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1. Introduction. Let da be a nonnegative measure on the whole or a part
of the real line as its support. We assume that the support of da contains in-
finitely many points. Then there exists a uniquely determined sequence of
orthonormal polynomials {p,(d«; x)} with respect to this weight, they are de-
termined by the properties that

@) p,(de;x)=y,(dx)x"+... is a polynomial of degree n and
Yn(dx)=0.
(b) we have

[ palda) py (do) da = b,
where §,,,, is the Kronecker symbol.

It is wellknown that all zeroes x,, = x,,(d«) are real and are contained
in the smallest interval overlapping the support of de.
The interpolatory quadrature formula

(L.1) Q)= 5 A (dos 0 ft)  (~ o)
k=1

has the property that Q, (de; Pyp—y) = f Pan—, da for every polynomial of
degree 2n—1 at most.

The Cotes numbers 2, (de; x,,) of this formula are called Christoffel
numbers and are represented by

(1.2) Aot (do; x) = z: P2 (da; %)

Usually (1.1) is called (after their first inventors) the Gauss-Jacobi quad-
rature formula. The nodes x,,, = x,, (d«) are called the Gaussian abscissas
with respect to da.
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2. The “classical” error estimate. 1t is wellknown A. A. Markov’s follow-
ing classical result: If f@™ is continuous, then

1o @)
2.1 da-— n da; A S A—
@D /f @) (2,)! v7 (do)
(121, 2.7.9)).

As the analytic treatment of the error estimate we mention McNamee’s
method for the measure da(x) = dx.

Let B is a simply connected region in the complex z plane. Suppose that
f(z)is analyticin B. Denoting the n'* Legendre polynomial by P, () we obtain

(Eesupport of da)

fOUO
@.2) ff(x)dx Q) = [ SR (-1=t=)
C

where

00t B4,

t—2z
-1

are commonly called the Legendre functions of the second kind, C is a simple
contour contained in B and containing the roots z,, z,,. . ., 2, of the Legendre
polynomial P,(z). Using an asymptotic expression for Q,(f)/P,(t) and
taking a very large contour C we get an upper bound for the integral on the
right of (2.2) (]2], 4. 6).

3. A new error estimate. In [1] the first named author proved, among
others, the following result.

In what follows let the support of da be [1, 1]. We assume further that

3.1) log o’ (cos #)e L[ —mn, =] .
For any such do we setg(d) = o’ (cos #) |sin #| and

—id
(3.2) D(do; w) = exp = f log g(#) - — [+ we dﬁ} :
we~
D(de; w) is analytic in the unit circle and
3.3) D(da; 0) = exp :T]— / log [« (cos &) |sin #]]d¥} .
T

With these notations we have

THEOREM 3.1 (G. FREUD) If f(2) is analytic in |z24+V2*~1|=r and d«
satisfies (3.1) then
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/ fda—Qn(da;f)‘é
-1

(3.4) gr:‘i‘f—m le(da;z—;/ﬂ\zmz][1+a(1)].
e(r)

Here

(3.5) M(Fin= max |/

lz+Vz2—1|=r

and e(r) denotes the ellipse [2+V22—1| =r ([1], (15)).

The aim of this paper is to give some numerical examples for the above
mentioned theorem when the orthogonal polynomials are the Chebyshev poly-
nomials, i.e.

2k—1
7

(3.6) da = (1 —x2)~12dx, x,, = cos
2n

)

An(xlm) = _nn_? D(W) =1

([3], 12.1 and 15.3).

Then from the asymptotic formula (3.4) we obtain the following
THEOREM 3.2 If f(2) is analytic in |z+Vz*—1|=r then

1
Jf(x) T2 e 2k—1 2M,(f;1)
(3.7) :de—— Zf Ccos n||l==————m.
_[ V1—x l 2n ]

n k=1 r2n+r2n—2

[lndeed, now the o(1) vanishes, further f |D|? |dz| = rm=; see the proof
e(r)
from [1].
4. Numerical examples. In this part we consider some functions f(x) for

which (3.7) gives essentially better error estimations than (2.1).
First of all, we have from (2.1) and (3.6)

1
fx) _n Z 2k —1 _
(3.8) | v dx - ké'lf[cos 5 n]

T

= GO (C1=8<D)

([4], V., 4. 9).

5%
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Let

| .
(3.9) fs(®) = m (s=0, integer ¢>0).

These functions are analytic in the ellipse e(r,) where r; = 1 +e+V2e+¢2.*
By (3.9) we have

(3.10) M Usr) = 11+ =~ (s=1,2,3,...),

£

further considering that

(s+k-—1)

(k) =(—
G RRE = D e op

(k=0,1,2,...)

we get the relation
3.12 (2n) —1fen(])] = Mﬂ_
(3.12) |2 ()] < /2 (1)) T

(s=1,2,3,..;n=1,2,3,...)

for any 1<&<1.
So using (3.7) and (3.10) we get

def .
(313) R, = MUsr) 2n =1,2,3,...)
e el
further, by (3.8) and (3.12)
(3.14) Ry — T fem ()<
' * @nyp2ent
04 1

22n—1 ) (28)2n+1 (S = 1)

- n  (2n+1)(2n+2)...(2n+s-1)
. 22n—1 (S— 1)| (28)2n+s

(s=2,3,4,...).

Now we have the tools to compare the formulae (3.7) and (3.8) for the
functions f; (2).

