OT Apyra
1 oavHaKoBBI. [103TOMY J0CTaTOYHO OMpeReNUTb pacrpejesieHue CiyyaiHoi
BEJIMYUHBI 7);, YTOOBI NOJNYUUTh BenuuuHy V(n, «), T. €.

(1.9) V(n, @) = > iP(n, = i).

i=1

Jlerxo Buzeth, uto (1.9) paBHOCHILHO COOTHOLIEHHIO

(1.10) V(n,@) = S iP(ny = i),

i=1

rae P (n,=i) — BepOSATHOCTb TOro, 4To MepBblie i oOpalleHUH OTIHYAIOTCA
ApYr OT Apyra.

Bynem roBopuTb, 4yTo ISl JAaHHOM MOCIENOBATENbLHOCTH @ = Ty, ...,
r, mapa (ry, ryy;) (1=t=k) npeiacraBnsier o«-nepexoi, €Cnu ry,=r,+1
(mod n); B NMpOTMBHOM Cjvyae Ha30BEM 3Ty mnapy p-mepexomom. Ilycts
C,(j, i) o603HauaeT YMCJIO MOAMOC/IEA0BATESILHOCTeH MAMHBI | Pa3THUHBIX
aiemeHTOB N, B KOTOPBIX j pa3 BCTPEYAeTCs a-MepPexol, a NMepBbIA 3J1eMEHT
pasen 1. Torga

(1.11) Vit,a) = 3'S alpi-1-1C,j, i)

i=1j=0
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Ocraércs onpepenuts uncna Cp(j, i). 3amernm, uyro umeercst ('7') Bos-
MO)KHBIX pa3sMellleHUH «-Tepexo/ioB M [-MEpexofoB B NOCJIER0BATENb-
HOCTH JUIMHBI i, cofiep)kawei j pa3 a-nepexopsl. Ilvere CY(j, i) — uyHcno
ToCJIe[0BaTeIbHOCTe pa3MyHbIX 3s1eMeHTOB N, /i KOTOPHIX IepBbie
i mepexo/i0B SIBJISIIOTCS «-MepEXOfaMH, a OCTajabHble i—j—1 mepexoxoB
— p-nepexonamu. Torga, 04eBHAHO, UMeeM

C(0,i) = CY0,i), C(i—1,i)=Cyi—1,i).
Janee, MOCKOJNbKY CYILIECTBYET TOJIBKO OJHA IOC/Ie0BaTeJbHOCTh M3 I
aneMeHToB C (i— 1) a-mepexogamM U € HayalbHbIM 3JIEMEHTOM 1, TO
(1.12) C(i—1,i)=1 (I=i=n).
CyMMapHOe 4YMCII0 TOC/IeI0BaTeNbHOCTEH MJIMHBI [ M3 3jemeHTOB N, Ha-
yyHatomuxcst ¢ I, paBHO
(1.13) (n—=1D_y=@n=-1)n-2)...(n—i+1).
3amerum, uto (n—1), = 1.
OTcloga cnegyer, 4To
i-1
(1.14) (n=1)—y = 2 C,(J, i)
j=0

Hakonen, paccmatpuBast N’ = {1, ..., n— 1} ¥ He yunThiBast nocieaHuit
a-niepexoj, MOJYYUM, YTO YUCIO MocCjejoBaTesbHOCTEd mNMUHBL [—1 Aist
napametpoB j—1 ¥ n—1 paBHB YHCIY NOCIeA0OBaTENHOCTEH ANUHBL | 1Isi
mapjun:

(1.15) CYj,)=Coy(j—-1,i—-D)(I=sj=i—1=n-1).
IepBoe kpaeBoe vcioBHe nmonyuum u3 (1.12):
(1.16) C%0,1) = 1.

Bropoe KpaeBoe VycCi0BHME MOJYYHUM M3 TOro, YTo B IOCJEN0BATeb-
HOCTH JUIHHBI 2 C HavyaJIbHbIM 3/1eMeHToM 1, copepykauie#f oauH B-mepexon,
HMeeT MeCTO ry 1 U ry#2, Tak, uTo

(1.17) C%0,2) =n-2.

