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1. Introduction

In 1955, J. Surdnyi and P. Turan [5] commenced the study of (0,2)
lacunary interpolation. Recently, A. Meir and A. Sharma [3], B. K. Swartz
and R. S. Varga [6], S. Demko [1], A. K. Varma [7], and J. Prasad and A. K.
Varma [4] considered special interpolation problems. More recently Th.
Fawzy [2] presented a new method for studying this problem.

In this paper, we consider the (0,2) interpolation and we construct spline
polynomial S,(x) satisfying certain conditions. We also prove that, if
y€Lipmx, O<a=1 and y€C®[0,1], then the approximation is O(h®-?) in
Y(x), i = 0(1)5 and is O(h*) in y©(x).

Let [0, 1] be a finite closed interval, and let 4 = {x,}? with 0 =
= Xg<Xy<...<X<X,4;<...<X, = 1 be a partition into n subintervals,
where the values of a function y(x) and its second derivatives are associated
with the knots. Then, we define the spline polynomial solving the (0, 2) inter-
polation problem as follows:

So(x), Xo=x=Xy,

Si(%), Xpy=x=X4,, k= 1(1)n-3,
Sp-o(X)s Xp_p=X=X,_,,

Sn_1(X), X,y =x=x,

SA(X) =

and for each of these splines, we prove its existence, uniqueness and con-
vergence.

2. Existence and uniqueness of the polynomial spline

In our case, we have y € C®[0, 1] and we consider the partition
A4:0 =Xg<Xy<...<X<Xp41<...<X, = 1,

where x, ., —x, = h, k = 0(1)n—1.



28 TH. FAWZY —-F. S. HOLAIL

Theorem 2.1. Given two sets of arbitrary values {y(x,)}k=0 and {y”(x,)}k =o
then there exists a unique spline polynomial 8 4(x) interpolating y(x) in the in-
terval [0, 1] such that

(2.1) 84(x) €7y on each interval [x,, x, ., ], k = O(1)n—1, where zq denotes the
set of all polynomials of degree =<6,

(22)8P(x) = ¥P; k = 0(l)n—1, p = 0,2,
S4(x)eC® [0, 1],
(2.3) i.e, Si(X+1) = Sk+1(Xk41), k = 0(1)n—1,and
k (Xs1) = Shr1(Xe41)s k= 0()n—1,
So(x)  for xy=x=Xx,,
S(x) for x,=x=x,,,, kK =1(1)n-3,
—o(X) for x,_,=x=x,_,,
S,-1(x) for x,_;=x=x,

(2.4) Sa(x)=

where

1, 1
So(x) = }’o‘*'bso)(x—xo)‘*‘gyo (x —x0)*+ 3 (0)(" Xo)*+
(2.5) .
+ Z 1 (l)(x—x )
2 r o)
(k) 2. < 1w
(2.6) Sy(x) = Y+ b1 (x— xk)'*"“}’k (x=x)? + D o (x—x)"
r=3 .

’ 1 ’”
Sn—z(x) = Yn-2 + Sn—a(xn—z)(x _xn—z) + a}’ n—z(x _xn—'..’)2 +

@.7)
+ Z —S"’ 3(Xn-2) (X —Xn_3)
and
’ 1 ’7
Sn-1(X) = Ynog +Sh_o(Xpo (X —Xp-1) + ‘2_')’ n1(X =X, )+
(2.8) '

+ z s‘n” 2(Xp—1)(X = Xp-1)",
where b{®, b{®, and b{¥ are defmed by

1 Y44 74 74
(2.9 b= —h;{y (K1) =297 () + ¥ (=)}, k= 1(Hn—1,
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1 ’” ’” ’” ’?
B = L ) =3 ) + 356 =Y )

2.10
(2.10) k=1(1)n—2,
and
l 44 24 ’7
b§? =F{y (Xe+3) —4Y" (Kgea2) + 6" (Xpe41) —
@.11)

—4y"(x)+y (-0} k= 1(1)n-3,

and the other coefficients b{®, b®, b{®, and b®, k = 1(1)n—3 are constants to
be determined.

