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1. In [1] for the investigation of characteristics of operating systems
the tools of queueing theory are frequently used. Usually these models are
connected only with the steady-state behaviourin terms of stationary pro-
bability distributions, thus the time-dependent case is not considered in these
models. In the present paper we describe a new model which may be used
for the investigation of nonstationary characteristics of such systems.

First we formulate the corresponding queueing problem. Let £(f), =0
be an inhomogeneous Markov chain with state space {0,1,. ..} and transition
probabilities for [t, 1+ 4](4-0):

It, t+4]

{PEEN ket = 8, +a()a+o(d),

(1) r=0,k=c,

PRI = 540,04+ 0(4),

r=0,0=<k<c,

where b,,(t)<0, a(t)<O0, b, (f)(k=r) and a(f)(r>c) nonnegative continuous
functions, for which the relations

S b(t) = 0 and 3! a,(f) =0
r=0 r=0

hold.

Consider a more general process. Associate with &(f) a homogeneous se-
cond component n(f)€R¢, and create the process {(f) = {&(f), n(f)}. The se-
cond component will be additive and so it can describe e.g. the costs con-
nected with the functioning of the system. So we get a Markov process with
homogeneous second component. These processes with property

P{g(s) = r,m(s)€ A|&(t) = k,n(t) = x} =
= P{&(S) =T, "i(S)EA-x|E(t) =k, 7)(’) = 0}’
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where

A_, ={y€R¥x+y€ A},
were introduced and investigated by Ezhov and Skorohod in [4] and [5].
We determine n(f) depending on the value of &(f) as follows:

1.if §t—0) = k, £&(f+0) =k and k=¢, then n(f) = &(f);
2.ifE(t—0) = k, &(t+0) =r and k=¢, then n(f) = ¢,_(f);

@
3.if§(t—0) =k, §(t+0) =k and O=k<c, then n(f) = g,(t);
4.if §(t—0) = k,§(t+0) =r and O=k<c, then n(f) = ¢,(f);

where &(t), &,(f), &,(f)€ R are homogeneous processes, 5(f) coincides with one
of them, the choice depends on the actual jump of the Markov chain.

Moreover, let
M(e!® «©) == | £(x) = const, x€[t, s]) = exp{ j J(x,2) dx;,
t
M o —it+0—er 1= g(t +-0) — &(t —0) = r —k) = @,_(t, 4),
M(el® e | g(x) = const, x€ [, s]) = exp{ f Jix, 2) dX}»
t

M(e® ekt +O—eirt=ON| £(f — 0) = K, £(t+0) = r) =g, (t, A),

where f(t, A) and f,(t, ) are cumulants of processes with independent incre-
ments in RY, g,(f, ) and ¢,(f, A) are characteristic functions for certain dis-
tributions in R4. It can be easily seen that we get our original system with
A=0.

2. The described Markov chain with homogeneous second component
described above is regular. We derive the direct system of Kolmogorov
differential equations for the transition probabilities

Py (t, s, A) = P{E(s) = r, n(s)—n(t)e A|é(t) = k}.

Here A is the set of possible values of the second component. Let

Pultys, 1) = J 6@9PEs) = r,n(s)—nhedz|®) = 1

and determine P, (t, t+ 4, 2):
I. k=¢, r=0. 1. r#c
Py j-c+/t,t+4,2) = [a,(t)A+ o(4)|Mel® o _ct+D=er _O) —
= [a,()A+ o(A)]p,_t, X) = a,(t, 2)4+ o(A);
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2.r=c
Py it t+4,2) = [1+a )4+ o(d)|Mel® s¢t+ =) =

t+4

= [1+a/ (t)4+0(4)] exp { f J(x,2) dx} = [1+a)4+o(4)]-

[14+f(t, )4+ 0(4)] = 1+[aft)+ f(t, A)]4+o0(4) =
= 1+ag(t, )4+ o(4);
II.0sk<c. 1. kzr
P, (t,t+4,2) = [b, ()4 + o(d))Me'® ekrC+D=epr ) =
= [ ()4 + o(A) @ity 2) = by, (¢, )4+ o(4);
2.k=r
Pyt t+4,2) = [14b,()A+ o(4)IM i exr@+ D—er® =

t+4

= [1+b,(0)4 +o<A)1exp{ [ fk(xmdx} = [1+b, (04 +o(4)) -

[ +ft,)A+o(d)] = 1+[by () + /M)A +0o(4) =
= 14by(t, 2)4+ o(4).
We have
c—1
3) Put,s+4,2) = D Py(t, s, D)8 +byls, A+ o(4)] +
i=o0
k+ec
+ 2 P“(t, S, l)[@,k-f- ak_,+c(s, }-)A + O(A)], [=0.
i=c
To establish (3) it is enough to present it in case 0=k <c in the form
Py(t,s+4, A) =

c—-1
= go Rfd Py(t, s, dX)[b;(s)A + 0(A)P{els + 4) — e,(s) + x € A} +

i=k

+ [ Putt, s, )1 +by(s) A+ o(A)Pleys + A) — e1ys) + x€ A} +
Rd

+; L P8, 00001090 + APl 5+ 2) 1)+ € )

and in case k=¢
Plk(t’ S+A, A) =
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[ Put, s, dX)[b(8)A+ o(A)P{ey(s + 4) — ey(s) + X € A} +

||M|

Pu(f 8, AX)[ @y 1+ (S)A+ o(A)|P{ey— (s + A) — £ () + X € A} +

+
=
+

n.\

~ .,
0
Nh

+ l Pyt, s, dX)[1 + a(s)4+ o(d)|P{e(s + A) — e(s) + x€ A),
R
and to apply the Fourier transform. From (3)