N3 (1.15) umeem
(1.18) C(j» i) = C3- (0, i—j).

Mexay aaHHBIMM KoepdHLIMEHTaMH HMMeeT MeCTO COOTHOLIeHHe
(1.19) quo=f;qqmo.

Teneps u3 (1.14) u (1.19) umeem .
(120 €0,0=Cx0,0=@-Da-3 (']
j=1
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IMoacrasnss C3(j, i) u3 (1.18) B (1.20) monyuum

. i1 (i—-1 .
(1.21) SODRICRES | W RO
J=1
Janee, nepexoass K o6o3naueHusim X;, = C8(0,i), nonyqaem (1.7),

u, noacrasasas (1.18) u (1.19) B (1.11) — (popMyny (1.8).

2. HnTerpanbnHoe npefcTaBieHHe CKopocTei

2.1. Humeepaavroe npedcmagaenue cxopocmu V(n). Chavana npu-
BeléM HOBYIO dopmy s V(n), kotopasi ofsieryut nanbHeifmee Hccineno-
BaHMe. Jloka3aTenbCTBO 3TOH GOPMYIIBI JaauM C MOMOLIBIO METOAA HHTer-
paJILHOTO TpeacTaBJIeHHs1 KOMOMHATOPHBIX cymMm [6].

Jlemma 2. 1. Ecau n=1, mo
n-1 k
(2.1) vy =15
n" k=0 k!

Ilol(asa'renbcmo. Iyctb

f()—

n- L’_ "g()_i,l (n=11k* _ (n=1)! & n k2

o k! izt (n—k)\nk n* =1 (n—k)
Jloka)keM Terepb JIEMMY NYTEM HAXOXKAECHHS] OAMHAKOBBIX HMHTErpasibHbIX

npenacraBnesuit ans cymm f(n) u g(n). Ob6osnauum (27 i)~! = a. W3sBectHO
[6], uTO

nk enzdz

(2.2) 7 =4a f e .
[zl=¢
Ha ocHoBe

2 Kk = x(1+x)

k=0 (1-x)p
nMeeM

2(1+2)dz

2.3 k2=a —_,
( ) (l __z)3zk+1

1zZ|=9

3ameHsis B g(n) noa 3HAKOM CYMMbl KO3(GQHLHMEHTH Mo Qopmyam
(2.2) n (2.3) Ha COOTBETCTBYIOLME MHTErPaJibl, pacpOCTPAHSSA CYMMHPO-
BaHusA 10 k oT O 10 o (3TO BO3MOXHO, TaK KaK npu k = 0 u npu k>n
MHTerpajbl paBHbl HYJIIO), MEHSIs] 3HAKM CYMMHPOBAHHSI M MHTErpupoBa-
HUS1, TOJ 3HAKOM MHTErpaja HaxXoJAWM CYMMY reOMEeTPMYEeCKOM mporpeccuu
(3Ta cyMMa aGCoOJIOTHO M PABHOMEDHO CXOAMTCS, €CIIM TMOJIOKHUTb @) < @,).
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ToHwKast KPaTHOCTb MHTerpaa, NPeACTaB/ss ero Kak NMOBTOPHbA M NpH-
MEHSISl TEOPEMY O BbIYETAX, MOJVYAEM CIEAVIOIYIO LEMOYKY paBeHCTB
(3nece h(x) obosnayaer (pyﬂxumo x(1+x)(1—x)73):

=3 [ e [ A0

[z =1 Wl=gp2

n ezh(wydz Adw & enzh(w)dz A dw enzh(w)dz A dw
=Z azf————=2 a2 ———:(12 _— =
k=

zl‘l-k+1 k=0 Zn—k +1wk+1 zn—l(w_z)
|2|=01 12|=@1 [2l=p1
|W|=p2 [w=p2 |W]=ep2
-4 ewh(w)dw a 2(1+2) dw
" wn+l " (1 __z)4 weze—2WN+1
w|=g¢2 wi=¢