Proof. Using (2.3), (2,9), (2.10), and (2.11), we get the following results:

a) For the spline function Sy(x), x,=x=x;; o
0 00— 1
44 144 hr
(2.12) b = —{(y1 . — Z —bﬁ‘zz} and
h r=2 r!
1 hZ h3 0 6 hr 1
2.13 b® =—{ —Yo) ——Y ——b — > —bOL.
(2.13) 1 h (1 = o) o Yo 3 3 r% ;
(b) For the spline function S,(X), X, =X=Xy41- where k = 1(1)n—3,
hr
(2.14) b(Sk) _‘{(Vkﬂ Vi) — Z I 5’22}
r=2
and
1 e, 6 hr
(2.15) b = 7{(ykJrl_yk)__'_yk - Z 7bgc)}.
r=3 1.

Now, for the spline function S,_,(x), X,_,=X=Xx,_1» we use (2.6) for
k = n—3 and then easily we get:

6 r—1
@16)  Spg(a-s) = bV +Hght ) b,
r=3 r_ 1)'
6 hi—r _
(2.17) ST 3(Xp-) = D] b=,

i=r (l—r)'

where r = 3(1)6, thus the spline function S, _,(x) in uniquely determined.
Similarly, for the spline function S,_,(x), x,_,=Xx=Xx, we use (2.7),
(2.16), and (2.17), thus we have:

Q18) S)esnm) = Spaltoea) + it 3, TS0 (5,

2.19 N _3 M o - 3(1)6
( . ) 2(xn 1) Z 3(xn 2)’ r ( ) .

; r (i - r)'
Thus, S4(x) defined in (2.4) exists and unique. O
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3. Convergence

Before proceeding to state and prove the convergence theorems, we
need the following lemmas which will be used in the proof of convergence.
For simplicity, we use the following notations:

N = |Y®O(xy)|, M = [[y®(x)|. and ws(h)
is the usual modulus of continuity of y®(x).
Lemma 3.1. Lef b{® be the constant given in (2.11). Then the inequality

160 — y©(x) | s‘—: wx(h)

holds for all x€[x,, Xx41], k= 1(1)n—3.

Proof. Using (2.11), the Taylor expansions of y;/rs, Vi've, Vis1, Vi and
the definition of the modulus of continuity, Lemma (3.1) could easily
be proved. O

Lemma 3.2. Lef b$¥ be the constant given in (2.10). Then the inequality
650~ y{P| = myh,

holds for all k = 1(1)n—3, where m, =%Mo+%M,ye Lipm, e and O<a=1.

Proof. Using (2.10), the Taylor expansions of y;/,,, v/, and y;’, and
the definition of the modulus of continuity, we get:

08731 = Tt + gy | <nl 4 ) =

where x,_,; <n*~D<x,. Hence we get the proposition. O
Lemma 3.3. Let b{® be the constant given in (2.9). Then the inequality
|09 —y®| = myh?,

holds for all k = 1(1)n—3, where m2=%M0+% M, yelipm, « and

O<a=]I.

Proof. Using (2.9), the Taylor expansions of y;,, and y;’, and the de-
finition of the modulus of continuity, we could easily prove this lemma. O

Lemma 3.4. Let b{¥ be the constant given in (2.14). Then the inequality
|60 —yi’| = ngh?,

holds for all k = 1(1)n—3, where m, =%Mo+% M, yelipme and

O<a=I.
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Proof. By using (2.14), and the Taylor expansion of y;,,, we get:

69— 3i"| = 1080 540+ 2 |b‘“’ 9|+ - YO ),

where ;vc,(<7)"‘)<x,‘+1
Using Lemmas (3.1), (3.2), and (3.3), then Lemma (3.4) follows. 0O

Lemma 3.5. Let b{¥ be the constant given in (2.15). Then, the inequality
|60 — yi| =m,ht
17 19

+
216  ° 1440

holds for all k = 1(1)n—3, where m, = M, y€Lipm, and

O<a=l.