3_sz§)t $,4) 2 P(t, s, D)by(s, A)+ 2 Py(t, s, D45, 2) =
S i=c

c—1
= D Py(t, 8, Mbyds, A) + Z Py vt 8, Dy (s, 2).
i=o i=o

4)

Introduce the notations

bt 4 0) = — 5 bt )0k i =0,1, ..., c—1;
0! i=o
5) alt,1,0) = =3 a,(t, A9
O° i=o

P(t,s,,0) = 3 Py, s, )0, [=0.
k=0

Multiplying both sides of (4) by ©* and summing from 0 till - we get
oP(t,s, 2, 0)

= Py(t, s, 1,0)als, 2, 0)+
0s

©)
+ Pyt 5, 901105, 1, 0) ~a(s, 1,0)
i=0

with initial condition

©) P(t,t, 2, 0) =
So we proved
Theorem 1. If

Pylt, s,2) = f e OP{E(s) = k, n(s) —n() €dz[&(t) = 1},
Rd

where P{&(s) = k|&(f) = [} are the transition probabilities for inhomogeneous
Markov chain &(f) with local characteristics (1), the second component is deter-
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mined by (2), then the generating function of transition probabilities P(t, s, 2, ©)
is the solution of equation (6) with initial condition (7) for any fixed =0,
where a(t, 2, ©) and b(t, 2,0) (i = 0, 1, ..., c—1) are determined by (5).

3. (6) is a linear differential equation for P(t, s, 4, ©), so its solution
according to [6] is

S c—=1 s
P(t,s,2,0) = exp {f a(x, A, @)dx}[@'+ > fP,,(t,y, AOb(y,A,0)—
t t

i=0

8) —a(y, 4, 0)] exp{— fy a(x, 2, @)dx} dy] = expl j a(x, 2, ©) dx}@’ +

+¢§ f Py(t,y, N@'[b(y, A, ©)—a(y, 4, 0)] exp{ f a(x, 2, ©) dx}dy.
i=04 3

We introduce the auxiliary process with independent increments &¥(f) with
state space {0, 1, +£2,...}and transition probabilities for [, {4 4]

PR _cvr) = 8, +a,()A+o(4).
Then
MEOE*S)—E*D el () —n(t) = exp { f a(x, A, @) dx}
t
Let further
1 H de

9 t,8,A) = — ex a(x, A, @)dx .
C) ex( ) 2ni|9?=1 P{‘f ( ) }@k+1

Now comparing the coefficients of @ in (8) we obtain
Pylt,s,2) = ety s, )+

+c_21 fPll(t’ ¥, ).) Zr'[bl,(y, ).)— ar(y, ),)]ek_r_i(y, s, 2_) dy.

i=0}
Since
e"P{ [ ax2,6) dx: = 3 ofts, 20,
t o
we get
y 5 90,82
—a(y, ,0) exp { ax, 1, 6) dx; = 5 sk,
;,[ ]=Z_,. ay
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and
Zr:[bir(y’ N—a,(y, Nlex—r-i3,5,2) =
= rZ by, Mew—r—(, 8, A+ igk——%i:—’ﬁ

Thus we have proved
Theorem 2. P (t, s, A) is equal to

Plk(t: S, 2') = Qk—l(t) S, }') +

c—1 S a — - S’A
+ Z fpu(ty Y 1)[2 by (¥, A)ek—r-i(¥s S, A)_,_—Q"E’L——)]d}'-
i=0; r ¢

(10)

where g,(t, s, A) are determined by (9).

4. In oder to compute P, (t,s, A) (k = 0, 1, ...) it is necessary to deter-
mine the unknown P(t.s, 2) (k = 0, 1, ...) it is necessary to determine the
unknown P(t,s,2) (i = 0,1, ...,c—1). We introduce the notations

d0,_t,8, A
”‘k(t’ S 2') = ; bir(t) A)Qk-r—i(tv S, 2’) + ——ﬂ-—ia(—t—),
F(t,s,2) = |mut, s, M, i,k =0,1,...,¢c—1,

(11) .
Pt,5,2) = {Pielt, $, ), Pyt 8, 2), - . ., Py, e_s(t, 5, D)},

edt,$,2) = {o-((t, 8, 4), 01—, 5, 2), - . ., @c-1-(t, 8, A)}-
Now from (10) we obtain the system of equations

P(t,s,2) = o(t, s, A) + f P(t,y, )F(y,s, 3) dy.
t

According to the theory of the Volterra integral equations (see e.g. [10])
for any fixed T we get

- - s -
Pt,s, ) = olt:s, )+ [ edt,y, 00, s, ) dy O=s=t=T),
t

where G(t, s, A) is the resolvent of the matrix F(t, s, 1). Let

wolt, s, )

(12) -—fk(t! S, ;') = nlk(t’ S, 2.)

...........

Te—1, w8, 8, 2)
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then

Plk(t’ S, A) = gk_,(t,S,).)-l- fP,(t,y,).)},,(y,s,A)dy = Qk—l(t:s’)')'i'
(13) '
+ [ ety D0 dy+ [ el %26y, D ) dxdy,
t

t=x<y=<s$s

k=c.
Thus we have proved

Theorem 3. The transition probabilities Py(t, s, A) of {() are determined

by (13), where g,(t, s, A) are given by (9), f,(t, s, 2) by (11) and (12), and G(t, s,
1) is the resolvent of matrix F(t, s, A).
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