3amensst B f(n) koadpduumentsl no popmyaam (2.2), nomobHeIM NYTEM
HMeeM

| nz
(2.4) fy="re [ 5%
n" (1—-2)n
l2|=¢
Ecnu B (2.8) monoxum ze™2 = w U npumeHUM (GopMyay

2.5) na fmz a ff‘ﬂ‘i,

wn+l wn

[w|=¢ wi=¢

TO MOJIYYUM TO )K€ HMHTerpajbHoe MmpeicraBieHne s f(n), KaK MOJYYEHO
B KOHIle npeabiayied nenoukd mas g(n). O

W3 nokasarenbctBa Jlemmbl 2.1. HemocpeACTBEHHO BBHITEKAeT MHTer-
panbHoe npeactasienue ans V(n).

Jlemma 2.2, Ecau n=1, mo

(2.6) V(n )——(2m)‘ f :

[zl=¢

AcumnToTiKY V(n) HeTPYAHO NOJNYYMTb, NPHUMEHSIT K MHTerpany
(2.6) meron nepeBasa. EauHCTBeHHOW BbIpOXKIEHHOH TOUKOH mepeBana
NoAuHTerpanbHo QYHKUMM SIBISIETCA TOuKa 2, = 1. Tak Kak 3Ta ToYKa
SIBJISIETCA TaroKe ocobodf — mosocom mopsigka 1, To MeTox mepeBasia JaéT
acumntornyeckuit psan ans V(n), BbluMcneHue Ko3pULMEHTOB KOTOPOro,
0[HAKO0, CBSI3aHO C TPYAOEMKUMHM BBIKJAAKamMu. X MO)KHO M30e)KaTb, ecnu
UCMOJIb30BaTh PYroe HWHTerpajibHoe npeacrasienue mis V(n).

Jlemma 2.3. Ecau n=1, mo

endz
1 —2)" )

(2.7) V(n) = nje""(l +t)yrdt— 1.
0
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Hoka3aTenbeTBo. Ecny M3BEeCTHOe MHTerpaibHOE INpeicTaBieHHe (daK-
TOPUAJIOB

ml = [ e~tx—14t
/

3ameHuM B (2.1), To umeem

e+l = kz::o(n—n;lc)!k!' (nn:-ﬁ)! = éo[:]j e"[%]n_k‘” =

JABET Yo et ifamse o
0 0 0

OTKY/la HEeNocpeACTBEHHO cieaver (2.7). O

3amevanue. B [4] Jlemma 2.1. u ¢opmyna, sxBuBasieHTHas (2.7) Aoka-
3aHbl ¢ mnomollplo AuddepeHLHanbHbBIX VpaBHEHUHR M MpeoOpa3oBaHuiA
cyMM. TaroKe CjiefiveT 3aMeTUTb, YTO NepBblif U3 aBTOpoB B 1983-om roay
Jan 3jeMeHTapHoe [AoKa3aTenbcTBO Jlemmbl 2.1. TTockoibKY B HaHHOM
paboTe XOTENnOCb IMPOJEMOHCTPUPOBATH HEKOTOpbIE BO3MOMXCHOCTH METOAA
MHTErpaabHOro NpeACTaBleHUs1 KOMOMHATOPHBIX CymMM [6], TO mpHBeeHbI
COOTBETCTBYIOLLME N0KA3aTeIbCTBa.

2.2, HnTerpannnoe npeacTasieHne CKOpocTH V(n, «). Broie nokasaHo,
uto V(n, «) onpenesnsiercss U3 cooTHoureHus (1.7), rme uucna X, , VaOBJeT-
BOpPSIIOT Pa3HOCTHBIM cooTHoureHusM (1.8). Ecau monoxurs

Xp—j, n—j/(k"f— D=y, n—js
to (1.8) nepenuiercss B BUje

k—1
Yi-j, n-j n—1
2.8 > hnnl .
(2.8) =S k—1
HUcnonp3ysa METOA MHTErpaJibHOro npeacrtaBjJ€HUsT CYMM MO)XXHO II0J1Y-
YUTb $IBHOE BbIP@KEHHME IS ¥, , (CNeAoBaTeNbHO U ANA X, ).