Proof. Using (2.15), the Taylor expansion of y,,,, and Lemmas 3.1.—3.3,
then Lemma 3.5 follows. O

Theorem 3.1. Let S (x) be the spline polynomial given in (2.6). If
¥ €C8[0, 1], then the inequalities

18{7(x) = y(x)| = Cy, 2=, 1 = O(1)5,
188(x) —y(x)| = C,, g0g(h),
hold for all x € [x,, x;4,], k = 1(1)n—3, where
28 1 281 53

Cpo=—= My+—M, Cp,=-2M,+—2_M,
O 135 0 g P17 540 % 480
7 1 85 11
Cra=—Myg+—M, Cps=—My+—M, C,,=4M +—M
k2 6 0 4 k, 3 36 o4 k,4 = 0

Ck,5 = 6M0 %M al’ld Ck 6 = %MO

Proof. Using (2.6) and the Taylor expansion of y(x), we obtain for all
X€[xy, X,4,] and k = 1(1)n—3,

6
1S,4(x) - y(x)lsn|b<k>—yk|+{z 16— <f>|}+—"67|bs*>—y(°><x>|.

6!
Using Lemmas 3.1—-3.5 we get:
181(x) = y(x)| = Cy,6h®,
28 1

where C, o = 135 — M, + 22 — M.

Similarly, using (2.6), Taylor expansions of y)(x); r=1(1)5 and Lemmas
3.1.—3.5 we get:

18P(x) =) =Cy k7, 1= 1(1)5.
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Finally, from (2.6) and Lemma 3.1 we get
151960~y = wulh)

and this completes the proof. O

Theorem 3.2. Let S,_,(x) be the spline polynomial given in (2.7). If
y€C8 [0, 1], then the inequalities

|S22(x) =y (X)| =Cpos, /1°", 7 = 0(1)5,

|SR22(x) =¥ ()] =Cps, s 04(h),
hold for all x¢€[x,_,, X,_,], Where

Chzo= %Mo+%M, Choz3 = %—Mo +%M’
Chooy = —767—M0 +%M, Chegs = %Mo +-;—M, and
Crne= T

To prove this theorem we state the following lemmas which could be
easily proved by using Lemmas 3.1.—3.5, (2.16), and (2.17).

o 17l;e|71‘1’:na t3h.6._Let S%S(’%—z) = b0"~% be the constant given from (2.11) and
.17). Then the inequality
17
|85 a(Xn-2) =y 7| =—= ()

holds for all x€[x,_s X,_1]

Lemma 3.7. Let S 5(x o), i =1,3, 4 and 5 be the values given from
(2.16) and (2.17) when r = 3(1)5. Then, the inequality

| a(xn—0) — YLzl =@
holds for all i = 1, 3, 4 and 5, where
281 53 85 11 7

a, = M, + M,a3=—My+—M, a, = 4M,+— M,
17 540 % 480 736 24 ' 12

a; = 6M°+%M’ y€Lipmox and O<a=<1.
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Proof of Theorem 3.2. Using (2.7), the Taylor expansion of y(x) for
X€[x,_y x,_,] and Lemmas 3.6., 3.7. we can easily complete the proof. O

Theorem 3.3. Let S,_,(x) be the spline polynomial given in (2.8). If
y€Ce[0, 1], then the inequalities

1S4 <x)—y‘6’(x>| =Cpy, °7", 1 =0(1)5,

S221(x) =y O(0)| = -y s w4(h)
hold for all x€[x,_,, n] where

_ 3617 13, o 5669 . 1879
PO 700 0T 18 T MY 540 T 1440
341 23 361 21
Choyo=—M;+—M, C,_;3=—M;+ —M,
RO 12 W72 7 g
Ch-14= 167 M, + iM, Crho1s= 5_5M + iM and
3 3 2
20
Cr-16 = TM

Before proving this theorem, we state some estimations in the following
lemmas which could be easily proved using Lemma 3.6., Lemma 3.7., (2.18),
and (2.19).