1 1
* We have r, from 1+¢ = > ri+—|. The focii of our ellipse are —1 and 1, its
r
1 1 1( 1
axes are of length —|r;,+—| and —|r;,——|.
2 r 2

1 ry
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By these tools we made a FORTRAN program for the computer ODRA
1304 of the E6tvds Lorand University, Budapest. This program computes

n

the GAUSS SUM z > fs|cos 2 5 n] for n=2,3,6,9,18,27; upper
n k=1 n

bounds for R; (NEW ERROR-EST) and R, (OLD ERROR-EST) their

differences R,— R, (DIFFERENCE). Our program works with various s and

e. (In the program S and EPS)

Here we mention that we can compute analogous results for other
functions f(z) changing the segments THEFUNCT and ERROR AND PRINT
and the 8 FORMAT in MASTER.

Finally we publish our program and the results.

We computed f; (x) for s = 1, 2,4, 6 and 7, with e = 0.3, 0.4, 0.7, 1.0 and
2.5(If s = 1ors = 2 then also for ¢ = 0.1 and 0.2). We can see that for small
e (e<1) R,<R, but in the case ¢ = 2.5, Ry,<R,. If ¢ =1 then R,<R, for
“small” s and R, <R, for “large” s. We have to notice that R, is a very good
and usable error estimation even if R,<R,; (if n is large enough), but this
remark is not true for R,. (See, e.g. e = 1, 2.5; n = 18, 27; s is arbitrary; or
e=0.1,02;,n=23,6,9,18, 27.)
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RUN BY GEORGE 2/MK9B ON 08/02/73 AT 16.50

JOB GJCN,IMNGO77, TESI
FORTRUM GJCN
FORTCOMP GJCN, ,

Kok ok

DOCUMENT GJCN  08/02/73 AT 16.50

FORTRAN COMPILATION BY #XFAM MK 4E DATE 08/02/73 TIME 16/51/11

LIST(LP)
PROGRAM(QUAD)
INPUT 1=CRO
OUTPUT 2=LPO
END

MASTER CHIEF FOR GAUSS

DIMENSION F(18),G(27)

COMMON /SET/FN, IS,EPS,P1,GAUSS,IWAY
READ(1,13)ISEND

13 FORMAT(I0)

FN=2
PI=3.1415926536
WRITE(2,8)

8 FORMAT(1H1//// /,3TX,46HNEW ERROR ESTIMATE FOR GAUSS—JACOBI
QUADRAT XURE// /] /,38X,45HF(X)=1/(X — (1 +2*EPS))**S (EPS AND S ARE
FIXED)/ /)

17 READ(1,13)IS,IEPS
IE=1

15 READ(1,9)EPS

9 FORMAT(FO0.0)

SF,SG=0
DO 10 1=1,18
F(1)=THEFUNCT(COS((2.0*1 — 1.0)/36.0*P1))

10 SF=SF +F(l)
DO 11 1=1,27
G(I) = THEFUNCT(COS((2.0*I — 1.0)/54.0P1))

1

—

SG =SG + G(I)
IWAY =1

1 FS,S=F(5)+F(14)
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12 GAUSS =S*PI/FN
CALL ERROR AND PRINT
IWAY =IWAY +1
GO TO (1,2,3,4,5,6,7)IWAY
2 FN=3
GS,S =G(5) + G(14) + G(23)
GO TO 12
3 FN=6
FS,S =FS + F(2) + F(8) + F(11) + F(17)
GO TO 12
4 FN=9
GS,S =GS + G(2) + G(8) + G(11) + G(17) + G(20) + G(26)
GO TO 12

5 FN=18

S=SF
GO TO 12

6 FN=27

S=S8G
GO TO 12

7 FN=2

IF(IE - 1EPS)0,14,14
IE=IE+1
GO TO 15

14 1F(IS — ISEND)0,16,16
GO TO 17

16 STOP

END
END OF SEGMENT, LENGTH 302, NAME CHIEFFORGAUSS

FUNCTION THEFUNCT(X)
COMMON/SET/FN, IS,EPS

THEFUNCT = 1.0/(X — 1.0 — 2.0¥EPS)**IS
RETURN

END
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END OF SEGMENT, LENGTH 23, NAME THEFUNCT

SUBROUTINE ERROR AND PRONT
COMMON/SET/FN, IS,EPS,P1,GAUSS,IWAY

N =INT(FN+0.1)

R =1+ EPS + SQRT(2*EPS + EPS*EPS)

ESTNEW =2*PI/EPS**IS/R**(2*N — 2)/(1. + R**2)
H1,H2=1

1E(IS - 1)0,1,0

DO2J=118—1

H1=HI*2*N +J)

2 H2=H2*]
H1=H1/H2

—

ESTOLD = HI*P1/2.**(2*N — 1)/(2*EPS)**(2*N — IS)
D =ESTOLD — ESTNEW

IF(IWAY —1)3,0,3

WRITE(2,4)

4 FORMAT(1HO,//,4X,2HS =,10X,4HEPS =,)
WRITE(2,5)IS,EPS

5 FORMAT(IH +,6X,14,10X,E9.2/)
WRITE(2,6)

6 FORMAT(11X,12HNODES — NUMBER, 10X,9HGAUSS — SUM, 10X, 14HNEW
ERROR — EST., X10X, 14HOLD ERROR — EST., 10X,10HDIFFERENCE)

3 WRITE(2,7)N,GAUSS,ESTNEW,ESTOLD,D

7 FORDAT(16X,12,11X,E17.10,8X,E9.2,15X,E9.2,13,E9.2)
RETURN

END

END OF SEGMENT, LENGTH 167, NAME ERRORANDPRINT
FINISH
PROGRAM NAME QUAD, CORE 3756,LOWER AREA 469,PROGRAM 2818
END OF COMPILATION — NO ERRORS
DOCUMENT GJCN [08/02/73 AT 16.55
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