Jlemma 2.4. Ecau n=1 u l<sk=n, mo

kl(=1)y(n—j—1
2.9 = A . .
( ) Yi,n “ ]' [k—]—l]
HMokasaTenscTBo. Ilvcts A(u, V) — npousBofswas (GVHKUMS —AJIS

YHCen Yy, T.€.
Von = a f A(u,v)du/\dv'

uk+1vn+1

Iu[=r1
[v[=rz
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Torna
kil Ye-pn-j G 2 A(u, v)du Ndv a evdw
j=0 jl = j=o uk—i+iyn—j+1 witl =

ul=ry [wi=rs
vj=rg

/‘ Ay, v)e*du Ndv Ndw 2 /‘ A(u, v)ewdu A dv

uk+1vn+1

=6 u"“v”“(w-uv)
‘u|=f1 lu|='1
v|=r2 v|=rp
[W =Tg
Tak Kak

[n— 1] 4 (I+u)"~ldu _ 2 u(l 4+ u)*~1duA\dv
k-1 ukyn+3(1 —y(1 + u))

lul=ry ul=ry
v|=rg

TO U3 (2.8) umeem
ue—uv

Al v) = — T u)(1—w(1 + 1)

Pasnoxus A(u, V) B psig Teilnopa B OKpeCTHOCTH Hayajla KOOpAMUHAT
nosnyyaem (2.9). O

3ameuanme. SIBHBIA BMJ ISl UMCen X, , BrepBble Hailmen B [3] myTém
VCTaHOBJIEHHs] IKBMBAJICHTHOCTH 3TOH 3ajauM H3BECTHOM KOMOMHATOPHO#
3ajaye nepeyucieHuss 6ecrnopsiiKoB.

Tenepb, MOACTaBAsIA MHTErpajbHOE NpEICTaBJIeHUE JUIT YHCeNl X ,
B (1.7), Haxoaum HoByio dopmy mnsi ckopoctu V(n, ).

Jlemma 2.5. Ecau n=1uO0=a=1, mo

n k — 1\ — ] —
(2.10) V)= 3 5 gt —@B=1 (n=] ,'].
k=0j=0 ik k—j
HMokasarenncrBo. Ilyverb (2zi)~* = a u g¥~Y(k—1)! = b. Toraa
n o kel A(u, v)exp [%w du Adv \dw
V(n, o) = kz=:1 b}%a uk—i+ipn=j+1pj+1 =

_znbf (u v)exp[uvﬂ]u v
k=1 (1+u)(1-2(1 +u))u"+1vn+1
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n ba? uexp [UV[%— IJ]dU/\dv
= Z‘, ¢ f (1 +u)(1 —o(1 +u))uk+ipn+1

uj=ry
v|=rg

~.

X

n k-1 du
= ba __[ B f =
kz=:l ,é) J! (14 u)i—n+iyk=j

lul=ry

N .
sl oy

j=0

Otciona 3ameHolt k—1 = k nonyyaem (2.10). O
Hanee HaiiieHo MHTerpanabHOe MpeAcTaBieHue ais V(n, «).

Jlemma 2.6. Ecau n=1 uO=a<1, mo
V(n, o) =

@2.11)

: exp (u/(z—1)) [exp [u[I 1 _t]] ]"dt/\du
= i)-1 *” —Z .
= nlp(2i) of| |[ 1—1(1—1fu u(1—H(1 —t)u)

MokasarenbcTBo. Mcnmonb3ys B (2.10) uHTErpanbHoe TpeENCTaBlIeHHE
1

Blx,y) = 0D f 31—y,
0

I(x+y)

()2 [ a+wmwmoay 0<r<e)

Iwl=r

st B-pyHKuMM M OMHOMHAIBHBLIX KO3(dHULHMEHTOB, MO TOH IKe cxeme
BBIYMCIIEHUH MOJIVYaeM 1IeMOYKY PaBEHCTB
n—-1 k —1 1
Vit o) = mprt'S' 5 TWI@=)) (ntk J].
i=0j=0 I'(n+k—}j) n
— 1V _ 1\n—k-1 -1
- («/B 1) (n 1) = nlﬂ"‘ln
ji 1 =a)yr=*k=1  (n—k-1) i