Lemma 3.8. Let S o(x,_,) be the constant given from (2.19) when
r = 6. Then, the inequality

20
1S 2(xp—y) — y(“’(X)ISTwe(h)

holds for all x€ [x,_,, x,].

Lemma 3.9. Let S 5(x,_,), i = 1,3, 4 and 5 be the values given from
(2.18) and (2.19). Then the inequality

|SH2a(Xn-1) — YhL 1| < difo~!
holds for all i = 1, 3, 4 and 5, where

1439 659 371 31 13
d, = M, + Modo=3 oy 3y = Ty By,
U540 1440 0 0% 36 ° 24 ' 6 12
ds = 3?5M,)+ 2M y€Lipmex and O<a=1.

Proof of Theorem 3.3. Using (2.8), the Taylor expansion of y(x) for
x€[x,_;, x,] and Lemmas 3.8, 3.9., we can complete the proof. O

3 ANNALES — Sectio Computatorica — Tomus VI.
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Finally, before, proving the convergence theorem concerning Sy(x) for
all x € [x,, x,], we present the following lemmas, which could be proved using
the same techniques as in the previous lemmas.

Lemma 3.10. Let b{® be the constant given in (2.11) when k = 1. Then,
the inequality
17
|68 — y©O(x)| = —3_w°(h)’

holds for all x € [xy, X,].

Lemma 3.11. Let b{V be the constant given in (2.10) when k = 1. Then
the inequality

|68 — y§ | =mgh
4 3 .
holds, where my = ?Mo-l— EM’ y€Lipmex and O<a=1.

Lemma 3.12. Let bV be the constant given in (2.9) when k = 1. Then the
inequality

160 — 587 =myh
holds, where mg = %M0+17—2M+N, y€Lipmyx and O<a=1.

Lemma 3.13. Let b® be the constant given in (2.12). Then the inequality
| b§” — y,(;'l =myh?
5 13

1
—M,+—M+ —N, y€Li and O<a=1.
g °" g g\ VELIPM *

Lemma 3.14. Let b{® be the constant given in (2.13). Then the inequality

holds, where m, =

0 ’
162 — yo| = mght

37 61 1
holds, where my = —— My,+ — M+ — N, y€Li and O<a=1.
8= o0 0 ag g S IPM *

Theorem 3.4. Let Sy(x) be the spline polynomial given in (2.5). If
y € C¢[0, 1], then the inequalities

1S9~y | =Co 7, 7 = O(1),
1S8(x) = yOx) | =Co sh,
ISSG)(X) — Y| =Cy e04(h),
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hold for all x € [x,, x,], where

37 61 1 1313 803 13
Cop= — My+——M+—N, Cy, = M M+ —=N,
%07 135 ° 7 240 4 %17 2160 0 T qag0 T 2g
5 13 185 15 3
Coyp = —My+ ——M+N, Cyy—oMy+——M+ >N,
¥ 6% 12 %370 707 g 2
Cous = »3—M0+ %M+N, Cos = 7M0+%M and Coq = —167~M0.

Proof. Using (2.5), Lemmas 3.10—3.14 and the Taylor expansion of
¥(x), X € [xg, X;], we can easily complete the proof. O

The method described in this paper has been tested by the following
example:

y(x) = 1+xex, x€[0, 1], x, = kh, k = 0(1)10.

The results for x = 0.55 are given in the following table:

Exact value Numerical value Error
y 1.953289160 1.953289210 5(10)-8
y 2.68654178 2.686542251 7.3(10)-8
y@ 4.419795196 4.419746589 4.8607(10)-5
y® 6.153048214 6.152790970 2.57244(10)-*
Y@ 7.886301232 7.925041325 3.8740093(10)2
Y& 9.61955425 10.238529 6.1897475(10)-1
y® 11.35280727 12.0521 6.9929273(10)-*
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