{ Ofm g )

K
Z .
j=o0

=0
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1

= nl g1 Z_IIZk:{ (nﬂn;ck——ll)! R _,),,-k_l[ﬂ]f.

k=0j=0 l—a

U (ntk=j) - - exp(ﬁ(l—t)u)du]
— th=i(1 — fy<—idt\ = n1gn-1 .
j![ n ] =9 } P Z0120 {[/ un—k
lu|=r,
exp [(_Z_ﬂ_—_l- d ]
l—«
ra — dt =
( f vj+1 ] f(l—t(l—t)w)"+1wk—1+1}
[vl=re
1 exp [.3(1 —Hu + an— 1 tv]dt/\du/‘ dv Adw
n—1 o —
g1 S g / | _
k=0j=0 ur=kyit(1 — (1 —fyw)r+n
0 |uj=n
|v|=rz
[w|=rs
! exp [ﬂ(l —tu + an— 1 tv]dt/\du/‘\dw\dw
= nigrias ~a _
u(1—t(1 —fyw)**1 (w —u)(v —w)
0 |ul=n
|v|=rs
|wi=rs
ry<rg<rg
1 exp [ﬂ(l—t)u+ . 1tu]dt/\du
= nlf"-1q
4 ur(1—t(1 —fu)r+t
0 |u|=r

0TKYZa ke caeaver (2.11). O

3. AcHMNTOTHYECKHMIT aHATH3 CKOPOCTeEi

3.1. Acumnmomuxa 0as V(n). Cennepman [1] 3MIupUyecKuM nyTéM
VCTaHOBMJI, 4TO

0,96n%%¢ < V(n)< 1,04 - n®%¢ (1 =n=45).

Bynuxman [5] moxasan, yTo CKOpPOCTb pacTéT He ObicTpee, YeM KBaj-
paTHyHblit KopeHb M3 yucia 0JI0KOB, a B [4] mosivyeHa OLlEHKA

‘ V(n)— V%
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B crneavioweil nemme Mbl MoayydM acUMNTOTHYeCKHit psp anst V(n).
B cootBercTBuM ¢ dopmyiioit (2.7) 3agaya CBOAMTCS K HAXO0XKAEHUIO aCHMII-
TOTMKHM HHTErpana

I(n) = f e=nt (1 +tyvdt = / enlin (401 g,
0 0

Jlemma 3.1. [Jaa uumezpana I(n) cnpasedauso pasaoxncerue

k+1
1o (k+1) o) -(55+
I(n)~— n y N> o0,
w5 205
20e gynrkyua o(t) yoosaemeopsem ypasHeHUt0
3.1 lrl(l +o(t)) —p(t)= — 12, ¢(0) = 0.

HAoxa3aTenbcTBo. Murerpan I(n) siBnsiercsa uuHTerpanom Jlamjnaca u

ero aCHMTOTHKA OTpefeJsIeTCs] TOUKAMH, B KOTOPbIX AocTUraeTcss max S(f),
te[o, =)

rae S(f) = In(1+£)—¢. SIcHO, YTO 3TOT MAKCMMYM [NOCTUTaercst 1; eUHCT-
BeHHOM Touke f, = 0. Tak kak S’(f,) =0 u S”(t,)#0, To t, = 0 sByIA-
eTCs1 TaK)Ke HEeBBLIPOKIECHHOW KpUTHUYecKUH Toukoi ¢yHkumuu S(f). Toraa
M3 TeOpeMbl 0 HEABHOH (YHKLUMM CJeAveT, YTO CYILECTBYET (YHKUUSA
t = ¢(z), onpelenéHHassi B HEKOTOPOW OKPECTHOCTH TOYKM 7 = O M mpu-
Bogsimast S(f)—S(f,) K KBaapaTuuHomMy BULY, T.e. S(p(7))—S(f)= —7%
OcHoBHO# BKJIaf B acumnToTuky I(n) Oyaer gaBaTb MHTErpajn Mo JocCTa-
TOYHO Manoil OKpPecTHOCTH Touku f,. Mmeem

oo é oo

I(n) = fe"s<') dt = fe"s(‘)dt+ /e"s“)dt = I,(n)+ I,(n),
0 0 o

rge 6=>0 — [0CTaTOYHO Majioe UMCJIo.

CnenaB B uHrerpane I(n) 3ameHy ! = ¢(tr) Mbl OYJIeM HaXOAUTLCA
B VCJIOBMSIX TIPUMEHMMOCTH H3BeCTHOW JjiemMMbl BatcoHa (CM., Hanpumep,
[7], crp. 31)

4 N

1(n) = f €S df = f et (f) dt,
0 0

KOTOpast YTBEp)KIaeT, UTO
k+1

,., (k+1) -
ll(n)~%ZF[k+l] 4 (O)n(z s e
k=0

2 k!

Bennuuna I,(n) 9KCMOHEHLMANbHO Maja MO CpaBHEHUIO C JIOOBIM
YIEHOM aCUMMITOTHYEeCKOro psaa mnsa I(n). O
U3 Jlemm 2.1, 2.3 u 3.1 BhITEKAET
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Teopema 3.1. Cropocme V(n) npedcmasuma acumnmomudecKum psooM

k-1 _— _
_1& k+1) ¢**0(0) -5 . [an 1 1 V,,
vV(n) ZZOP[ 2 ] " “l_v 2 3 12) e

+0[l]’ n—- oo,
n

20e gynryusa o(f) onpedeaera 6 (3.1).

3ameuanue. M3 3TOro acMMMTOTHYECKOTO NpeaACTaBJICHUA BHUIHO, 4YTO

V(n) pactér Kak ¥n npu n— . [Toxaxxem, uto V(1) Bo3pacTaeT MOHOTOHHO,
T.e. a1 mwoboro n=1 V(n+1)—V(n)=>0. Tak Kak

V(n) = nfe‘"‘(l +H)rdt = [EJn/‘e“t"dt,
n
0 n

TO HY)KHO [IOKa3aTh, 4TO

e n+1 e\
[ ] /e“t"“dt—[—] fe“t" dt=0,
n+1 n

n+1 n

WU, 4TO TO >KE€ Camoe,

_n_+_l] +e fe“t" dt_[i—'i]fe"t" dt=0.
e n
1 n

n+

J10 HEPABEHCTBO CTAHET OYE€BHUAHLIM, €CJIM €ro npeacTaBUTb B BHUIE

n+1 o o

n n "
(n+1] _[n-f—l]f et 4 ¢ fe_,,ndt_[nﬂ] fe—ttndt>0,
e n n
" 1

n+1 n+

TaK KaK

1 n+1
n n
(n+ ] <e U / e“’t"dts[—n—] .
n e
n

Taroke Ciefyer 3aMeTHTb, YTO MOHOTOHHOCTb V(1) BmepBble A0Kasaiu
BorxoBa E. E. u Larypsu I'. K., np1uém aneMeHTapHbIM NYTEM.

3.2. Acumnmomuxka 042 V(n, «). Ucnonb3ys (2.11) ¢ nomoLibio MeToAa
nepesajia MoJvyaem Ciefyiollee VTBEPIKAEHHe.
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Teopema 3.2. I[Tpu ¢gurcuposannom «€[0,1—8] 0aa Hexomopoeo &=>0
6epHO

3.2) V(n, o)~ ;(—(1”_;0‘% o

Joxas3aTeaseTBO. PaccMOTpUM MHTErpas

I(n,a)=aj f exp[“il][ CXP[U[lia-t]] ]nd“\du=

i 1-t(1-tu u(1—H(1—tyu)

1

—a / f ht, u)Lf(t, w))" di A du,

0 |u|=r

rae

At 1) = exp (afx— D1 101 ~ ),
J(t,u) = exp [u[ -—t]]/(u(l — 11— tyu)).

|

OCHOBHO# BK/IaJ B aCUMITOTUKY HHTerpaga AaéT ROCTaTOYHO Majasi
OKPECTHOCTb TOUKHU (fy, Uy) = (0, ] — ) Tak KaK B Hell HKocTHraercs

min max | f(f, u)|.
O<r<u |u|=r
O=<t=<1
O6o03naumm In f(t, u) uepes S(t, u). Toraa v S(t,, up) =0, det S”(t,, o) %0,
T.e. TOYKa (ty, Uy) SIBJISAETCS HEBBIPOXKAEHHOM KPUTHYECKOH TOUYKOM (YHK-
uun S(t,u). Toraa B HEKOTOPOH OKPECTHOCTHM OTOH TOUKH (PYHKUMIO
S(t, u) MO)KHO MPUBECTH K BUAY —t2—u?, T.e. cyLiecTBYeT oToGpakenue (!, u) =
= (pu(t, u), (t, 1)), TaKoe, TYO

S(py(t, 1), @ult, u)) — S(ty, up) = —12—u2

10T (QaKT BbHITEKaeT M3 M3BECTHOW siemMbl Mopca (CM. Hamnpumep,
[7], ctp. 65). C yuérom aroro umeem

I(n, &)~ (2w i)~* f Q(¢,, &) exp (n(— &3 — £3)) d&, d&,,

£214-82,<r
£189=0

rae
&y E) = h(@i(E1 E2)s paErr E2)) det pi(E).
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[Mpumenss K gaHHoMy MHTerpany metof Jlamnaca monyyaem acHMNTO-
THYECKUH psa ans I(n, o):

(2+k)
I(n,0)~ ——— = |det S (ty, ug)| ~12 Z an n-—-oo,

a, = 1’[—“—"] f 2,9 (),

|x|=1

x1=0
rae Q,(x) — OmHOpOAHBIE MOJIMHOMBI CTEMEHH K, y4yacTBYIOLIME B paso-
weHun (&, &) B pap Teitnopa, w(x) = x,dx, — x,dx,.

Kax BugHo, BbrucneHue Ko3QQULMEHTOB 3TOT0 Pa3yiOXKEHUsl JOBOJILHO
TpyAHasi 3afiaya. OTHOCHUTEJIbHO MPOCTO BBITJISIAUT IJIaBHBIM Y/i€H aCHMIITO-
THUYECKOr0 Pa3yIOXKEHHUs], KOTOPHIA BbIpa)KaeTcst uepe3 COOCTBEHHBIE UMCIIA
Matpulbl — reccuaHa ¢vHkuuu S(t, u) Touke (f,, o) U MMeET BUJ

I(n, o) = e —oc)in‘ll/l——az [—:—+0[—nl—]], n—o.

C yuérom 3TOro pasyiokeHusi nosivyaem (3.2). O

3ameuanue. V3 ¢opmynbl (3.2) HemocpeiCTBEHHO CJeAveT, YTO CKO-
poctb V(n,«) MOHOTOHHO pacTéT MO n MpU (UKCUPOBAHHBIX o M MOHO-
TOHHO PacTéT MO o NMPU (UKCUPOBAHHBIX 11, €CIH MOJIOXKUTb N JOCTaTOYHO
OoabmuM. Cnyuail MeHbIIMX N TpPeOVeT AONMOJHHUTEIBHOIO UCCIe0BaHMUs.

3axioueHue

Mo)kHO 0)KMIaTb, YTO MCCJIe0BaHHbIN B 3Toi paboTe MeTOX MHTerpasb-
HOr'0 TIpeACTaBJIeHMs] KOMOWHATOPHBIX CYMM B COYETAHMU C U3BECTHBHIMU M
HOBBIMM METOJaMM OLIEHKH MHTErpajioB OKAXKETCs1 3QQeKTHBHBIM MPU OLIEHKE
pelleHnd JUIs1 JOCTaTOYHO IIMPOKOro Kpyra HOBBIX KOMOMHATODHBIX 3ajad,
HZONYCKAIUX NpeACTaBleHUe Yepe3 CYMMY NpoM3BeJeHHH KOMOMHATOPHBIX
yKces.
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